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Abstract
A mathematical model for the quantum transport of a two-band semiconductors that includes
the self-consistent electrostatic potential is analyzed. Corrections beyond the usual effective mass
approximation are considered. Transparent boundary conditions are derived for the multi-band
envelope Schrodinger model. The existence of solution of the nonlinear system is proved by using
an asymptotic procedure. Some numerical examples are included. They illustrate the behavior of

the scattering and the resonant states.
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I. INTRODUCTION

In the modern semiconductor devices, the electrons are confined nanometric regions. In
this context, the quantum mechanical behavior of the particles becomes important. Quan-
tum devices like the resonant tunneling diodes are applied in the nowadays high-speed
electronic systems [1]. Differing from the usual particle transport phenomena where the
electronic current flows inside a single band, the remarkable feature of such devices is the
presence of strong interband effects. Under certain regimes, an important contribution to
the particle transport arises from the inter-band tunneling. A very popular approach for
modeling the multi-band devices, is so called kp theory. It has been derived by Kane [2],
Luttinger and Kohn [3] (see Ref. [4, 5] for an exhaustive review of the kp models including
various applications). The kp approach provides an accurate description of the energy band
structure of bulk semiconductors and heterostructures. This method is based on the decom-
position of the particle wave function on a particular set of Bloch functions. The kp models
have been theoretically investigated and their applications to the solid state physics have
been explored. The description of the particle motion can be preformed at different levels.
The more direct approach is to use of the original Schrédinger-like multiband picture. As an
alternative, formulations based on the density matrix or on the Wigner function have been
considered [6-9]. Moreover, hybrid models have been also developed. In these approaches,
the quantum and classical transport equations are combined. Coherent and phase-breaking

phenomena are included [10, 11].

The study of multiband models is a very active area of research [12-22]. A considerable
effort has been made in order to develop mathematical models that reproduce the steady
states and the out-of-equilibrium dynamics in heterostructure devices [23]. In order to model
a quantum device, it is necessary to devise special boundary conditions that describe a net
flux of current through the contacts of the device [24, 25]. In this way, it is possible to
restrict the original physical model, that usually is derived for an unbounded domain, to
a finite interval. Different methods are proposed in literature (see for example Ref. [26]
for the boundary element methods or Ref. [27] for the infinite element methods). In this
contribution, we adopt the so called transparent boundary conditions (TBC) [28, 29]. The
derivation of the TBC is addressed in sec. II.

The paper is organized as follows. In sec. IT we present the two-band quantum model for



the charge carriers. In sec. III A we describe the nonlinear problem and we enunciate the
existence of a solution for the two-band Schrodinger-Poisson system that is the main result
of this contribution. In sec. IIIB we study the existence and uniqueness of solution for a
non-hermitian two-band system. In secs. IV A-V we prove the existence of a solution of the
non-linear asymptotic model. The proof is based on the Leray-Schauder fixed point theorem.
The asymptotic limit is addressed in secs. IV-VI. Finally, in sec. VII some numerical tests

are performed.

II. MEF SYSTEM WITH TBC

We describe a crystal with the multiband envelope function kp theory. In this context,
the particle wave function is constituted by a sequence of smooth functions ¢,,. The quantity
|4,|? is proportional to the probability to find the electron in the n—th band (more details
are given in Ref. [3, 30] and in Appendix A). The linear Schrodinger problem that describes
a one-dimensional crystal where only the conduction and the valence bands are take into

account, is given by [31]

d*y, dv
—b, E.+ V)b, — v—1b, = E, 1
5 (Bt V)te =y —thy = B¢ (1)
d* o, d*i, dv
E — ), = E1),, . 2

Here, a > 0 is a constant that describes the non parabolicity of the valence band, b, = =%

2me’
by, = 3 :1 where h is the Planck constant and m., m, are, respectively, the effective mass in
v
. . 2 .
conduction and in valence band. Moreover, v = %, where m is the bare electron mass and
g

E, = E. — E, is the energy gap between the top of the valence band £, and the bottom of
the conduction band E.. The symbol P is denoted as the Kane parameter and represents

the matrix element in the Wigner-Sietz cell C of the gradient operator

P /C T=(r) Vi uy (1) dr . (3)

Here, the function u. (u,) denotes the Bloch wave function for the conduction (valence)
band for k = 0. Finally, V' is the sum of the electrostatic and built-in potential.
We denote the system of Eqgs. (1)-(2) by multi envelope function (MEF) model. For the
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sake of compactness, we rewrite the MEF model in the matrix form Hvy = E1), where

d? dv
_bc— + Ec + V il e
dz? dz b,
dv d! d? v
—y— — +b,—+E,+V
" dx adx4 + da? i

Differing from the standard effective mass approach, where the kinetic energy is proportional
to the second-order derivative of the wave function, in Eq. (2) a fourth order derivative of
1, is present (1, represents the component of the wave function in the valence band). This
term takes into account the non parabolicity effects and provides a lower bound in the
spectrum of the Hamiltonian operator. This can be easily verified by writing formally
in the Fourier space (it is sufficient make the substitution % — ik). The eigenvalues of
‘H are bounded from below. The existence of a minima in the spectrum, is crucial for the
regularity of the system. From a mathematical point of view, the presence of the high order
derivative provides a control of the norm of the particle density and prevents the blow up
of the solution (see theorem 6 in the following).

We remark that in this formulation, the MEF problem is an eigenvalue problem and
E is the eigenvalue. We study of the MEF problem in the bounded domain Q = [z, z,].
At the boundary, we assume the so called “transparent boundary conditions” (TBC). The
TBC are widely used for modeling open quantum systems. In particular, they describe the
particles that enter and leave 2 without reflection. The eigenvalue problem is formulated as
the restriction to the domain €2 of the unbounded problem defined on R. More into details,
we extend Eqgs. (1)-(2) to R and we assume that the potential V' is constant outside €2
(V(z) = V(y) for < x; and V(z) = V(x;) for x > x,). The solution of Egs. (1)-(2)
outside €2 is easily found (the derivative of V' vanishes and the two equations decouple). We

obtain
n; '
i) =Y AN =, (5)
r=1
where A7 and z, are coefficients, n. = 2 (n, = 4) and kJ are the n, + n, roots of the secular
equation E;,(k?) = 0 with

B (k) = E.+V(x,) + b.k? for s=c¢ (©)
S7p E,+V(xp) — byk* + ak*  for s=wv,



where p = [, 7. We require that the solution inside the domain € is compatible with Eq. (5).
This is obtained by requiring that 1) has the same high-order derivatives of the plane wave
expansion (6). In order to ensure that the MEF problem in 2 is well-defined, we should
impose at the boundaries n.+n, independent equations. By imposing symmetric conditions
inz = x; and x = z,, only (n.+n,)/2 constraints are necessary. Equation (5) contains n.+n,
free parameters AZ (for simplicity, in the following we assume zy = 0). By evaluating n./2
and n, /2 derivatives, we can eliminate (n. + n,)/2 parameters by expressing the high-order
derivative of 1); in terms of the lower order derivative. @Z)](m] ) = @Z)](m] ) <wj(.1), e ,wj(.nj / 2)> with
nj/2 < m; <n,;.

In this procedure we are free to choose n;/2 parameters Ai among the n;. In the present
case, the choice is driven by physical considerations. We impose the boundary conditions
that describe plane waves entering and leaving €2 in z = z; and x = x,.. We classify each term

of Eq. (5) as incoming, transmitted or reflected modes. The traveling modes incoming from

dEs,p
dk

the left (the right) have positive (negative) group velocity v, = ;- They represent
ke

the particles that enter in 2. The reflected waves have velocity with opprosite sign and the
transmitted waves have velocity with the same sign of the incoming waves at the opposite
boundary. The boundary conditions are obtained as follows. We define the parameter
“injection energy” E = F,, ,,(q). We fix the value of the vector (sg,po,q) in the range
[c,v] X [I,7] x [0, +00). The energy E, ,,(q) is given by Eq. (6) and represents the energy of
the incoming waves. More into details, they have momentum equal to ¢, enters in €2 from the
left or the right side according to py = [, r and belongs to the conduction or the valence band
according to sy = ¢,v. We choose (s,p) # (s0,p0) and we solve the equation E, (k) = E
with respect to k. We obtain n, solutions and, according to the expansion given in Eq. (5),
we associate to each root kJ the corresponding plane wave A’ ekt We assign AJ # 0 only
for the outgoing waves. As explained before, for p = r (p = [) they have positive (negative)
group velocity v, and S{ki} < 0 (3{ki} > 0), where 3 denotes the imaginary part. It is
easy to verify that there are at least n,/2 of such solutions. As explained before, we derive
Eq. (5) ns/2 — 1 times and we express the parameters A7 in terms of the spatial derivative
of ¥;(z). Concerning the case (s,p) = (s, po) (that was excluded before), we proceed in the
same way, with the only difference that we include also the solution k4 = q. This provides

+iqx

an additional parameter ¢ = a; for the wave (e™%". Differing from the former cases, this

term describes an incoming wave. The parameter ¢ (that can be chosen equal to one without
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loss of generality) leads to an homogenous term in the differential equation.

For sake of clearness, we describe the details of the calculations that leads to the TBC
for the valence band (s = v) in © = ;. These the boundary conditions describe the
particles that enter in 2 through the valence band. The other cases (s,p),(so,p0) =
{(v,0); (v,7); (¢,7); (¢, 1)} are treated in the same way. We choose ¢ € RT and we assume
(s0,p0) = (s,p) = (v,1). The choice (s, po) # (s,p) can be treated as the particular case
with ¢+ = 0. The MEF problem extended to R gives (without loss of generality we assume
V(x;) =0):

d* v, d*y,
b,
¢ da? + da?

It is easy to verify that in addition to k¥ = ¢, the equation ' = E, + V (z,,) — b,k* + ak* (see

+ E’U¢’U = E¢v (7)

Eq. (6)) has two solutions such that v,(gs) < 0 and I(ge) < 0. We denote these solutions

by ¢+ and ¢_ respectively. The solution of Eq. (7) becomes
Uy(x) = 187" fp_e T oM (8)

We derive the previous expression three times and we eliminate the parameters r.. After

few calculations, we obtain

d*, g,
ng(;ﬂl) = _2(]— (Q—I— + Q—)L +1 wd:(pxl) ((]+ + q_) + q+q_wv(:pl)
d3 v . d v bC .
% = —i2q1q-(q+ +q- ) + % (—(JQ+ - g) + 104 (g4 + =)o (1) -

Proceeding in the same way for the other cases we obtain the MEF problem with TBC

.

Hipg — E(q)wq =0
dve(ms) . o
Sv(wq) _ O = dl' - ch[2L wC(xS)] (1())
d2 wv(xs> s Q/JU(.fs) s
“da? S = el 1

\

where s = r,l. For the sake of compactness, we defined q = (So, po, q), t° = 0s.50p,,c and

1
I = - 2530,55po,v(_cﬁr - (]i)(]i (11)
g i(g +q)
i+ )ae —2—a°q

At = , (12)



with

by + /12 —da (V(z,) + E, — )|, (14)

S S S 1
q+ = —0 Xi\/%

We defined ¢! = —1, 0" = 1. The parameters y* are given in table II of the Appendix.

In summary, we write system (10) as a class of Schrodinger problems. Every problem is
characterized by a different q. In order to put evidence on this, we denote the solution of
the MEF system by 1p,. We remark that, differing from the unbounded problem, the MEF
system with TBC is no longer an eigenvalue problem. Here, E(q), is an explicit function of q.

We study the behavior of the solution 14 when q spans the domain wy = [¢, v]x[l, 7] x [0, 4+-00).

III. SCHRODINGER-POISSON PROBLEM: NON-LINEAR SYSTEM
A. Poisson equation

We consider a distribution of charged particles inside the domain 2. We requires the
compatibility between the charge and the electrostatic potential inside €2. At the mean field

level, this is obtained by calculating the electrostatic potential V' with the Poisson equation

PV n(z)
da? Er
Vi(z,) = Vs

Here, n(x) is the charge density, ¢, is the dielectric constant and the boundary values V;

and V5 are given. According to Ref. [31], the charge density is given by

mwzléM%m@@, (16)

where

AR (Vyc tg0)

My = [qol@) + o (a)” + 2y —

(17)

and R denotes the real part. The function G(q) is assigned. From a physical point of view,
G(q) is proportional to the number of particles with momentum ¢ that enter into 2. For

technical reasons, we assume that G is a compactly supported in R*. The derivation of Egs.
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(16)-(17) is addressed in Appendix A. Thermodynamical considerations ensure that G(q)
vanishes exponentially when ¢ goes to infinity. For this reason, we fix a cutoff for G. We
assume that there exists qo such that G(q) = 0 for ¢ > go. Our model deals with the envelope
function representation of the particle motion. For this reason, the particle density is not
equal to the sum of the squared modulus of the solution. In particular, the non-conventional
form of the particle density of Egs. (16)-(17), ensures that the particle density is bounded.

In the present contribution, we preform the mathematical analysis of the nonlinear
Schroringer-Poisson problem (10) (MEF problem with TBC). The electrostatic potential
V' is obtained by the Poisson equation (16). One of the major difficulties encountered in the
present study is that the linear Schrodinger problem is not well-posed. In particular, the
analysis shows that the two-band Hamiltonian has a countable set of discrete eigenvalues
embedded in the continuous spectrum. In the proximity of the discrete eigenvalues (resonant
states), the norm of the solution diverges. The study of the linear Schrodinger problem and
the behavior of the solution around the discrete eigenvalues in addressed in sec. IV and ends
with the theorem 4. The absence of good estimates for the linear system prevents the direct
application of a fixed point technique for the study of the nonlinear Schrodinger-Poisson
problem. We proceed as follows. We modify the form of the linear MEF model, by adding
to the Hamiltonian a non-Hermitian term proportional to a small parameter ¢ (hereafter we
will denote the nonlinear Schédinger Poisson problem constituted by the Egs. (10)-(15) by
MEF-P problem). The correction is chosen in such a way that the modified MEF problem
(that we will denote as MEF-¢ problem) admits a unique solution (see theorem 3). By ap-
plying the Leray-Schauder fixed point theorem we prove the existence of the solution for the
nonlinear problem. As a final step, we study of the limit € — 0. One of the major difficulties
is to prove that the density of particles and the electrostatic potential are bounded. This is
stated in lemma IV.1. The presence of resonant states embedded in the continuous spectrum
leads to a non-trivial form of the limit density of particles (see theorem 8). We state here

the major result of the present work. Existence of the solution for the MEF-P problem

Theorem 1 For every positive function G compactly supported in RY, the MEF-P problem

Sv(1hy) =0 ; Eq. (10)
MEF —P ¢ Ny (n)=0 ; Eq. (16) (18)
Vo(V) =0 ; Eg.(15)



admits a solution (1g,n,V) such that 1, € H*(Q) x H(Q), n € L and V € H°.

As discussed before, we modify the MEF-P problem by adding a term proportional to a
small quantity e to the linear Schodinger equations Sy (1,) = 0. We denote the modified
problem by MEF-P-¢ (and we make the substitution Sy (1,) = 0 — S}, (¢4) = 0). In order
to avoid confusion between the MEF-P and the MEF-P-¢ problems, we denote the solution

with the superscript € when necessary.

B. The non-hermitian formulation

The MEF-¢ problem (S} () = 0) is obtained by adding the term i2) to the right side

of Eq. (10). For the sake of clearness we report the explicit formulation of the problem

(

Hepy — (E(q) +ic)pq = 0
dape(zs) .
— . = ZQE[QLS - w0($5)]
S (ahy) =0= dz (19)
d2 1/%(%) s Q/JU(.fs) s
“da? o) =4 IHER +1

where s = r,l. We have the following

Theorem 2 For every positive function G compactly supported in R* and every e > 0, the

MFEF-P-¢ problem

Si-(¥5) =0 ; Eq. (19)
MEF =P —¢ q Ny:(n°) =0 ; Eq. (16) (20)
Ve (VE) =0 ; Eq. (15)

admits a solution (g, n°, V) such that 1; € H*(Q) x H'(Q), n° € L™ and V° € H°.

The theorem 2 is proved by a fix point technique. As a first step, we show that the linear

Schrodinger problem 87 ()5) = 0 admits a unique solution.

Theorem 3 For every V € L™ and q € wy, the MEF-¢ problem S‘E,(w;) = 0 has a unique
solution g € H? x H'.

Proof of the theorem 3
The MEF-¢ has the following weak formulation. Find 1 € H'(Q) x H?*(Q) such that

e, )+ h(h, ) — (E(a) + i) (.0) = L{g) Ve € HY(Q) x HX(Q) . (21)

9



Some details of the calculation are given in Appendix B. The sesquilinear form h(1), ¢), the

anti-linear form (1, ¢) and the linear operator L(¢) are defined as follow

h(t/J, ‘P) = b, (wc, Soc)Hl + E, (wc, SOC)LQ +a (wva 901))1{2 + B, (wva ‘Pv)LQ (22>
L(p) = -T@, + > 2001 ¢ Pe(x,) (23)
s=l,r

o dVv
C(‘/), (‘0) = / |:(V - bc)wc@: + (V - a)wv¢0 - VE(T/%:@; + wv@c):| dz (24>

+ 3 ok [@i—@]j [@%L+&A§f [GT—@L [@T@E]j

ji=12

| B dyp, de
ky ok _ - -
+i0"beq e(2r)Pe(Tr) — (by + a) ( dz W dz )L2 .

By using the Riesz representation it is easy to verify that there exists a unique

(1) - A. € C(H), compact linear operator such that
(Ac"uba SO)H = C(¢a 90) - (E(q) + 26) (¢7 90)L2><L2 v pc H.
(17) - Ay € B(H), invertible bounded linear operator such that

(Anth, )y = h(h,p) Vo eH.

(13i) - £, € H such that
Llp) =z, o)y Ve ecH.

Here, we denoted the Hilbert space H' x H* by H. Concerning (i), we have

(¥, P < Clitblleoxcer [lell

and || A.||lm < C||9]|coxer. The operator A, is compact since H < C° x C! is a compact

injection. The proposition (ii) follows from the inequality
Ml 19l > Cllv
and Ay, is invertible. The problem (21) becomes

(Z+ A" Ay = A, (25)
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The product .A,;l.AC is compact. We apply the Fredholm alternative [32]. The existence of a
solution of Eq. (25) can be proved by analyzing the dimension of the kernel of the operator
A + A.. The latter, is equivalent to the problem (21) with L£(¢) = 0 (homogeneous
problem). We fix ¢ = 1p. The imaginary part of (21) gives

>, (cf

j=1,2:k=l,r

2

o5

J

+ bR (¢ |1/1c(:vk)|2> = el|9llT 2 (26)

where we used Eq. (B9) in Appendix. Tables I, IT and Eq. (13) ensure that all the terms
in Eq. (26) are negative. Consequently, the kernel of the operator A, + A, has dimension

zero. This ends the proof of the theorem 3. [ ]

IV. LINEAR MEF PROBLEM: ¢ =0

Before to take the limit ¢ — 0 in Eq. (20), we focus on original problem MEF with
e = 0. We find that the MEF-¢ problem converges to Eq. (10), only for nearly all the
values of the parameter ¢ in RT. More precisely, there is a countable set of values of ¢
for which our procedure, based on the Fredholm alternative, does not apply. However, the
almost everywhere convergence is sufficient to ensure the existence of the integral (16) that

provides the particle density n. We have

Theorem 4 For everyV € L, there exists a positive sequence E, withn =1,..., 00, such

that the linear MEF problem (Eq. (10)) admits a unique solution in v, € H*> x H* for every
E(q) # En.

We proceed similarly to proof of the theorem 3. The MEF problem is equivalent to the

following weak formulation

(g, ) + c(ip. ) = BE(a) (¥, @)r2.12 = L(p) Voo € H(Q) x H*(Q) (27)

where the forms h(v, @), c(1, @) and L(¢p) are defined by Eqs. (22)-(25). The application
of the Fredholm alternative requires the study of the homogenous problem (£ = 0), that we

report here for future references

h(, ) + (b, ) = E(a) (¥, p)r2.2 =0 Voo € HI(Q) x HA(Q) . (28)
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A simple analysis of the sesquilinear form c(v, ) in Eq. (24) reveals that ¢ is the sum of
two form, respectively Hermitian and anti-Hermitian, denoted by (1, ) and ¢, (), ),

(@) =i} |O@,| (0] +ioibeatie (e () (29)
(W, ¢) = (P, ) — cath, ) . (30)

It is useful to use the kernel of ¢,(%, ) as the set of the test functions that appear in the
weak formulation of the problem. We denote this set by D:

D = {p € H=H" x H? such that c,(¢, ) =0;V ¢ € H}. (31)
We consider the homogeneous problem (28) restricted to D

h(h, @) + ¢ (¢, ) — E(q)(%, @)r2xrz =0 Vo €D (32)

Every time the only solution of Eq. (32) is @ = 0, the same is true for the original problem
(where (1, @) — c(1, ) and ¢ € H). In such cases, we conclude that the MEF problem
of Eq. (10) has a unique solution. At the contrary, when Eq. (32) admits a non-vanishing
solution, the Fredholm method cannot be used to predict the behavior of Eq. (28). We

address to following theorem (the proof can be found, i. e., in [34]).

Theorem 5 Given a Hermitian continuous and coercive sesquilinear form a(, ) defined

on a Hilbert space H' C L* x L?, then there exists a constant C > 0, a sequence &, such that
0<(C <& — 400 when k— +oo,
and wk € H' for which

a(w”, ) = & (W, )2y Ve el
(33)
||wk||L2><L2 - 1

Furthermore, the set w* is an orthogonal basis of L* x L*.

It is easy to verify that the hypotheses of theorem 5 are satisfied by h(%, @) + ¢ (1, ¢) and

for H' = D. The sequence & is given by the min-max formula

{p = max { min h(¢,¢)+0'(¢,¢)} (34)

Va1 CH | eVt il 2=1

12



where V,, is a vectorial subspace of H with dimension n. By comparing Eq. (33) with Eq.

(32), we see that the function w"*

is a non-vanishing solution of the homogenoeous problem
given in Eq. (32) if

E(q) =& - (35)
In our problem q = (sg, po, q). Here, sg and py are discrete values and ¢ belongs to RT. In
order to establish for which values of k and q the relationship E(q) = & is satisfied, we
assign to the couple (sg, pg), one of the four possible values and we study the solution of Eq.

(35) when ¢ spans into the interval RT. The functions & are continuous with respect to g.

We consider the derivative

d [h(ah, ) + (i, ) — ca(th, 9)] p AN
dq _ZJ

2

dg

)

J

J=1,2k=l,r
We we have that the functions E and &, have the opposite behavior. When E increases,

&k, decreases and viceversa. This proves that there exists a sequence of points (k;, ;) with

j € N for which Eq. (35) holds true. Theorem 4 is thus proved.

A. Non linear MEF-P-¢ problem: a priori estimates

We analyze the nonlinear MEF-P-¢ problem.

Theorem 6 Let (VE, n°) be the solution of the MEF-P-¢ problem (see Eq. (20)). Then V¢

and n° are bounded in L™ by a constant that is independent to .
It is convenient to consider the following lemma

Lemma IV.1 Let ¢ be a solution of the MEF-P-¢ problem (20) and €1, €3 > 0, then there

is a constant C(ey,€3) > 0 such that

i)

& 1,
ol + el <4 [ M o+ e | S 0 (36)
L2
i)
1
ex Wl + e el = M9 — 5 [ Mep do = (37)

13



Proof: i) Hereafter, we denote the constants by C' (sometime we insert a subscript that

highlights the dependence of C' by some parameters). We have

/M’(,b dr = / (|¢C|2 + |@Z)v|2) dz + 27 R(Vy)e) N (38)
z
The term R(¢),10.) can be estimated as
S dp, ||” )
R(e 1) 2 <€ A2 + Oe1||¢v||L2 ) (39)
xr L2

where we used Eq. (B12) and the Gagliardo-Niremberg inequality

2

d*h,
) + 061 vaH%Q :
L

2 < 2. <
|77Z)v(xs)| = ||77Z)v||L > € de’2

By using Eq. (39), Eq. (38) we have

4?1,
da?

/(w ) da < //\w Qo4 e

+Calldull

L

By using the well known inequality (a + b)? < 2(a® + b?), we obtain

Ce, C?
[ellrz + 19wz < + \/ + (Q/M't/) do + ¢

d* ¢,
da?

2 4

)

and we get Eq. (36).

i1) : We have
av@w )]’ )’
Ml = ( [ 1+ 2+ 20 D das> < O (el + 1v22)
d | ¢, ||°
+€ € ,
" de L2 21 da? L2

where we used (that follows from the Gagliardo-Niremberg inequality)

i

and the embedding L* < L. In conclusion, by using Eq. (36) we have

2

dg

dx

dx

d|* L [|4e
dz © dz?

2
Y
L2

x|t < Cler,e) ([Ixllze + 1€llz2) + &

L? L2

1 d? e,
Ml — 5 [ M do—a | T =€ 1MWl — € (el + 4al)
L2
d . || a2, ||”
<& + €9 )
dz g2 da? ||p2

14



and Eq. (37) follows. u
Proof of the theorem 6: The real part of Eq. (21) with ¢ = 1 gives

]

/zr (V = E(q)) Map dz — (b, +a (40)

T

L2

+a vaHH2 + be ||77Z)C||H1 + (Ec — be) ||¢C||L2 + (Ey — a) vaHiQ =

- >N [@wy], — ioubed) [Ve(wn) P = Y 20°b"S (47e(x))

Ji=1.2k=l,r s=l,r

+2’7 (V - E) (wc ¢v)

—R (15% ) .
The solution at the boundaries can be easily estimated by using Eq. (B12) and the
Gagliardo-Niremberg inequality in same way as in Eq. (39). Proceeding as in Eqs. (39)-(40)

we obtain
[0 - Tw) My et a0 el + 0 e

a2y, |17
dx?

< Cq (tullz2 + lltbellf2) + C < Cl/ M dz + ¢ + (s,
Ty

L2

where in the second inequality we used Eq. (36). By using Eq. (37), Eq. (41) becomes

/TVMQP dz + C1 || M|y SCQ/ T./\/lzb de 4+ Cs . (42)

Ty

We multiply Eq. (42) by G and we integrate over R*. We obtain
Ty L
/ Vindr+Cnl3. < 02/ n(z) de + Cs | (43)
Ty 0
where we used the definition of n given in Eq. (16) and

1 Lr 1
/ M]3, G(q) dg > —— / / IMep|> G2(q) dg da > — ||n| .
R+ Gu Jo Jrr Gu

Here, G, denotes the maximum of G. Since G has a compact support we can exchange
the order of the integrals. From the Poisson equation (15), we have the following standard
estimate

dVv
Il > CIV e > ¢ |G
X

Tr d2V
/xl Vndx:esT/deQ dx—H e

1‘7 Tr
dr = r
/n r =& "

and

Ly

v
L2 dx

]

1)
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Since the values of the potential V' at the boundary are prescribed, Eq. (43) yields

dV
dx g H =C Ha

In order to homogenize the two sides of the previous equation, we apply the interpolation

Lo

inequality (see i.e. Ref. ])

: c |ldv|©™, ¢ |dv|**
de L H dx 2§2—251 Wl 2720 | x|l

that follows from the Young mequahty. We have 1,9, < 1 and

225, <2

11__2551 =140 >1.
Finally, for §; = 1/4 §, = 1/2, we obtain

il ol <o (5, 1)
dz ||q dz ||g2 dz || da ||z

This shows that V is H?*—~bounded. |

V. NONLINEAR SCHRODINGER-POISSON PROBLEM: EXISTENCE OF A SO-
LUTION.

The theorem 2 ensures the existence of the solution of the nonlinear MEF-P-¢ problem
(20).
Proof of the theorem 2: We consider the Gummel map

Vi =T(V}) with 15 =VeL>, (44)
defined by
5\8/5(1/’5):0 N¢5(n?):0 Vi ;3( 7+1) 0
TV — v, — nS — Ve (45)

Explicitly, the map V* = T (V) is obtained by the following steps. For every V we solve the
modified Schrodinger MEF-¢ problem (19) and we obtain the family of wave functions
parameterized by q. By integrating the quantity M1 (see Eq. (17)),we obtain the density
n5 (see Eq. (16)). The Poisson equation (15) gives the potential V*. The theorem 2 states

that there exists a fixed point for the map 7. We verify that 7 is a continuous and compact

map. The proof of the theorem follows from the Leray-Schauder theorem [33].
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Theorem 7 The map T defined by Eq. (44) is continuous and compact in L™.

Compactness: We consider a bounded sequence U; in L™, and we define Uy = T (U;).

The theorem 3 ensures the existence of a sequence 1p; ;. By equation (B11) we have that

the b7 ; are bounded in L? x L?
[9eillee + 45l < € (46)
From Eq. (41) we obtain

}Wﬁg”fp + }}¢i]”;1 < C||Uj||wl’°° (||¢i]||L2 + ||¢5J||L2)

where we used Eq. (37),

/ U, Map de| < ||U; e | M2 1 (47)
x
and
. . . 25 dg
Mg o < O (5 e + 15 le) + 0 | s || e | S0 (48)
L2 L?

Equation (48) follows from Eq. (38) and Eq. (39). From Eq. (46) we have that the sequence

- ; is bounded in H' x H? and in L™ x L. The equivalence of the strong (Eq. (19)) and
the weak formulation (Eq. (21)) of the MEF-¢ problem, guarantee that the solutions 1y ;
belong to the space H? x H*. The boundness of the density n in L™ follows from Eq. (16).
Since the sequence U is obtained by the solving the Poisson equation (15) is bounded in
W2 By using the compactness of the injection W%> < L the compactness part of
the theorem 7 follows.

Continuity: We consider a sequence V7 that converges to V¢ in L™. Since 7T is compact,
there exists a converging subsequence of Vi = T(VF) (still denoted by V) with limit V. It
is sufficient to prove that Ve = T(V). We illustrate the proof with the help of the following
scheme

Vi — ) — 5 — Vi =T (V)
J Jj— 00 (49)
Ve — ¢ — n° — T(V9)
We will prove the continuity of each step moving from the left to the right of the scheme.

Proceedings as in the proof of the compactness, the bondness of V7 implies that the sequence

17



15 (the sequence of the solutions of the MEF-& problem with potential V) is bounded in
H?xH*. The compact injection of H? x H* in C! x C? ensures the existence of a subsequence
of 15 strongly convergent in C' x C%. Tt is easy to verify that the limit of this sequence,
denoted by ¢, is the solution of S§.()°) = 0. This proves that the first and the second
column of the scheme (49) define a continuous map. The sequence n$ is bounded in L.
This ensures the existence of a convergent subsequence in the weak—x topology. We denote
the limit by n¢. From Lemma V.1 (see below) we infer that n® coincides with n® (the density
related to 1°). We have strong convergence in C°.

We denote by V_f the potential obtained from n$ by the Poisson equation. By using the
following estimate

V5 w2 < Clinglre=

and the compact embedding W2 < W1 we have that Vf converges to V= (it is suffi-

cient to take the limit in the Poisson equation and to use the uniqueness of the solution).
1,00

This prove that T (V}) v T (V?) and, consequently, the continuity statement of theorem

7. n

In order to complete the proof of the theorem 2 we prove the following lemma

Lemma V.1 We have

e C°

nj—>n5

Proof: From the definition of n given in Eq. (16) we have

[n5 () = ()] < / (15 ll e + 2l ) 15 = e Gia) g (50)
+ / (15 e+ 105w ) 195, = 5 Gl@) g

. / 105,650 — 6205 | une Gla) dg

From the proof of theorem 7 we have that ( < 1/157]-) C—1> (2, 15), completing the proof of

[SVR)

the lemma. -

We proved the existence of the solution for the linear and the nonlinear case. Few remarks

are necessary. In the nonlinear problem the existence of the limit is ensured by the estimates

18



of the lemma IV.1. They are based on the Poisson equation and thus are valid only for the
nonlinear problem. Although the nonlinear problem MEF-P-¢ is regular in ¢ = 0 (see

theorem 8), this is no longer true for the linear problem.

VI. MEF-P-¢ PROBLEM: LIMIT ¢ — 0.

We focus on the derivation of the limit € going to zero for the nonlinear problem. The

result is given by the following theorem.

Theorem 8 There exists a positive sequence A; such that

dR (E'w{))
dx

e—0

lim n®(z) = n°(x) + Z A; }'wj}jg + 2y
J
where we defined ||, = 1| + [1y].

Remark VI.1 In order to ease the subsequent analysis, we will assume that the spectrum
of the form a in Eq. (33) consists only of non-degenerate eigenvectors, i. e., the eigenspace
related to each &, is of dimension one. All the following results, with straightforward exten-

sions, are also valid without this assumption.

Proof: We define the set Q5 = (J;Z, @; where w; = [Ej — 4, E; + 0] and we denote the

complementary of €25 by Us = 0€5. We use the notation
i = [ Glomi . (52
Furthermore, we denote the solution of Eq. (18) by z/)g . We decompose the density n® = ng
as n° = ng, + ng, and we study separately the limit (g,0) — 0 for ng, and ng,.
1. limg_olim._.o n?zé
We write ¥ = (P; + Q) b5, where
Pj = (wj>¢§)L2xL2 w’
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is the projector on the j—th eigenvector and Q; = Z —P; where Z denotes the identity. We

have

M [(P + QJ)'lpq Z ’ ]wq ’ _'_’ Qﬂ/}q ‘ +2§R ﬂ/}q) (ijq)]s>

S$=cC,V

d
2y R— | (P, + [Qal,) ([Pivil, + Q0] | -
The operator M is related to the particle density via Eq. (17). In particular, we write
MI(P; + Qj) Pq(x)] = M [Pjapg(x)] + Mg,. We obtain the following bound
)

d d
2|Mg,| <~y ('aQﬂ/}q . Qg + 1, i

+ Qa2 + [Pl 1Q5%0 2

d
E Qﬂbq

|Qj¢q|1z2 + |Pj¢q|£2
52

dv d(l V)
<C) (’ ——— Q) ) .
v=0,1 e 2
We have
wh =Yz, =3 [ GlMPa@) dot [ GModa. ()

We prove that the second term goes to zero in the limit (6, ) — 0. We obtain

// q) |[Mqg| dg dz

<oy / G(q) (Z ’(wk>¢g)L2><L2
v=0,1"7%j k#j
<oy [ a (zz (),

k' k#j

dV
'@Tﬁq

L2xL2

’
('w’“ : pé)
L2xL2

Hw’fuﬂlxﬂl) i

e ||¢q||iw> "
(54)

where we defined

€j

7
H"pq'y HL2><L2
and we used the Cauchy-Schwartz inequality together with Eq. (53). In the hypothesis that

o) = (55)

lim,_, H'(bZHiQX]} < 00, all the functions inside the integral are bounded and the integral

goes to zero when 0 — 0. On the contrary, when lim._, H'«L*ZH; = 00, it is easy to see

x L2

that lim._,g (wk,¢§)L2xL2 H?,bé”£3xL2 = 0 with k£ # j. The integral in Eq. (54) has the

following form

Bj+6
/ ¢5(a)f*(q) dg . (56)

E;—5
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where the ¢°, f¢ are two sequences of functions such that lim._,yg. = 0, lim._,gsupf. = oo
and f i J:;S fé(q) dg < C for every e (the last property follows from theorem 6). Under these
condltlons lims o lim. 0 [ E7+6 “(q)f¢(q) dg = 0. Concerning the first terms of Eq. (53)

we get

R (P, [P,

M [Piapo(@)] = |Pyapale + 27

e
- ‘"’j’?ﬁ%w R O I
Furthermore,
o AR (wlwi)
/w GlOMPyy(o)] d = /w o) [+ ) x )

a2 d

(O

The uniform bound of n¢ and the regularity of the w’ ensure that

o AR (wlwi)
timlim [ Gl)MIPy(e)] dg =4, ol r2y—3—> | . 9
where
. 2
A, = lim / Gla) | (w05 o o] (51122 < 00 (59)

j
2. limg_,olim._,q ”%5

The study of the limit ¢ — 0 of ng, proceed straightforwardly. It is sufficient to note
that the parameter g. converges to a value that belongs to U;. Here, the limit of ¢ is easily
found. Since the density is uniformly bounded, we obtain

lim lim ng;, = ng . (60)

6—0e—0

This end the proof of the theorem 8. ]
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VII. NUMERICAL TESTS: RESONANT DIODE

One of the most interesting point that emerges from the analysis of the MEF problem, is
the presence of resonant states whose energies are embedded in the continuous spectrum of
the Hamiltonian operator. This is also the source of the major problems for establishing well-
posedness of the stationary problem and the convergence towards the asymptotic solution.
We present some numerical tests performed on the MEF system that illustrate the behavior
of the system around these critical values. The interband resonant tunneling diode (IRDT)

provides a ideal electronic configuration for the study of the interaction between delocalized

2
|

2
LA e

—418 —415

FIG. 1. Excitation of the bounded state via plane waves. Solution of the MEF system for decreasing

values of |E, — Eys| (from top to the bottom). Continuous blue line: |1.|, dashed green line: |t,].
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and resonant states. The use of multiband models for reproducing the current voltage
characteristics of a resonant diode has been deeply investigated, (see for example [35-39)]).
We consider the simple diode described in Ref. [31]. It consists of a single quantum trap of

5 nm width, sandwiched between two potential barriers of 3 nm thickness.

A1.5* | 1.5
z 1 ¢ 1
§05 TS § 05
] 1 o 1
0 er—eed 0 e,
-0.5 : : 0.5 :
20 25 30 35 40 45 20 25 30 35 40 45
a) Space (hm) b) Space (nm)
2,
_ 1.5
2 4
8
g 0.5 Al
= g : '
: 0 )
. -0.5 : '
. ) ) fmmm=- mmmmmmem--- ! ‘ tmmmmm
20 25 30 35 40 45 20 25 30 35 0 45
c) Space (nm) d) Space (nm)
2.5 25
2,
1.5
3 3
5 g
15 -3 $0.5 ---
£ ' c
[ ey 0 = -
—0.5 : : -0.5 : ;
------------ I‘------ [FR R —— ] ) l‘------
20 25 30 S 3058 (nm)4 45 20 25 30 35 40 45
6) p f) Space (nm)

FIG. 2. Time dependent solution of the MEF problem for different times: (a,b) ¢ = 1 ps, (c,d)

t =5 ps, (ef) t = 10 ps. Continuous red line: [¢)|, thin blue line: [i,|. In the left panels, we

depict the solution in the single band approximation.
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At the boundaries, we consider traveling waves in the conduction band. They are charac-
terized by the energy E.;. The band structure of the diode represents an electrostatic trap
for the electrons in the valence band containing resonant states with energy F,... In fig. 1
we show that, when FE.; approaches to E,.s, a strong enhancement of the charge localized
in the center of the device is observed. In the physical literature this behavior is referred
to as “excitation of the resonant state”. The oscillations of the solution (thin blue line in
fig. 1) outside the trap indicate the partial reflection of the wave. In particular, they are
pronounced in the off-resonant regime and disappear when |E, — E,..;| — 0. This indicates
that when the scattering wave is resonant with the bound state, the particles pass through
the entire device without reflection. They use the localized state as a “bridge” state. This
is illustrated in fig. 1. In particular, the plot shows that, when the energy of the plane
wave approaches the resonant values (|Ey — E,cs| ~ 0), the L> norm of the ¢, component
diverges. Similar results are obtained by studying the time-dependent solution. In fig. 2 we
depict the time dependent solution of the MEF problem for the same device. The numerical
code is based on a Crank-Nicolson scheme and the stationary transparent boundary condi-
tions are substituted by the time-dependent versions (see i. e. [28] for a complete description
of the time-dependent problem). We plot the solution for different times (from the top to
the bottom). In particular, in the fig. 2 we depict the modulus of 1. (red continuous line)
and of 1, (blue dashed line) and in the left panels, we show the same situation for the single
band approximation (i. e. when v = 0 in Egs. (1)-(2)). The simulations show that in the
single-band approximation the wave is reflected by the potential barrier (fig.1-d), whereas

in the two band case, the particles tunnel in the valence band.

VIII. CONCLUSION

The present work is focused on the mathematical analysis of a self-consistent two-band
model containing high-order corrections to the effective mass approximation for the valence
band. Transparent boundary conditions are derived for the multi-band envelope Schrodinger
model and the existence of a solution to the nonlinear problem is provided by an asymp-
totic procedure. Some numerical tests illustrate the presence of resonant states in a simple

interband resonant diode.
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Appendix A: Density of charge and conservation laws

The definition of the particle density plays a key role for the well-posedness of the non-
linear Schrodinger-Poisson problem. For the sake of completeness, we derive the expression
of the particle density of the MEF envelope function model used in the present work. As
we show in the following, the non-standard definition of the particle density given in Egs.
(16)-(17), follows directly from the conservation of the total energy of the time-dependent
MEF system.

We expand the full crystal lattice wave function W (i. e. the solution of the Schrédinger
equation for a particle in the presence of the periodic lattice potential) on the Bloch-Wannier

basis

U(x) =) /B ) (ke 3) e ) dk dx” . (A1)

Where the k, x’ integrations are performed, respectively, on the first Brillouin zone and R3.
Here 1, (x) are the expansion coefficients and u,(k,x) are a basis set of periodic functions
[40]. According to Ref. [31], the particle density n(x) is the mean value of the modulus of
U on a lattice cell. At the first order on the quasi-momentum k, we obtain the following

estimate of n(x)

2h? Py —
D K R [Un()VEw(x)] +ok)  (A2)

n(x) = Z [ (x)]* + 2 ) — By (K)

where P, ,, is the Kane crystal momentum and FE,, (k) denotes the energy of the particles
with momentum k in the n-th band. For a two band system in a one-dimensional crystal,

we obtain
2PR? AR {¢., }

mol, dx

n(x) = [el® + ] + (A3)

We check the consistency of this definition by considering the energy conservation low. We

make the substitution F — ih% in Eqs. (1)-(2), we multiply by ., 1, and we integrate
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over R. We obtain

2 2

) 4%y d do, > 1
— E.|v. >+ E 2 v b °l - Y — de=0. (A4
at/R<C|wC|+ R Pl I e vl g | TgVn) de=0. (A4)
We used
on 10
dr=-2 d
Rvﬁt x 2(%/RV71 T,

that follows from the Poisson equation.

Appendix B: Variational form of the MEF-¢ problem: boundary conditions

The weak formulation of the MEF-¢ problem is

(Hp, ©)12xr2 — (E(q) +ig) (¥, 0)1212 + TBC. + TBC, =0 Vo € H'(Q) x H*(Q)
(B1)
where (9, @)p212 = D i_.,(¥i, pi)12 denotes the standard scalar product in L? x L?. The
boundary terms TBC,, TBC, are given by

doye |™
TBC, = —b.——. B2
ar ¥, (B2)
TBC, = F(z,) — F(z,) (B3)
with
4’ v, doy d*y, dyy
F =a @, - bv 2% ) B4
(x)=a® At " dr de? o dx (B4)
where we used integration by parts. We have
Fz) =@, By, +T'g," (B5)
. by _
where we defined 1, = » (and analogous for ¢,), the suffix ¢t denotes transpose
“ar
conjugation and
0 1 0b
B=<a A+ . (B6)
—-10 00

In order to simplify the mathematical analysis of the problem, it is convenient to separate
the real part of B (B") from the imaginary one (B%). We write B = B" + i3. We denote by
©7 (j = r,i) the matrix that diagonalizes B’ i. e. (07)!B7607 = AJ where A7 is a diagonal
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matrix. We denote the eigenvalues of B" and B’ in x = z, (with s = [,7) by A\* and (*

Their explicit expressions are given in table I. We remark that for z = x;

respectively.
(x = z,) we obtain (; <0 (¢; > 0). Equation (B5) becomes
(B8)

=3 i [0 [ow] + [@r@} [er z/)v} +T°G,
Py j j
denotes the j-th component of the column vector @“«E. In particular, for

where [@’"'Iﬂ ‘
j
= 1 the previous equation gives

Fla) =3 (@) H@%]j

7j=1,2

2 2

+I'g," . (B9)

J

+ Aj(z) ‘ [@Tﬂ .

When ¢ = 0, the solution of the homogeneous problem (26) is characterized by 1. ()

e(x,) = 0. We write the analogous of (26) for the non-homogeneous problem MEF-¢ (when

the term L(¢) is included). The imaginary part of Eq. (21) for ¢ = 1) is

2

S ok [@i@b] | +9 (Iw’f) (B10)
j=1,2:k=l,r J
- Z 2b LS% E(I‘S)) + b (q7) |¢0(x8)|2) - 5”¢”i2xL2 =0.

s=l,r

s=1,r Al A5 ¢ ¢
E > E, + V(zs) aqs.q’ —aqiq’ lagiq® (¢ +q¢°)| —alqd} +4¢°)
Viwg) — & < E<E,+V(zs)|—a ‘qi‘Q ‘qs_‘ aq® 0 —aqi (1+ |q5_|2)

TABLE 1. Eigenvalues of the real and imaginary part of B

s=1r X5 s=1r

E> E, +V(xs)

E>E.+V(zs)|1
V(zs) — 32 < E < Ey+ V()

E<E.+V(xs)|i

TABLE II. Value of coefficients x classified in terms of the position of the injection energy F
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In order to obtain some e-independent estimates it is convenient to write the previous
expression as (for £ = 0)

2

. _ ' 1; SCS
CH T

<¢ ZO_%?)]]' 2|O.s€s|

=370 (0R(@) [el(ws) — ) = bR (g)) =0,

s=l,r

(B11)

Y ¢

j=1,2;s=l,r

o],

where we used that when ' (¢7) # 0 we have «* = 0, and that >, s a, |6, x| +22; 3 (viX5) =

Zi,j a;

and a is a constant. Equation (B11) shows that, at the boundary, 1.(z) is bounded

2
. LY _ % |Q..v. i
Oi; <X] 22%)’ sz 2|a¢| |@UV]| . Here x, v are vectors, © is a unitary matrix

Y el < C. (B12)

s=l,r
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