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Abstract

This paper describes an intuitive control strategy for
a four rotors vertical take-off and landing (VTOL)
remote-controlled vehicle known as the ”X4-flyer”. A
quasi-stationary flight dynamic modeling including gy-
roscopic effects due to the rotors dynamics is proposed.
A nonlinear controller simplifying the vehicle manipu-
lation and insuring quasi-stationary flight conditions is
developed. The approach considers that the rotor dy-
namics are negligible compared to the body dynamics
and develops a control law based on saturating the lin-
ear dynamics for bounding the vehicle orientation and
limiting it to very small values. Experimental results
show the success of this approach.

1 Introduction

The interest for autonomous unmanned aerial vehicles
has grown in the recent years, particularly for mili-
tary purposes. Autonomous VTOL vehicles allowing
stationary flight have a particular interest. Signifi-
cant research effort has been directed towards the de-
velopment of autonomous scale-model helicopters due
to their high payload-to-power ratio [1, 3, 8]. Heli-
copters, however, are extremely dangerous in practice
due to the exposed rotor blades. Very little has been
done on the development of secure platforms [2]. Such
platforms have a considerable potential for surveillance
and inspection roles in dangerous or awkward envi-
ronments. One can imagine the use of such vehicles
in order to explore a contaminated area before a hu-
man intervention for example. However, contrary to
a remote-controlled car, the manual control of a fly-
ing system such as an X4-flyer with a joystick needs
several hours of training before being able to succeed.
Consequently, we are interested in the assisted man-
ual control of the X4-flyer in order to allow a neo-
phyte to control it without difficulty. In this paper, we
propose to design an embedded controller using veloc-
ity control-inputs issued from a remote and an inertial
measurement unit to stabilize the displacement veloc-
ities through the roll and pitch correction. However,
on board calculators, computing in real time the con-
trol algorithms, have nevertheless a limited processing
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Figure 1: The X4-flyer

power. Consequently, the control algorithms have to
be simple and robust to achieve their successful imple-
mentation in a real system.

More precisely, we propose in this paper to elabo-
rate a simple nonlinear control law of an ”X4-flyer”
unmanned aerial vehicle (cf. figure 1) insuring quasi-
stationary flight by bounding the vehicle orientation
and limiting it to very small values. In contrast to clas-
sical remote-control orders consisting in sending forces
and torques to the vehicle, the proposed approach uses
intuitive orders such translational velocities and yaw
angle as desired inputs sent from the ground to the
aerial vehicle.

The paper is arranged into five sections, including
the present introduction. Section 2 presents the X4-
flyer dynamics. Section 3 derives a Lyapunov control
function of the vehicle and analyses the stability of the
closed-loop system. Section 4 presents some experi-
mental results and finally section 5 provides a short
summary of conclusions.

2 Dynamic model

The X4-flyer is an omnidirectional VTOL (vertical take
off and landing) vehicle ideally suited for stationary
and quasi-stationary flight conditions. The control of
an X4-flyer is achieved by the differential control of the
thrust generated by each propeller. Up/down motion
is controlled by collectively increasing or decreasing the
thrust of all four motors. The thrust difference between
the forward and the rear rotor creates a pitch torque
inducing translation forward/rear motion. In the same
way, the left/right translational motion is obtained by
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Figure 2: The four rotors generating the collective
thrust

the differential thrust of the right and the left rotors.
To finish, let’s see the yaw control. When a propeller
turns, it has to overcome air resistance. The reactive
torque acts on the blades in the opposite direction to
the rotation. In the X4-flyer, both sets of front-rear and
left-right motors turn in opposite directions (cf Figure
2). Moreover, the reactive torque is essentially a func-
tion of the propeller rotational velocity. Consequently,
controlling the X4-flyer yaw is equivalent to control the
sum of reactive torques. As long as all rotors produce
the same reactive torque (all rotors turn at the same
speed), the sum of all reactive torques is zero and there
is no yaw motion. If one set of rotors increase its speed,
the induced torque will cause the X4-flyer to rotate in
the direction of the induced torque. The X4-flyer mod-
eling is inspired from [?, 4, 6]. In order to model the
system dynamics, we define two frames shown figure 2,

e R;(e1,eq,e3) is an inertial frame attached to the
earth, relative to a fixed origin. It is assumed to
be Galilean.

e R,(E1, Es, E3) is a body fixed frame attached to
the center of mass of the vehicle.

Define the attitude R of the body fixed frame with
respect to the inertial frame by means of Euler angles

& =(yaw(¢),pitch () and roll (¢)).

CoCyp  SypSeCH — CypSp  CypSHCe T SySe
R=| coS¢ SySeSp+ CyCy CypSaSe — SpCo (1)
—Sp Sy Ch Cq)CH

where the following shorthand notations for trigono-
metric functions are used: c¢,=cos(a), s,=sin(«),
to=tan(w).

The position of the center of mass of the vehicle with
respect to the inertial frame R; is denoted z. Let v
(resp. ) denotes the linear (resp. angular) velocity of
center of mass expressed in the inertial frame R; (resp.
body fixed frame R,). Let W, the matrix such that:

—Sp 0 1
Wg = CoSq Cy 0 (2)
cocy —5Sy 0

Newton’s equations of motion yield to the following
dynamic model for the motion of the airframe.

mv = mges + F
I0=-QxIQ+C

(3)
(4)

where m is the mass of the airframe and I its inertia
matrix expressed in R,. Let F represents the sum of
the thrust provided by the four propellers, defined in
R;. Let C represents torques acting on the rigid body,
expressed in R,. In this approach, we consider that C'
is composed of the gyroscopic torque called I'y and the
control torque I' derived from differential thrusts. Let

us write
(5)

The lift f; generated by the rotor i turning at the
speed w; in free air may be expressed as

fi= (6)

where b is a positive constant depending on air density,
rotor blades collective pitch and geometric blade char-
acteristics. The reactive torque due to the rotor drag
generated by a rotor in free air may be modeled as

C=T,+T

—bw?Es

i = —Kwi|wi| E3 (7)
The positive constant x depends on air density, rotor

blades collective pitch and geometric blade character-

istics. Define now the rotation dynamic of a rotor.

Irwi =U; — T4 (8)
where I,. represents the inertia of the rotor ¢ around
its rotation axis and u; the rotor torque.

With the above consideration and considering that
propellers have a symmetrical disposition around the
gravity center G with d as offset of each propeller from
the center of mass, we can write

T bbb b W2
oo @w o e |fw]_,
T2 b 0 —db 0 w2
rs -k K —Kk K w32

(9)

Consequently, the expression of F' in R; is

F =-TRE; (10)

Each rotor may be considered as a rigid disk rotat-
ing around the axis E3 in the body fixed frame with
angular velocity w;. The axis of rotation of the rotor is
itself moving with the angular velocity of the airframe.



If the inertia of the rotor is defined by I,., the behavior
of this torque is defined by

4
Iy=) oxQ (11)
=0

where o; = I,w; E3 being the kinetic torque of the
rotor . Knowing that F3 x Q = —Q x Ej3, one can
rewrite the expression of I'y as follows:

4
Ty =—Y L(Qx Es)w.

i=1
As a conclusion, the dynamic model of the ” X4-flyer”
is

ézv 12

1
V= ges — ETRES 13

I0=-QxIQ+T, +T. 15

(12)
(13)
R = Rsk(Q), (14)
(15)
Irwi =U; — T (16)

where the notation sk(Q2) denotes the skew-
antisymetric matrix such that sk(Q)v = Q x v for the
vector cross-product x and any vector v.

In the control section (Sec. 3) we will suppose that
the rotor dynamics are negligible compared to air frame
dynamics. Consequently, we will consider the compo-
nents of the vector w = (w?..w3) as control inputs
instead of torques of propellers.

3 Control law

In this section, we propose to develop a nonlinear con-
troller for the above dynamics based on saturating the
linear dynamics for bounding the vehicle orientation
and limiting it to very small values. The control strat-
egy is based on Lyapunov function conception using
backstepping techniques [5].

The control problem considered consists in finding
a control action @ = (w?...w?) from equation (9) de-
pending only on the state measurements (v, R, ), w)
and parameters of the desired trajectory (vg4,¢q). In
order to pilot the X4- flyer, we will separate the con-
trol design into two parts: translational and rotational
dynamics control designs.

e For the translational dynamics the thrust will be
assigned and the full desired orientation will be
defined.

e For the rotational dynamics the control torques
are assigned.

From the assigned thrust and torques, the speed (w;)
of each propeller is obtained using equation 9, the de-
sired orientation speed (w;) of the propeller ’#’. Each
propeller speed will be then controlled with fast tran-
sient to obtain the desired orientation speed (w;).

3.1 T and R; compute

Firstly, we would like to have the velocity of the X4-
flyer converging to the desired velocity. Let define the
error function

(17)

At this point of the study, let S; be the first storage
function in order to stabilize the translation dynamics.

E=V— 1y

1
S1 = mllel (18)

Differentiating S; and substituting for (Eq 13), it yields

Sl —_ (mges — TRE3 — mug) (19)

If TRE3 is considered as a control vector for the
translational dynamics, it is possible to propose a con-
trol vector assignment allowing an exponential conver-
gence of the error € towards zero. However this type
of convergence is not recommended when the error ¢
is important. This is due to the fact that the pro-
posed model is no more realistic. In this case, small
gain control technique must be employed [9]. This ap-
proach seems particulary well adapted to our problem.
Indeed, if the translation dynamics are saturated, the
tilting angle of the vehicle is also saturated. Therefore,
we define the continuous saturation function sat(e) as:

o xTsat(x) > 0, for all z # 0,
o sat(x) = vect(sat(z;)),

e sat(x;) < M; for all x; € R and sat(x;) = z; for
all components |z;| < M; .

Considering TRE3 as a virtual control input, stabi-
lize S consists in choosing an expression of TRE3 in
order to have S; negative. To this end, we define TRFs
desired as

(TRE3)q = —mig + mges + kisat(e) (20)

where k; is a positive gain.

Remark 3.1 The saturation on € allows us to limit
the tilting angle of the ”"X4-flyer”. The tilting angle
limit can be regqulated by exploiting the saturation pa-
rameter M; and the control gain k.

Assuming that the rotor dynamics are negligible
compared to the airframe dynamics, we assume that
the thrust T is immediately reached and therefore:

(TRE3)q = T(RE3)a, (21)



At this step of the approach, we can dissociate the
translation dynamics from the rotation dynamics. In-
deed, (RE3)q provides the tilting angle of the body.
By adding the desired yaw one can compute the full
desired rotation matrix Ry.

Introducing Eq. 21 in Eq. 19, it yields

Sy = —kieTsat(e) + e (TR4Es — TREs)  (22)

Moreover, knowing that R is an orthogonal matrix
(R~' = R"), the derivative of the first storage function
S1 becomes:

S = —kieTsat(e) — TeT (RRY — I3)RyFs (23)

Let define R = RRC:lF as the deviation between the
current and desired orientations.

As ||RqFEs|| = 1 and consequently ||TR Es|| =T, it
yields

T :|| - m(i)d — 963) + klsat(s)H
—m(0q — ges) + kysat(e)
T

As T (Eq. (24)) is bounded, we can establish the
asymptotic convergence of S to zero if an exponential
convergence of R to zero is guaranteed (cf. theorem
3.2).

(24)

Raes = (25)

3.2 Stabilization of the rotation dy-
namics

The next stage of the control design involves control-
ling the attitude dynamics such that the error (R — I3)
is minimized. Designing a controller to stabilize the
above term is a difficult problem. Note however that
the Frobinus norm of the rotation error [7, 4] is:

IR — Isl|r = 2v2]Jil,

where 77 is the quaternion vector of the angular devia-
tion R.

Based on the above development, the attitude con-
trol objective is achieved when 7] converges to 0. Conse-
quently, we are going to employ quaternions in order to
represent the angular deviation instead of Euler angles
(yaw (¢),pitch (0) and roll (¢)). Quaternions will be
written with their geometric form. As a consequence,
a rotation matrix R defined by a rotation « around
the unit vector u is represented by the quaternion
of which the real part is 7jp = cos § and the imaginary
part is ) = sin Gu. If 7 is associated to the angular
deviation R, we obtain

R= (75 — |IAl[*)I + 270" + 2josk()  (26)
avec ||7|| + 175 = 1
Differentiating 7, [7](pg. 74), it comes:
.1, I B 1 7
i = 5 (ol + sk(i7))<2, m=—51 % (27)

where

0 = Rqg(Q — Q) (28)

Based on this result, the attitude control objective
consists now to drive 1 to zero. We introduce at this
stage of the study, the backstepping procedure. Let W
be a storage function

1.
W= S ll|f?

5 (29)

Differentiating W and introducing Eq. 27, we obtain

. 1 ~

W= 577077TQ (30)

In order to exponentially stabilize 7 to zero, we con-
sider the following virtual input:

QY = —2k, 7R}, ky >0

Let define ¢ = Q — QY and consider the following
storage function
_ i 2
Sz =W+ Slloll*, v>0 (31)

Knowing that Ry = Rgsk(€4) and introducing Eq.
27 and Eq. 28 it yields:

. o 1. . . .

$2 = kg |17]|% + 5707”0 + 70" (Ra($2 — a)

+Rask(Qu)RF O + Ky ((5k(7) + oTs) o — 7727 )
(32)

At this step of the approach, we can remark that the
relation between 2 and the torque control I' is algebraic
(cf. Eq. 15). Choosing I" as follow:

| 1 ~
P = sk(Q)IR = Ty + ~ (T + Ri (=kso = Sii07 + k" 2

—(Rask(Qa)RY + kyia I3 + kyitosk(7)Q)), ko >0
(33)

it comes,

So = —ky R Il[2 = kol (34)

Knowing the global thrust 7' and the vector of
torques I' to apply, we have now to control the mo-
tors. Since the relationship between (7,T) and w is
algebraic, a proportional corrector can be used. How-
ever, to simplify, the analysis, we assume that a high
gain is used in order to consider that the computed
thrust 7" and the torque I' as inputs of the controller.

Theorem 3.2 Consider the dynamic system defined
by Eq. 12 - Eq. 15, the thrust control T Eq. 24, the
torque vector I' Eq. 33. Let vg be a bounded desired



velocity. Let § << 1 be a positive constant. Then for
all initial conditions (£(0),7(0),0(0)) such that:

2

o(0)?

The exponential stability of R and the asymptotical
convergence of € to zero are guaranteed.

Mo >0, v < (35)

Proof 3.3 Firstly, recall the expression of the storage
function Sy (Eq. 31) and its derivative (Eq. 34):

1 Y
S —_ll» 2 N 2
2 =5 ill* + 3l
Sz = — kg |1l|* = ko|lo|®

It is obvious that an exponential stabilization of Ss,
guarantees an exponential stabilization of 1 to zero and
No to £1 (¢f. Eq. 26). In order to show that 7y con-
verges to +1 to avoid the ambiguity, we are going to
introduce the condition Eq. 35 of the theorem in the
expression of So (Eq. 31). It comes,

Sy (0) <

DN | =

This ensures that 1o is never equal to zero and con-
verges to +1.
Let us bound the expression of the derivative of Si
Eq. (23),
S < —kyesat(e) + 2v2T e ||| (36)

Knowing that T is bounded and that 1 is bounded by
an exponential function, it comes
S; < —kjesat(e) + ||e]|V2Be™t, B =2T (37)

From this relation, we note that there is a finite time
ts from which sat(e) = e. i. e., for all t > t,:

S < —allell? + VEBlelle=, Ve > 1,
< =2k 51+ 20 516704

In order to simplify this relation, we introduce a new
variable S = /57 and rewrite Eq. 39 as follows:

S
2V/5

S = < —k1 S+ fe ™, Vit >t

or

B

L™ vt >t

S < —kiS+
> 1 \/i

Now we can show that

t
S(t) <e FMU=t)g (t)+8 [ e Ftmeand, vi>t,
tS

converges to zero and ensures the convergence of €.

Figure 4: Evolution of the quaternion representing the
attitude of the vehicle in stationary flight

4 Experimentation results

In order to validate the controller elaborated above, we
have implemented it on the experimental X4-flyer built
in our laboratory (fig 1). The vehicle is equipped with
an inertial measurement unit (IMU) which is consti-
tuted of 3 MEMS accelerometers and 3 angular rate
sensors to provide the components of the gravity in
the body frame. A Digital Signal Processing is em-
beded and performs all the computations to stabilize
the system from the IMU data. The 4 propellers are
controlled in velocity loops.

To show the experimental behaviour of the system,
we present two types of experimentation. In both of
them, flight parameters are stored in the DSP board.

In the first experimentation, the behaviour during
stationary flight conditions (the operator doesn’t move
the joystick) is presented. On figure 4 we have plotted
the set point (horizontal attitude) and the recorded es-
timated attitude during flight computed from the row
IMU data. We can see that the raw measured quater-
nion agrees well with the set point attitude; however,
the remaining noise is essencialy caused by the me-
chanical vibrations of the body frame during the flight.
Nevertheless, the results show the very good behaviour
of the attitude stabilization in stationary flight condi-
tions.

In the second experimentation, we present the be-
haviour of the system when the set points are modified
by the pilot. On figure 5 and 6, we can see that the or-



Figure 5: Evolution of the quaternion representing the
attitude of the vehicle in ordered flight

Figure 6: Evolution of the Euler angles during the sec-
ond experimentation

dered quaternion is modified in roll and pitch. The
measured quaternion follows the changes with some
reasonable delay caused by the dynamic properties of
the airframe and the timing of our controller which
is limited by the reasonance modes of the mechanical
structure. It is remarquable that the changes in roll
and pitch attitude affect very little the yaw of the sys-
tem.

5 Conclusion

In this paper, we have proposed a dynamic model-
ing and a stabilization control algorithm for a mini-
rotorcraft vehicle having four vertical rotors known as
an ”X4-flyer”. The purpose of this controller is to con-
trol the translational velocities of the vehicle as well as
the yaw angle. The simplicity of the proposed control
law and the use of quaternions have allowed us to im-
plement the proposed controller in an embedded calcu-
lator for which the computing power is limited. Flight
experimentations show the efficiency of the proposed
controller for the flight stability of such a vehicle.
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