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Abstract

We consider the incompressible Navier-Stokes equations with the Dirichlet boundary
condition in an exterior domain of R™ with n > 2. We compare the long-time behaviour of
solutions to this initial-boundary value problem with the long-time behaviour of solutions
of the analogous Cauchy problem in the whole space R". We find that the long-time
asymptotics of solutions to both problems coincide either in the case of small initial data
in the weak L"-space or for a certain class of large initial data.

1 Introduction

Large time behaviour of solutions.

It is well-known that the large time behaviour of solutions to the initial-value problem for
the Navier-Stokes equations considered either in the whole space R™ with n > 2 or in an exterior
domain depends on the integrability properties of the initial conditions. In the finite energy
case, that is when the initial velocity is square integrable, the L?-norm of the corresponding
solution tends to zero as time goes to infinity, see e.g. [22, 27, 28, 20| for the problem in the
whole space R™ and [4] for analogous results in exterior domains. In such a case, the nonlinear
effects are negligible for large values of time and the asymptotics of the solutions is determined
by the corresponding Stokes semigroup, cf. e.g. [20, Thm. 2] .

On the other hand, when the initial velocity is not square integrable, a solution of the
initial value problem for the Navier-Stokes equations in R™ can be constructed in a so-called
scaling invariant space (e.g. in a homogeneous Besov space or in a weak L"-space) under a
suitable smallness assumption on the initial data, see the review article by Cannone [6] and
the book of Lemarié-Rieusset [24] for more details. In particular, if the initial velocity is small
and homogeneous of degree —1, the corresponding solution is self-similar and such self-similar
solutions describe the large time behaviour of a large class of solutions of the Navier-Stokes
system in R™, see e.g. [26, 21] and [24, Ch. 23]. Here, the asymptotic of solutions is no longer
determined by the Stokes semi-group due to the fact that the viscosity term and the bilinear
term are in exact balance in the sense that none of them dominates the large time behaviour.

Finally, it should be noted that, for certain initial data, the large time behaviour of the
corresponding solutions can be much more involved. Indeed, the authors of [8] noticed a chaotic
behaviour of some solutions of the Navier-Stokes system, namely, the sequence {u(t,,z)} may
exhibit different asymptotic properties as t,, — 0o, depending on a choice of the sequence {t,}.
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Lamb-Oseen vortex in two dimensions.

Now, we focus for a moment on the self-similar large time behaviour of solutions of the
two dimensional Navier-Stokes system. As an important and physically relevant case, let us
recall that a velocity in R? corresponding to an integrable vorticity is not square integrable in
general. This is an immediate consequence of the Biot-Savart law (see e.g. [17]). The large
time asymptotic of solutions of the Navier-Stokes system in R? supplemented with such initial
conditions is well-understood. To recall this result, let us introduce the Lamb-Oseen vortex
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O(t,x :—<1—6_Tt> with 2t = (29, —21),
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which is an explicit self-similar solution of the system in R? corresponding to the initial velocity
L ey .. .
Op(x) = 5z and the initial vorticity curl ©g = do (the Dirac mass). The Lamb-Oseen vortex

© is known to characterize the large time behaviour of the solutions of the Navier-Stokes system
in R? supplemented with the initial datum wug satisfying wy = curlug € L'(R?) in the following
sense
R S
thm t2 7 ||u(t) — mO(t)||r =0 for all p € (2,00,
— 00

where m = [, wo dz. This result is due to Giga & Kambe [16] if ||wpl|: is small, to Carpio [7]
in the case when fRQ wp dzx is small, and to Gallay & Wayne [14] in the general case (together
with the higher order terms in the asymptotic expansion of solutions).

Such general asymptotic results are not known for problems in two dimensional exterior
domains. It is not even clear whether the hypothesis on the integrability of the initial vorticity
is relevant. Here, no L'-bound for the vorticity is known because of the absence of any rea-
sonable boundary condition for the vorticity. Thus, to overcome this technical problem in our
unpublished manuscript [19], we assumed that the initial velocity behaves for large values of
|| like a multiple of ﬁ More precisely, we showed in [19] that if ug(x) = wo(z) + a% with
wy € L*(Q) and o € R, then there exists apy = ag(wp, ) > 0 such that for all |a| < ag we have
that .

Jim 6475 u(t) — a®(0) ) = 0

for each p € (2,00). Comparing with the analogous result in the full plane case, we have
an additional smallness condition on the parameter «, which is due to the fact that neither
L?-estimates for the velocity nor LP-estimates for the vorticity are known for the problem in
an exterior domain (because the velocity is not square-integrable and because of the absence
of boundary conditions for the vorticity). Consequently, we have proved in [19] that the large
time asymptotics of the solutions of the problem in an exterior domain is the same as in the full
plane case and is given by the Lamb-Oseen vortex. This unpublished result is now a particular
case of Theorem 5.2, below (see Remark 5.4). Our result from [19] has been recently improved
by Gallay & Maekawa [13], where the smallness constant ag can be chosen independently of wq
if one imposes the additional minor assumption that wy € L4(2) for some g < 2.

More general slowly decaying initial conditions.

Even though the most physically interesting case in two dimensions occurs when ug(z) ~
C% at infinity, one could consider other behaviours of ug at infinity. For example, one could
assume that the initial velocity behaves at infinity like an arbitrary divergence-free homoge-
neous vector field of degree —1. More generally, one can consider initial velocities from the



Marcinkiewicz (weak L?) space L*»*°()); however, in such a general setting and due to the
chaotic behaviour observed in [8], we may not actually have any clear asymptotics of solutions
for large values of times.

To avoid such a difficulty, instead of looking for the asymptotic behaviour of solutions to
the problem in an exterior domain directly, we will compare the solutions of the Navier-Stokes
system in an exterior domain 2 C R"™ (n > 2) to the solutions of the Navier-Stokes system in
the whole space R™ and we show that the solutions to both problems behave, as t — oo, in
the same way provided that their initial data are “comparable at infinity” (meaning that the
difference is slightly better than L™ at infinity, see the definition below). This approach allows
us to remove the obstacle from the problem under considerations and to reduce the study of
the Navier-Stokes system in an exterior domain to the study of this system in the whole space
R™ (at least as far as large time asymptotics are concerned).

We discuss now what kind of initial conditions can be used in our approach.

Definition 1.1. Let vy be a divergence free vector field defined on R™ and let ug be a divergence
free vector field defined on an exterior domain 2 C R™. Assume moreover that ug is tangent
to the boundary of €, i.e. u-v = 0 on the boundary, where v is the normal vector to the
boundary. We say that ug and vy are comparable at infinity if ug — vola belongs to LP(Q2) for
some qo € (1,n].

Given vy € L™*(R™) a divergence free vector field, examples of vector fields u, comparable
at infinity are ug = Pqug ‘ 0 and also the vector field obtained from vy by the truncation procedure
described in Section 2 (which in dimension two corresponds to cuting-off the stream function).
Here, Pg is the Leray projector associated to 2, i.e. the L?-orthogonal projection on the space
of vector fields which are divergence free and tangent to the boundary of €2. Note also that if
v is the extension of ug to R™ with zero values on R™ \ €, then uy and vy are comparable at
infinity. Indeed, in this case, we have that ug = ]P’Q'UO|Q, see below for more details.

Results of this work.

Now, we briefly present the main results of this work. Let v be a solution of the Navier-
Stokes equations in R™ with initial velocity vy:

ov—Av+v-Vv=—-Vp in R", v!t:(): Vo,

and let u be a solution of the Navier-Stokes equations in the exterior domain Q@ C R™ (n > 2)
with initial velocity uy and with the homogeneous Dirichlet boundary conditions:
(1.1) Ou—Au+u-Vu=—-Vqg inQ, u 0.

t=0— 105 Ulpn=

The main result of this paper, formulated in Theorem 3.2 below, states that if ug and vy are
comparable at infinity and small in the norm of the space L™, then u and v have the same
large time behaviour in the following sense

. 1 _n
(12) lim 275 [[u(t) — v(1)]| () = 0

t—o00

for all n < p < .



Remark 1.2. The decay rate in (1.2) corresponds to the optimal decay of solutions measured
in LP-norms. Indeed, if vy € L™*(R") is small and homogeneous of degree —1, then the
corresponding solution is self-similar: v(z,t) = t~2v(xt~%/2,1) for all z € R™ and t > 0.
Hence, changing variables, we obtain 7% [0l oy = 0Dl Loy for all £ > 0.

Next, we can extend this large time asymptotics result to a class of large initial data. In
dimension n > 3, we can replace the smallness of ug, vy in the Marcinkiewicz space L™>(Q2) by
the smallness of both quantities

limsup Ames{zx € Q : |ug(z)| > )\}% and limsup Ames{z € R" : |vo(z)| > )\}%
A—0 A—=0
in order to show in Theorem 4.1 below that the limit (1.2) is again valid. However, with this
improved smallness assumption, the uniqueness of the solutions is no longer ensured and our
large time asymptotics result holds true for some weak solutions, only.

In dimension two, the statement of our large data asymptotic result is more involved and we
refer the reader to Theorem 5.2 for its precise formulation. Here, we only point out the following
special case. The limit in (1.2) holds true for the problem in an exterior two dimensional domain
under the following hypothesis. The initial velocity uy for the exterior domain problem can
be decomposed in the form ug = %y + wy, where uy € L?(Q) is divergence free and tangent
to the boundary (and arbitrarily large) and wy € L*>*(Q) N B, i/ *(Q) verifies the smallness
assumptions |[wol| 72,0 (q) < €1(£2) and HwOHBZi/2(Q) < e5(tp) for some small positive constants

e1 and €. The initial velocity vg for the problem in R? can be decomposed in a similar manner
vy = Uy+ Wy with similar conditions on Uy and W,,. Moreover, wy is assumed to be comparable
at infinity to Wj,.

We mention now two applications of our results. The first one is that if the initial velocity
for the exterior domain problem is small in L™*(Q2) and comparable at infinity to a velocity
field homogeneous of degree -1, then the large time behaviour of the solution is a self-similar
behaviour. The second one is that there exists an initial data for the exterior domain problem
such that the corresponding solution exhibits a chaotic behaviour at infinity. Indeed, it suffices
to consider vy the example of initial data in R™ exhibited in [8] and set ug = PQUO‘Q as initial
velocity for the exterior domain problem.

The remainder of this paper is organized in the following manner. In the next section, we
introduce the notation, we recall the decay estimates for the Stokes semigroup, and we show
some preliminary technical lemmas concerning initial data comparable at infinity. In Section 3,
we prove our asymptotic result in the case of small initial data. The case of large data in
dimension n > 3 is considered in Section 4. Section 5 deals with the asymptotic behaviour of
solutions with large initial conditions in dimension two.

2 Preliminaries

Notation

Let Q C R™ (n > 2) be an exterior domain with a smooth boundary I', and choose R > 0
such that R™ \ 2 C Bpr/y. Here, we set Br/, = B(0, R/2) for the ball of radius /2 centered at
the origin. We denote by P the Leray projector in 2, i.e. the L? orthogonal projection from
L*(2) on the subspace of divergence free vector fields which are tangent to the boundary T'. Tt is
well-known that Pq extends to a bounded operator on every LP(Q2), 1 < p < co. We denote by
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LP(Q) the closure of the set of smooth, divergence-free, and compactly supported vector fields
C(Q2) with respect to the usual LP-norm. The space LZ(£2) can also be viewed as the image
of LP(2) by Pgq. In a similar way, we write that u € L2°(Q) when u € LP>(Q)", divu = 0
in Q, and u - v = 0 on the boundary I, where L”*(2) denotes the usual weak LP-space (the
Marcinkiewicz space) and v is the normal vector to the boundary 0. In this work, we use
systematically a fixed cut-off function f € C*(R™,R;) such that f(z) =0 for |z| < R/2 and
f(z) =1 for |z| > 2R/3.

Stokes semigroup

The stationary Stokes operator A = —PoA generates an analytic semigroup of linear op-
erators {e },50 on L2(Q) for each 1 < p < oo, cf. [15]. If vy is divergence free and tangent
to the boundary of Q, then v(t) = e~*4vj is the solution of the following linear boundary value
problem

o — Av+ Vp =0, dive =0 for t>0, z€qQ,
v(t,z) =0 for t>0, zel,
v(0,z) = vo(x) for x€Q.

The Stokes semigroup {e '}, satisfies the following LP-decay estimates.

Proposition 2.1. Assume that 1 < g < oo.
Let g < p < 00. There exists Ky = K1(§2,p,q) > 0 such that for every vy € LL(£2)

(2.1) e o ) < Klt%_%HUOHLq(Q) for all t>0.
If, in addition, we assume that ¢ < p < 0o, then for every vy € LL>°(Q) we also have that
(2.2) e o o) < Klt%_%HUOHLq,w(Q) for all t>0.

There exists Ko = K5(£2,q) > 0 such that for every vy € LL>*(Q2) we have the inequality
(2.3) e || Lace () < Kallvol| Lace (o) for all t>0.

There exists K3 = K3(£2,q) > 0 such that for every vy € L1(2) we have the inequality
(2.4) | Ae™ 0| ooy < Kat™voll o) for all t>0.

Finally, if n < ¢ < p < oo then there exists Ky = K4(), p,q) > 0 such that for every matriz
valued function F € L(Q; M, (R)) we have that

(2.5) le™Pq div F|| ooy < Kat 375 %||F|| oy for all ¢ >0,
with the divergence operator div computed along the rows of the matrix F.

Estimates (2.1)—(2.3) were proved in [9, 10, 23, 25]. Relation (2.4) is a consequence of the
fact that e~ is an analytic semigroup, see [15].
The following corollary contains a minor improvement of the decay estimate (2.1).

Corollary 2.2. Assume that 1 < g < oo and let vy € LL(Y). Then for every p € [q,0)

tAUOHLp(Q) =0.

lim #2072 ||e~
t—o0
Proof. The validity of this limit is clear when the initial datum vy is smooth and compactly
supported. To show it for all vy € LZ(2), it suffices to use a standard density argument

combined with estimate (2.1). O



Initial data comparable at infinity

Before we compare the large time behaviour of the Navier-Stokes equations in exterior
domains with the large time behaviour of the Navier-Stokes equations in the whole R", we have
to clarify the issue of the initial data. More precisely, given a divergence-free initial datum vg
on R”, we would like to construct an initial datum wuq for the problem in the exterior domain
which is comparable at infinity with vy. The simplest approach which consists in taking the
restriction of vg to €2, i.e. ug = ’UO|Q, does not work because in general this restriction is not
tangent to the boundary I'. Thus, in order to obtain a vector field which is divergence free and
tangent to the boundary, the most natural way is to define uy by applying the Leray projection
to the restriction of vy to €2:

(2.6) Uy = PQ(UO’Q).

Vice versa, given a velocity field uy on {2 which is divergence free and tangent to the boundary;,
we can construct a velocity field vy in R”, simply by extending uy with zero values outside 2.
Here, the divergence free condition is preserved across the boundary because ug is tangent to
the boundary. Hence, with this choice of vy we clearly have relation (2.6).

Unfortunately, defining uy as in (2.6) is not practical from the point of view of estimates,
because PQ(?}()lQ) does not verify the Dirichlet boundary condition. Instead, we will use a cutoff
procedure that we detail now.

First, we need to prove a technical result.

Lemma 2.3. Let 1 < p < oo and v € LP(R") be a vector field. There exists a unique matriz
valued function 1 such that

(2.7) Y e WHP(RY), Vi € LP(R"), V=0 and A= 0w — d;

loc
Br

for all i,j. Moreover, there exists a constant C' = C(p, R) such that

(2.8) [Pl e sr) + VOl o @ny < Cllvll Lo ny -

Proof. We start by proving the uniqueness of ©. Let ¥, and 9 verify (2.7). Then V(¢ — 1)
is harmonic and belongs to LP(R™), therefore it must vanish so 11 — ¢y = C for some constant
matrix C. But fBRC = fBR Y1 — fBR 1y = 0, hence C = 0.

We show now the existence of 1. The operators 9;0; A" are bounded on LP(R™) as products
of the Riesz transforms. Therefore w;; = VA™Y(9;v; — O;v;) is well defined and belongs to
LP(R™). Now, if ¢ is a divergence free, smooth and compactly supported vector field then we
clearly have that

/ wij P = / VA_l(ﬁjvi — @vj) Y= / (Uiaj — ?Jjaz‘)A_l le(,O =0.

We infer from [12, Lemma II1.1.1 and Corollary I1.4.1]) that there exists 1;; € WLP(R™) such
that w;; = Vi);;. Adding a constant if necessary, we can also assume that [ Br 1;; = 0. Finally,
we remark that A’(ﬁw = div v¢zg = div Wiy = div VAil(gj’Ui — 8ivj) = AA;l(ﬁjvi - &»vj) =
djvi — 9;vj. Therefore 1 has all properties stated in (2.7). Moreover, the bound [[V¢|,gn) <
Cllwl| pogny < C ||Vl ogny 18 obvious. Finally, since ¢ has vanishing mean on the ball Bg, we
can apply the Poincaré inequality to obtain that [[¢[| o,y < C VY|, < C 0]l o
This completes the proof. O



It is well-known that L”* can be defined by the real interpolation method: L2 =
(LPo, LPV)g o, where pg < p < py and 1/p = (1—6)/po+0/p;. Since the application v — 9 is ob-
viously linear, the theory of the real interpolation implies that v is well defined for v € LP>°(R™)
and relation (2.8) remains true in weak LP-spaces:

(2.9) HwHLP‘OQ(BR) + HVQ?HLWO(W) <C HUHLP»OO(R”)

for all v € LP>°(R").
Observe next that if v is also divergence free, then

v =divy

where 9 is defined in Lemma 2.3 and the divergence of the matrix ¢ is computed along its
rows. Remark also that the divergence of a skew-symmetric matrix is a divergence free vector
field.

Now, let f be a smooth cut-off function from R" to R, such that f vanishes for |z| < R/2
and f(x) = 1 for |z| > 2R/3. In this work, we consider initial data for the exterior domain
problem obtained as the cut-off of the matrix 1)y associated to vy as in Lemma 2.3:

Uy = div(fvo).

Since 1 is skew-symmetric, we have divvy = 0. Moreover, from the localization property of
the cut-off f, we infer that T, vanishes on the boundary I' and 7y = v for |z| > R. We also
have the following lemma.

Lemma 2.4. The mapping vy — Ty is bounded from LE(R™) into LP(QQ) for each 1 < p < oo
as well as from L™ (R™) into L>°(£2).

Proof. Since 1y = fvg + oV f, where Vf is supported in the ball Bg, we may use inequality
(2.8) to obtain the estimate

1ol Loy < ol Loy + IV Fllzee 190/l o) < Cllvoll oy -

Therefore, the operator vy +— Ty is linear and bounded from L2(R") into L2(Q) for each
1 < p < oo. By interpolation, it is also bounded from L»*°(R™) into L»*°(12). O

Let us prove that both Ty and uy chosen as in (2.6) are comparable at infinity to .

Lemma 2.5. Let vy € L™*(R") be divergence free and construct the matriz 1o from vy as in
Lemma 2.3. Then, all three vector fields

UQ‘Q, PQ(UQ‘Q), div(fio) are comparable at infinity.
More precisely, the differences
U()’Q—PQ(’UQ‘Q> and UO|Q— div(fvo) belong to LI(Q)

for each q € (1,n).



Proof. To show that vg—div(fiy) € L) for each ¢ € (1,n), we observe that vg—div(fiy) = 0
for |z| > R (due to properties of the cut-off f) and that vg —div(fiy) € L™*>°(Bg) (see relation
(2.9)). Next, it suffices to use the imbedding L™*(Bg) C LI(Bg) for each q € (1,n).

Finally, using that the Leray projector is bounded in L7, we have that Pg(vg — div(fiy)) €
Li(Q) for all ¢ € (1,n). But div(fvy) is divergence free and vanishes on the boundary, so
Po div(fiy) = div(fiy). We infer that div(fiy) — Py € LI(Q2) for all ¢ € (1,n). This
completes the proof. O

We conclude this section by recalling a stability result concerning the large time behaviour
of solutions of the Navier-Stokes system in an exterior domain.

Theorem 2.6. Let ug, g € LP>(Q). There exists € > 0 such that if |[uo|pn=@) < € and
o || Lroe () < €, then the global small solutions v and @ of the exterior Navier-Stokes problem
(1.1) with initial data ug and uy verify the following stability result. We have

£27 5 |[u(t) — @(t)l| oy = 0 as t— o0 ¥pE (n,00)

if and only if

1_n

t272 ||e" (uo — o —0 as t— o0 Vpe (n,o0).

)HLP(Q)

In this theorem, the global existence of the solutions was proved by Kozono & Yamazaki
[23] and the stability part is shown in [2].

Thus, in particular, as long as the initial datum vy € L™ (R™) is small, Lemma 2.5 combined
with Corollary 2.2 and Theorem 2.6 imply that the Navier-Stokes solutions in the exterior
domain €2, supplemented with the initial data Pg (v ‘Q) and div(fiy), have the same large time
asymptotics.

An analogous result on the large time behaviour of solutions of semilinear parabolic equa-
tions with a scaling property was proved in [21] in the case of the whole space R™.

3 Asymptotics for small data in weak L"-spaces

Statement of the results

Now we show that, for certain small initial conditions in the whole space R™ and in the
exterior domain €2, the corresponding solutions of the Navier-Stokes system have the same
large time asymptotics.

Let vy € L>°(R™) be sufficiently small and denote by v the unique global-in-time solution
of the Navier-Stokes equations in R™ with initial velocity vy:

(3.1) ov—Av+v-Vo=-Vp  for zeR"
(3.2) dive =0,
v(0, ) = vp.

We denote by 1)y the skew-symmetric matrix constructed as in Lemma 2.3. In particular,
vg = divepg and | B, Yo(z) dz = 0. Then, the vector field

(3.4) 0o = div(f1o),
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where f is our fixed cut-off function, is divergence free and vanishes on I' = 9€2. Moreover, if
v is small in L*°(R™), then uy = EO‘Q is also small in L»*>°(Q2), as an immediate consequence
of Lemma 2.4.

We are going to compare the large time behaviour of the solution v = v(t, z) of the whole
space problem (3.1)-(3.3) with the solution u = u(t, x) of the following exterior Navier-Stokes
problem

(3.5) Ou — Au+u-Vu=—Vgq for z€Q,
divu =0,

u(0,-) = up = 7o

Q7
where Ty is defined in (3.4).
If ||vol| znoo(rry is sufficiently small, say ||vg||pn.comny < €1 for suitable small e > 0, then

a solution v = v(x,t) of the Cauchy problem (3.1)-(3.3) exists globally-in-time and for every
n < p < oo it satisfies the following bounds

N

o sy < CortF ™2 V00 < Cort 5™
(3.8) o .

||atv(t)||LP(]Rn) < Ceit 2, ||Av(t)||LP(R") < Cet2 2,

Nj

for all £ > 0 (see e.g. [18]). The constant C' depends on p but not on ;. Moreover, since by
Lemma 2.4, there exists a constant C' > 0 such that ||uo[ 1) = [[Voll ro) < Ce1, for sufficiently
small £; > 0 there exists a global-in-time solution v = u(z, t) of the exterior problem (3.5)-(3.7)
which satisfies the estimate .
[u()ll oy < Cert?
for some constant C' = C'(p) > 0 and for all ¢ > 0 (see [23]).
In the main theorem of this section, we show that both solutions v and v have the same
large time behaviour.

1
2

Theorem 3.1. There ezists a constant €1 > 0 with the following property. Let vy € L (R™)
with ||vo||prcomny < €1 and define ug = UO|Q obtained from vy via the cut-off procedure (3.4).
Then, there exist v = v(t,z) and u = u(t,z) unique global-in-time solutions of the Cauchy
problem (3.1)-(3.3) and of the exterior problem (3.5)-(3.7), respectively. Moreover, for every
n < p< oo we have

. 1l_n
Jim 6575 Jlu(t) = (8|0 = 0

We might want to have a similar result for other initial conditions ug. This is easily obtained
via the stability result stated in Theorem 2.6. For example, the same result holds true if we
choose ug = IPQ(UO|Q) instead of ug = 50’9- Indeed, by Lemma 2.5 and the decay estimates for
the Stokes operator given in (2.1), we have that

1 n
Jim 22 [e™(Pa(vol,) - div(fl/}()))HLP(Q) =0
for every p > n. Moreover, if ||vg||Lneomny < €, by the continuity of the Leray projector, we
obtain that HIP’Q(UO|Q Q) < Ce. Hence, if € > 0 is sufficiently small, it suffices to apply
Theorem 2.6.

Conversely, we might want to fix uy and to construct vy instead of the other way round.
This is also made possible by our results. Given ug € L»*(€2), we may choose vy to be the

Mg
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extension of uy to R™ with zero values outside 0 (or any other extension that preserves the
divergence free condition and the smallness of the L™*-norm). Indeed, for such an extension
we have that uy = ]P’Q(UO}Q) and the above applies provided that wug is sufficiently small in L™°.

In fact, this property can be applied to all initial data comparable at infinity. More precisely,
we have the following result.

Theorem 3.2. Let vy € L>°(R") and ug € L»>®(Q) be comparable at infinity. There exists
g1 > 0 such that if ||vo| pree@ny < €1 and ||uo||pno@) < €1, then for every p € (n,o0), the
corresponding solutions of the Cauchy problem (3.1)-(3.3) and the exterior problem (3.5)-(3.7),
respectively, satisfy tli)rglot%_% [u(t) = v()| L) = 0

Proof. Let us denote by u the solution of the Navier-Stokes equations on {2 with initial velocity
Uy = o|o, where vy is constructed in (3.4). Using Lemma 2.4 we have ||| .oy < Ce. Hence,

if 1 > 0 is sufficiently small, by Theorem 3.1, we obtain that tlim t77% [a(t) = v(®)| o) =0
—00
for each p € (n, 00).
Next, we use the decomposition

Uy — ﬂo = PQ(UO — a0> = ]PQ(UO — UQ‘Q> + PQ(U0|Q—a0).

Since, by Definition 1.1, we have that ug — vy € L%(Q2) for some ¢ € (1, n], we obtain Pgq(ug —
UO‘Q) € L®(Q2). Moreover, recalling that 1y = @O‘Q we have that IP)Q(UO|Q—60) € L1(Q) for
every ¢ € (1,n). Hence, either by decay estimate (2.1) or by Corollary 2.2 (if gy = n), we get
that tlgg t27 3 He‘“‘(ug — ﬂo)HLp(Q) = 0. Thus, if ¢ > 0 is sufficiently small, we may apply

Theorem 2.6 to show tlim £33 [u(t) = u(t)||lpy = 0. The triangle inequality completes the
—00
proof of Theorem 3.2. O

Proof of Theorem 3.1

The remainder of this section is devoted to the proof of Theorem 3.1. Here, we use the
auxiliary vector field 7 = div(fw), where ¢» = ¥(x,t) is the skew-symmetric matrix obtained
from the solution v = v(z,t) as in Lemma 2.3. From (3.8) we infer that

1_n 1_n
(3.9) 272 |[u(E)|| oy < Ct27 2 [(E) oy < Clp)Er

for all t > 0, each p > n, and some constant C(p) > 0.
To prove Theorem 3.1, it suffices to show that for each p € (n,00) we have that

(3.10) lim £27% [[w(t)| gy =0, where w=u—71.

t—o00

Indeed, Theorem 3.1 will be a direct consequence of the inequality

[Ju — UHLP(Q) < ||w||LP(Q) + v - E||Lp(Q) )

where the difference v — ¥ is compactly supported, so [[v — 7| g < Cllv =7, for all
r > p. Thus, using the L"-decay estimate of v given in (3.8) together with (3.9) we obtain for
r>0p

1_n _ 1_n
t272 ||u(t) = 0(t)|| oy < O2 2 ([|u(?)]

v T re)) < Ctr"% —0 as t— oo.
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To prove the limit in (3.10), we note that the vector field w = u — T verifies the following
system

(3.11) ow—Aw+w-Vu+7v-Vw=-V(qg— fp)— F in Q, wli=o = 0,
where the forcing term F' is given by the following expression

Moreover, w is divergence free and vanishes on the boundary.
In the following proposition, we state that (3.10) is a consequence of the decay properties
of F.

Proposition 3.3. If ¢; > 0 is sufficiently small and if for each p € (n, o0)

(3.13) lim ¢2 %

t—o00

=0,
Lr(Q)

¢
/ e U=9APG F(5) ds
0

then for each p € (n,00) we have that tlim 7% [w(®l oy = 0-
—00
Proof. Our reasoning is inspired by the proof of the stability Theorem 2.6 from [2].

Because of the interpolation inequality

P1p3s — pP1p2
P2p3 — P1pP2

l—«

[l £z 0y < H'”%m(g) 1l zpa ) - where  a = and  py < pa < ps,

and the fact that t2 % [w(®)|| oo is bounded, we remark that it suffices to get the limit of
the LP-norm of w(t) for only one p € (n,00). Let us consider p > 2n.
Applying the Leray projector Pg to (3.11) and using the Duhamel formula we obtain that

t t
(3.14) w(t) = — / IR, div(w © 1+ T @ w)(s) ds — / e~ =9Ap F(s) ds.
0 0

The function .

h(t) = 272 lw(®)] Loq)
is bounded on (0, 00) due to estimates (3.9) and (3.8). Hence, using the decay estimate (2.5)
with ¢ = p/2 > n, we may bound

t
/ e AP div(iw @ u 4T ® w)(s) ds
0

LP(Q)

ds

t
_1_n _
< [(t-9 FwoutTe O,

t
< C/O (=) 272 Jlw(s)| ooy ([e(s) ooy + 10(5) ] 1) s

11



Thus, computing the LP-norm in (3.14) we have

1 t
h(t) < CEl/ (1—7)" 2 %7 oh(tr)dr + 2% / e PG F(s) ds
0 0

Lr(Q)

Now, we apply the lim sup to both sides of the previous inequality. By the Lebesgue dominated

t—o0
convergence theorem and (3.13), we infer that

1

1
lim sup h(t) <Cey limsup h(t) / (1—7) 7 5 dr
0

t—ro0 t—r00
t
/ e DAPG P () ds
0

1l_n
+ limsupt2™ 2»
t—o00

LP()
=Cey lim sup h(t).

t—o00

Choosing €1 > 0 such that Ce; < 1, we conclude that limsup h(¢) = 0. This completes the
t—o0

proof of Proposition 3.3. O]

To establish (3.13), we use the decomposition of F'in (3.12) to write

and we show that

tli)lg)t%_% ;)| oy =0 foreach je€{1,2,3,4} and forevery p € (n,o0).

As supp(V f) C Bgr, we note that 7 = v outside the ball Bgr. Using also the fact that f =1
outside Byr/3, we obtain immediately (cf. (3.12)) that the terms Fi,..., Fy are compactly
supported in the ball Br. In order to estimate each term /;, we prove the following lemma:

Lemma 3.4. Let ¢ € (1,p], r € [q,0), 0 < a < b < t and consider a sufficiently reqular
function g(t,z) supported in Ry x Bgr. There ezists a constant C = C(R,p,q,r) > 0 such that

Proof. Using the decay estimate (2.1) and recalling that the Leray projector Pq is bounded on
L(Q2) for all 1 < ¢ < oo, we may estimate

b b
[ e bagsyas| < [ = E gy ds

LP(Q)

b
/ e EAPog(s) ds

b
<C / (t = )55 19(5) | iy 5
LP(Q) a

b
<C [ = 9B g5 i 0

12



In the remainder of this section, we use exponents p, ¢, r satisfying

n
§<q<p and ¢ <r < .

The values of ¢ and r will be conveniently chosen later on and can possibly change from a
term to another. Sometimes, we may use the notation r; or ry instead of r, when different
additional assumptions on 7 are imposed on r; and r and if there is a possibility of confusion.
We always assume that ¢ < r1,7y < co. Observe also that, under these assumptions, we have
that 2% — % > —1.

Estimate of I;. Using Lemma 3.4 we may bound
1_n 1_n t n_n
t27 2 [ ()] oy < C12 2 i (= s)2 2 |p(s)|| 1 gy ds.

It is well-known that the pressure term in (3.1) can be expressed as p = — 3, 0:0;A7 (viv;),
where the operator 9;0;A™! is bounded on L*(R") for every 1 < a < oo. Thus, using the
Holder inequality we obtain the estimate

120 gy < € 0(3)]2ar ey < 37"
which leads to the inequality
L0y < CEFEE
Clearly, the right-hand side goes to 0 as t — oo if ¢ < n and r is sufficiently large.

Estimate of 1. We decompose

I = / e~ AP [9,4h(5)V f] ds
0

&

t

— / ie—“—s)f‘%[aw(s)w] ds + / e~ AP [9,4h(5)V f] ds

0 t

»

= [21 + [22.
Using Lemma 3.4 we have that

t
1 _n 1 _n n_n
£27% | Lo (t)]| () < CF2 %(t—sw 201050 ()| 1y s

2

Since 1 has zero average on the ball Bg, so does 0;1). By the Poincaré inequality applied on
Bp and recalling (3.8), we have that

n _ 3
||as¢(3)||Lr(BR) <C ||asv¢(3)||Lr(BR) <C HaSU(S)HLT(R”) < COs>z,
where we have used (2.8) applied to 9y1p. Thus

t
£27 5 || Lo (1) | o < Cti‘z’él (t— )% 2ass 2 ds < Ct¥ 3 — 00 ast— 00
2
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provided that ¢ < r.
To bound I3, we integrate by parts

o~

I = /2 6_(t_s)AasPQ[1/’(3)vf] ds
(3.15) 0

o

= e P [i(t/2)V f] — e APgyoV ] + /2 Ae™ 9P (5)V f] ds.

0

The LP-norm of the first term on the right-hand side is easily bounded by

|e# o t/2v 11|

Lr(Q)

S O/ 2) 1oy < C @2 15
< CITH2 3 < CNo(t/2) |y < O,
The second right-hand side term of (3.15) can be estimated as follows
He_tA]P)Q[,l?Z)OVf]HLp(Q) < Ctﬂi% ||¢0||Lq(BR) :
Concerning the last term in (3.15), we first note that

[Pl ()V flll oy < C ) oy < C () Ly
< OV () < C ()l gy < O 72,

The Stokes semigroup estimates from Proposition 2.1 give

We conclude from the previous estimates that

t

/ " A, [y (s)V f] ds

0

<c / $(t = ) [Pt (5) V] oy ds

Lr(Q)

[N

< C/ (t — 3)_15%_% ds = Ctz 2.
0

1l_n 1_n 1l_n
272 | () o) <272 Uaa (D) oy + 1272 [Ho2(B)l ooy = 0 s =00
provided that ¢ < n and r > p.
Estimate of I,. We have that Fy =7-Vv — fv-Vu =19 (Vi — fVv)+ f(U—v) - Vv, where
both terms v - (Vv — fVv) and f(v — v) - Vv are supported in Br. Now, we decompose

Iy = /t e AP [F(T — v) - V(s) ds + /t e P[0 - (VD — fV0)](s)ds = Ly + Lio.
0 0

First, we use Lemma 3.4 to bound

t
1atll oy < C / (t = )55 | (@ = v) - To(3)]| 1o sy 5
0

Lemma 2.4 and relation (3.8) imply that

_3
2

V0| ory gy < Ot

”(ﬁ — U) * VUHLTl(R") < C HU||L2T1(R”)

14



SO

n 1

t n n _n _3 n_n,4 . n o
a1l 1o (o) < C/ (t—s)% 20521 2ds < Ct2 20 20 2,
0
Assuming that 5 — 3> —1 (i.e. 1 <n)and g < ry, it follows that

7% L1l o) < Catsi 0 as t— oo

Using again Lemma 3.4 we bound

t
il < C [ (6= 31575 |7 (95 = 1Y0O i s
Since VU = fVv +v @ Vf + VYV f +1V2f, by relation (2.8), we can further estimate

17 (VT = [Vl oy < N0l poraeny [0 @ VI + VOV + OV,
<C Hm|L2T2(R") <HU|’L2T2(R") + ’WHL%(BR))
< Ol < CtF2
Thus, we infer that

t

ol ey SO | (8 =) 52 ds < O 320,

S—

n 1l _n, n
and therefore t2 2 HI42||LP(Q) < Ct? 223 5 () as t — oo provided that ¢ < n and ry is
sufficiently large.

Estimate of I3. Finally, we deal with the remaining term I3. Since
Fy = fAv— Adiv(f) = fAv — A(fv) = AWV f) = —vAf — 2V Vo — AWV ),

we obtain
t

Iy = / e~ AP, Fy(s) ds
0

=— /t e~ =9APg (WA F)(s) ds — 2 /t e~ AP (V V) (s) ds — /t e UIAPGA(HV ) (s) ds
0 0 0
= I3 + I30 + I33.
To bound the middle term, it suffices to use Lemma 3.4 in the following way
1275 || Inp (1) oy < CH2 5 /Ot(t = 8)% % [|V(s)l| g,y
<Ot % /t(t — §) Zig3 s
0
< Ctz %3 50 as t— 0,

provided that ¢ < n and r is sufficiently large.
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Now, we are going to estimate I33. It is well-known that for every vector field w (not
necessarily neither divergence free nor tangent to the boundary), the quantity w — Pqw is a
gradient: w — Pqow = Vg for some scalar function ¢. It is also known that the Leray projection
Pq of such a vector field vanishes. Therefore, PoAw —PoAPquw = PoA(w —Pow) = PoAVg =
PoVAg = 0 so that PoAw = PaAPqw = APqw. Using this observation we may write

Iy = — / e EAPGA YV ) (s) ds
0

:/t_ Ae™ AP (W f) (s) ds—/t e UAPGA (V) (s) ds
0 t

t

= I331 + I330.

We apply Lemma 3.4 with p = ¢ and recall relation (2.8) to bound

=

tf
st oy < / (t = &) 10(5) ]y s

-t
- / (t = 3) 10(5) 1y

o+ =

t—
< / (t—s) s 2ds < Ct 2 In(241).
0

We conclude that ¢2 % 3311 1o (0) < Cte 2 In(2+t) — 0 as t — oo provided that r > p.
To estimate I335, we use again Lemma 3.4 with p = ¢:

t
el < [ NGV iy s
t—7

Clearly, we have

IAWN )N iy < CUN L) + VYl () T 1AV 1 (85))

<
n 1 no_ no_
< CO([oll ey + VIl ) < Cs272 + 52771 < O

=

for all s € (t — 1/t,t) (notice that we may assume t > 2). Therefore,
1l_n 1l _n t n 1 l_n n_3 n_n_q
t27 2 ||1332HLP(Q) <tz / sz 2ds < Ct2 2wtz 2 =Ct> 2 — (0 as t— .
t—1
It remains to estimate the term I3; which we decompose in the following way
t
hn = [ e Bauas) ) ds
0
t
_ / e~=94PL (LA (1 — F))(s) ds
0

o+ =

—/0 e~ AP (wA(L — f))(s) ds + [t e AP (wA(1 — £))(s) ds

16



1

_ / LB (uA(L = f))(s) ds + / AP (L - f))(s) ds

+2[ ~E=94p, (Vo - V£) (s / e~ 9APG (Av(1 — f))(s) ds

t

=111 + 312 + I313 + I314.

As the function 1 — f is supported on the ball Bg, the terms I35 and I3;3 can be treated in
the same way as the integrals I33 and I3;. Next, we use Lemma 3.4 to deal with I3;;:

o+ =

1_n 1_n n_n
272 L[| oy S C272 [ (E—5)% 720 [[0(5) || gy ds
0;
n t n n n n n
< Cti % / (t—s)% st ads < Ct 3 3 — 0
0
as t — 0o. Moreover, we study 314 in a similar manner

1_n 1_n t n_n
£ | yral ooy < Ct2 7% [ (8 —s)2 2 |[Av(s)]| pr(gny ds

t
t
<Ct5‘2’2/(t—s)2p s 2ds < Ot 73 3 — ()
1
t

as t — oo provided that r > n and ¢ is sufficiently close to 3.
This completes the proof of Theorem 3.1.

4 Asymptotics of solutions for large data and n > 3

In the case n > 3, Theorem 3.2 can be extended to a certain class of large initial data as
follows.

Theorem 4.1. Suppose that n > 3. There exists € > 0 such that if ug € L™>(Q) is divergence
free, tangent to the boundary, and such that

limsup Ames{z € Q : |up(x)| > )\}% <e,
A—=0

then there exists a global-in-time solution u of the Nawvier-Stokes equations on the exterior
domain 0 with initial velocity uy and such that

(4.1) limsup £2 % u(t)]] o) < 0.

t—o00

Moreover, let vy € L™>(R") be divergence free and such that

limsup Ames{x € R" : |vo(z)| > )\}% <e.
A—=0

Then the Navier-Stokes equations on R™ with initial velocity vy admit a global-in-time solution
v which satisfies a similar bound to the one in (4.1). Finally, if ug and vy are comparable at
infinity (cf. Definition 1.1), then the corresponding solutions u and v have the same asymptotic

behaviour as t — oo in our usual sense: tlim t77% [u(t) = v()|| (@) = 0 for each p € (n,0).
—o0
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Remark 4.2. Even though the initial velocity uy is not small in L™>°(2) and is not square-
integrable, it is not surprising that a weak solution exists globally. Our result is reminiscent of
the result in [5] on the global-in-time existence of weak solutions to the Navier-Stokes system
that holds true for initial data in L2 (R") with 2 < p < n.

Proof of Theorem 4.1. We borrow a method from [3]. Using [3, Lemma 4.2] we decompose
Uy = zp + wo where zg € L*(Q) and [|wpl|pr.e(o) < €. Note that even though the statement of
that lemma is given for n = 3, the proof goes through for n > 3. Let w solve the Navier-Stokes
equations on the exterior domain {2 with initial velocity wg and set z = u — w. Then z solves

Oz—Az+u-Vz+z-Vw=-Vp.

We multiply this equation by z and integrate in space to obtain after an integration by parts:
2 2
2 ||Z||L2(Q) +2 ||VZ||L2(Q) - 2/92 Vz-w S C||Z||L,%,2(Q) ||VZ||L2(Q) [w]| e ()

where we used the Holder inequality for Lorentz spaces. Next, we recall the following Sobolev
inequality in the Lorentz spaces

(4.2) 20, 2ty 0y < C IVl sy

(
Indeed, in the case of functions defined on R", this relation follows from the Young inequality for
convolution in Lorentz spaces and from the observation that (—A)_% is a convolution operator
with a function homogeneous of degree 1 — n which therefore belongs to L#-1°(R"). For z
vanishing on 02, we can extend it with zero values outside 2. Denoting by Ez this extension
and applying the inequality known in R™ for Ez, we get (4.2) for z defined in the exterior
domain. Consequently, we infer that

2 2 2
O ||Z||L2(Q) +2 ||VZ||L2(Q) <C HVZ||L2(Q) [[wl| 0 (@)

Recall now that w is a small solution. Therefore, if ||wp||rn.(q) is sufficiently small, i.e. if
e > 0 is sufficiently small, then we have that C|lw(t)| pn.e@) < 1 for all ¢. Thus,

2 2
O |12l 20) + IV2[72(0) <0,

so that Bz € L®(R,; L*(R")) N L*(R,; H'(R")). These are of course just a priori estimates,
but a standard approximation procedure gives us the existence of a solution verifying these
estimates. Since Fz € L™ (R, ; L*(R"))NL*(Ry; H'(R™)), we infer that E2 € L*(R,; H2(R™)).

Therefore, for every 7 > 0, the set of times ¢ where [|[Ez(t)]| ., &) > v has finite measure.

Since Hz(R™) C L™®(R"), we infer that the set of times where |2(t)|| noe (@) = v has finite
measure.

A similar argument can be performed in the case of the solution v to the Navier-Stokes
problem in the whole space R". Indeed, we may decompose vy = Zy + Wy where both Z; and
Wy are divergence free, such that Z, € L*(R") and ||Wp|pneomny < € ([3, Lemma 4.2]). We
denote by W the solution of the Navier-Stokes equations on R™ with initial data W, and set
Z = v —W. Similar estimates as for z show that, for every v > 0, the set of times where
| Z(t)|| Lroo(mny = 7y has finite measure.

18



We conclude that there is a time 7" > 0 where we have both inequalities || Z(T")|| Lr.o@n) < €
and ||2(T)|| ro () < €. Since by the theory of small solutions we also have that ||V (t)]] Lr.co@mn) <
Ce and [|w(t)||preo () < Ceforallt > 0, we infer that ||v(T")|| zneemny < C'e and |[u(T)|| pr.oo () <
C'e with C" = C + 1. We choose ¢ sufficiently small such that the small data solutions, the
stability result from Proposition 2.6, and the asymptotic result Theorem 3.2 can be applied
starting from both times ¢ = 0 and ¢t = T'. In particular, we can change if necessary the values
of u and v starting from time 7" with the values of the small solutions that can be constructed
starting from u(7") and v(7).

Since u(T) — w(T) € L*(Q), the stability result stated in Theorem 2.6 applied from time
t = T and the decay estimates of the Stokes operator given in Proposition 2.1 imply that for
all p € (n, o0)

1 n

lim 272 [Ju(t) — w(t)|| 1oy = 0.

t—o00

Similarly, for all p € (n,00) we have that

1 n
lim 173 [Ju(t) = (1) ey = 0.
Moreover, wg — Wy = (ug — vo) — (20 — Zp) with ug — vy € L%®(Q) for some ¢q € (1,n] and
20— Zy € L*(Q) so wyg — Wy € L®(Q) + L*(Q). We cannot apply directly Theorem 3.2 to w
and W because wyg and W, are not comparable at infinity in the sense of Definition 1.1: we
have wy — Wy € L% + L? instead of wy — Wy € L4 for some g € (1,n]. Nevertheless, the proof
of Theorem 3.2 goes through in this case and we obtain that for all p € (n,00) we have

lim 272 |lw(t) — WOl o) =0

t—o0

Putting together the three previous relations completes the proof. O

5 Asymptotics for large data and n = 2

We assume throughout this section that n = 2. In this case we are not able to show a
result as general as in dimension n > 3, because L?(R?) is a critical space (i.e. invariant with
respect to the scaling of the Navier-Stokes equations). Here, we decompose the initial velocity
as follows

Uy = 270 + Wo,

where @y € L2(Q) is arbitrarily large and wy is small in L?*°(Q). Let us recall now the following
classical result on the L?-decay of weak solutions of problem (1.1).

Theorem 5.1 (Borchers & Miyakawa [4, Thm. 1.2]). For every uy € L2(Q) there is a unique
weak solution w € L>=((0,00); L*(Q))NLE ([0,00); H' () of the initial-boundary value problem
(1.1) with ug as initial velocity. This solution satisfies tlim |a(t)|| 2 = 0.

— 00

The aim of this section is to show the following theorem.

Theorem 5.2. Let iy € L2(Q) be arbitrary and let T. be a time such that (T p2.00 () < €/3,
where w is the unique global-in-time solution of the Navier-Stokes equations on € with initial
velocity ug and € > 0 is the small constant from Theorem 3.2 (such a time T. exists thanks to
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Theorem 5.1 and to the imbedding L*(Q)) C L*>*(Q)). Let wy € L*>>*(Q) be divergence free,
tangent to the boundary, and such that

15
||w0||L2,oo(Q) < g

There exists a constant K = K(e) such that if the following additional smallness condition
holds true:

1

— 4
K HaOHH(Q) Kol g

(5.1) ||6_tAw0||L4((O,TE)><Q) <

then the Navier-Stokes equations on the exterior domain 2 with the initial data ug = ug + wo

has a unique global solution w. This solution verifies that sup,- 77> [u()]] o) < o0
Moreover, let vg € L**(R?) be such that ||vg| p20om2)y < € and such that wy and vy are

comparable at infinity. Let v be the unique global solution of the Navier-Stokes equations on R?

with initial data vy. Then u and v have the same asymptotic behaviour as t — oo in the sense
of relation (1.2).

Remark 5.3. If [[tol| 12y is sufficiently small, then the initial data g is small in L**°(Q) and
we can directly apply Theorem 3.2 to reach the desired conclusion without the need to assume
that e "wy € L (Ry; L4(Q)) and condition (5.1).

Remark 5.4. The dependence on the parameter 7, in the smallness condition (5.1) is not explicit.

Nevertheless, it can be made explicit if wy € L*(Q2) for some a > 2. Indeed, for wy € L%(£2), the

—tA

decay estimates from Proposition 2.1 imply that ||e w0HL4(9) < ClJwol| paqy ti~a (note that

we can assume that a < 4 because we also have that that wy € L**(£2) so, by interpolation,
wp belongs to all intermediate spaces L°(2) for all 2 < b < a). Therefore ||e~

11

C'lJwollpa(q) T¢ . We conclude that the smallness condition (5.1) is implied by the following
smallness condition

Awol| pago,myxe) <

1

||w0||La(Q) < 1_1 . C||170H4
C’j—"g2 @ HUO HLQ(Q) e L2<Q>
for some large constant C'. In particular, the result in [19] is a special case of Theorem 5.2.

Remark 5.5. The condition (5.1) requires in particular that e=*wy € Li ([0, 00); L4(€2)). The

loc
optimal assumption required on wy in order to have this property is that wy belongs to the

_1
inhomogeneous Besov space B, ;(€2) (see [1, 11, 24]). Therefore, Theorem 5.2 can be reformu-
lated in the following way: for every @y € L?(Q2) which is divergence free and tangent to the

boundary, there exists e3 = 3(2) > 0 and g4 = £4(Up) > 0 such that if wy € L>*(Q)N B;%(Q),

[[woll 2,00 () < €3, and ||wo||B,%(Q) < g4 then the conclusion of Theorem 5.2 holds true.
4,4

Proof of Theorem 5.2. The global existence and the uniqueness of u is proved in [23, Theorem

4]. However, the bound for 27 [w(?)| ooy Proved in [23] is only local in time, i.e. it is only

shown that sup 27 ”u(t)HLP(Q) < CO(T) for all T' < co. Here we will show that this bound is
o<t<T

also global, i.e. we can have T' = oc.
Let W = e " wy and 2z = u — U — w. Then, the vector field z is divergence free, vanishes on
the boundary, and verifies the following system

Oz —Az+ (z4+w+u)-V(z+w+u) —u-Vu=—Vp,
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where p = p — pgz — pw, the scalar function pg is the pressure corresponding to u, and pg is
the pressure from the Stokes problem satisfied by w. We multiply the above relation by z and
integrate over ) to obtain

1 SO ~ ~
58,5 Hzl\iz(g) + HVzHiz(Q) = / w-Vu-z— /(z +w+u)-Viz+w+au)-z
Q Q

:/(z+w+ﬁ)-v,z~@+/(z+@)-Vz-ﬁ
Q Q

—112 — ~
<O ||VZ||L2(Q) (||w||L4(Q) + ||w||L4(Q) ||U||L4(Q)

@l g 121 ooy + 1l Loy 121 aey)-
1 1
Next, we use the bound ||z([ 4oy < C'||2[|72q) [IV2[|72q) and we apply the Young inequality:

2 2 2 2 12
O 121120y + IV2I12(0) <O @l 740) (@171 0) + I1Ell740)
2 4 14
+ Cllzll 720 (@l 7a0) + 1Ull7a)-

The Gronwall and Holder inequalities imply that

114 >4
Cm L4,

LA((0,t)xQ) O,t)xQ))_

2 — _ ~
HZ(t)HB(Q) < CHwH%‘l((O,t)XQ)(HwH%‘l((O,t)xQ) + HUH%‘l((O,t)XQ))

Since u is a solution of the Navier-Stokes equations, the classical energy estimate reads
! 2
[a(®)]] L2 +2/0 VUl ) < lluoll r2q) -

1 1 _ ~ -
Using the inequality [|t]| 4oy < C'[[Ull 720y VUl Z2(q), We infer that [Tl 24 0.nxe) < C[|tol 120
for all £ > 0. Hence, we have
59) [(TO2. . < Ol 2 =2 (I 4 7,y HlTON 2 )
(5.2) |l2( €)||L2(Q) S 1||wHL4((O,T€)><Q) ”wHL‘l((O,Ts)XQ) + Hu0||L2(Q) € e
for some constant C}.

If ||| 12 (g is small, then [[u|[z2.(q) is also small and the conclusion follows after applying
Theorem 3.2. More precisely, there exists n = 7(e) such that if [[to| 2y < 7 then [[tg|| 2. (0) <
5. Therefore if |||l 12(q) < 7 then [[ugl|r2=(q) < & and the desired conclusions follow at once
from Theorem 3.2.

We assume now that |[uol[;2q) > n and that relation (5.1) holds true for some constant

K to be determined later. We impose first that K verifies the condition 1 < Kn2e"". Then
[@ol| 2y > m and (5.1) imply that [|@||zs(01)x0) < [[toll2(q)- We infer from (5.2) and (5.1)
that

2 _ ~ 2 204 [0 201 -kl 2Ch
1T a0y < 20T 1) Mol oy €™ 0200 < SOz < 25

if we further assume that K > ;. Therefore, if K is chosen sufficiently large then we can
conclude that [[2(7%)|| p2.0c(qy < § implying that

[(T) | 2.0e () < NI L2 () + ITT L2 () + 12 (T) | 2o ) < &
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We have reached a time where the solution u becomes small in L**°(2). We wish to conclude
as in the proof of the corresponding result in dimension n > 3 stated in Theorem 4.1. If we
look at that proof, we notice that we need to show that u(T.) —w(T.) € L?(Q) where w denotes
the Navier-Stokes solution on the exterior domain with initial data wg. Since u(T.) € L*(Q2)
and z(T.) € L*(Q) (as shown above) it suffices to prove that w(7.) — w(T.) € L*(2). But this
is a particular case of the estimates obtained above. Indeed, if we set w = 0 then v = w and
w(T,) —w(T.) = 2(T.) € L*(Q).

The end of the proof is similar to the end of the proof of Theorem 4.1. On one hand, we
use that u(7T.) — w(T.) € L*(Q) and we apply the stability result from Theorem 2.6 starting
from time 7. to deduce that v and w have the same asymptotic behaviour as ¢ — co. On the
other hand we use Theorem 3.2 to say that w and v have the same asymptotic behaviour as
t — oo. We conclude that w and v have the same asymptotic behaviour as t — oc. O]

Remark 5.6. It is of course possible to add a large square-integrable part to vy. Assuming
similar hypothesis as for the data in the exterior domain, more precisely as in relation (5.1),
we can show exactly in the same manner the existence of a unique global solution which has
the same asymptotic behaviour as u at infinity. We do not follow this way in order to have a
simpler statement for Theorem 5.2.
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