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An improved lumped parameter model (ILPM) is proposed which predicts the output characteristics of a piezoelectric vibration
energy harvester (PVEH). A correction factor is derived for improving the precisions of lumped parameter models for transverse
vibration, by considering the dynamic mode shape and the strain distribution of the PVEH. For a tip mass, variations of the
correction factor with PVEH length are presented with curve fitting from numerical solutions. The improved governing motion
equations and exact analytical solution of the PVEH excited by persistent base motions are developed. Steady-state electrical
and mechanical response expressions are derived for arbitrary frequency excitations. Effects of the structural parameters on
the electromechanical outputs of the PVEH and important characteristics of the PVEH, such as short-circuit and open-circuit
behaviors, are analyzed numerically in detail. Accuracy of the output performances of the ILPM is identified from the available
lumped parameter models and the coupled distributed parameter model. Good agreement is found between the analytical results
of the ILPM and the coupled distributed parameter model. The results demonstrate the feasibility of the ILPM as a simple and
effective means for enhancing the predictions of the PVEH.

1. Introduction

Wireless sensors and communication node networks have
recently been attracting a large amount of interest because
of their rapid development and wide applications [1, 2].
However, as the networks increase in number and the devices
decrease in size, the proliferation of these autonomous
microsensors raises the problem of effective power supply.
Batteries used to power them may not only increase the size
and weight of the devices but also suffer from a brief service
life, presenting major limitations to system lifetime [3–5].
However, harvesting energy through the direct piezoelectric
effect by employing the ambient vibration of the devices offers
promising solutions [6–8].

Research into piezoelectric vibration energy harvesters
(PVEH) involves understanding the mechanics of vibrat-
ing structures, the constitutive behavior of piezoelectric
materials, and elementary circuit theory. Some researchers
have focused on the mathematical modeling of the PVEH.

An accurate mathematical model can be used to predict
the electrical outputs and to optimize the PVEH to obtain
the maximum electrical output for a given input. Exist-
ing approaches to modeling PVEH include single-degree-
of-freedom (SDOF) models (or lumped parameter mod-
els (LPM)) [7, 9, 10], approximate distributed parameter
models with the Rayleigh-Ritz method [11, 12], equivalent
circuit models, and other distributed parameter modeling
approaches [13–16].

As described by Roundy et al. [9] and duToit et al. [17],
the SDOF modeling approach treats the PVEH as a mass-
spring-damper system, which is convenient for coupling the
mechanical part of the PVEH with a simple electrical circuit.
Although the SDOF model enables initial investigation into
the problem by allowing simple closed-form expressions, it
lacks several important aspects of the physical system, such
as dynamic mode and accurate strain distribution along the
PVEH, as well as their effects on the electrical response.
Because the PVEH is basically excited by the motion of

Hindawi Publishing Corporation
Shock and Vibration
Volume 2014, Article ID 935298, 12 pages
http://dx.doi.org/10.1155/2014/935298



2 Shock and Vibration

yb Mt

PZT1

PZT2 Substrate

RL

z
b

y
hp
hs
hp

i
z

Bas

Figure 1: Cantilevered piezoelectric energy harvester excited by the motion of its base in the transverse direction.
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Figure 2: Coupled LPM of the PVEH.

the base, the SDOF harmonic base excitation relation has
been used in PVEH for bothmodeling and studying themax-
imum power outputs and parameter optimization [17–19]. It
was recently shown that the SODFmodelmay produce highly
inaccurate results for both transverse vibrations and longitu-
dinal vibrations [13–15]. This is because the contribution of
the distributedmass of the cantilevered beam to the excitation
amplitude, which is not modeled by Roundy et al. [9], is
underestimated because of the SDOF in a work by duToit
et al. [17]. Erturk and Inman [13–15] investigated existing
problems in the commonly used SDOF model of the PVEH
and give a correct representation of the SDOF model by
treating the air damping and structural damping separately.
They assumed that the air damping coefficient is proportional
to the equivalent mass, whereas the structural damping
coefficient is proportional to the equivalent stiffness. Erturk
and Inman [13–15] also give expressions of the relative tip
response, obtained from SDOF and Euler-Bernoulli models.
By comparing these two models, an amplitude correction
factor was derived to improve the prediction of the SDOF
model. Their results show that the error in predicting the
fundamental natural frequency of the PVEH is approximately
0.5% in the absence of a tip mass relative to the Euler-
Bernoulli model fundamental natural frequency. However,
the relative tip response of the PVEH is difficult and more
complicated to obtain with the Euler-Bernoulli assumption.

Unlike the above-mentioned studies, this paper presents
an improved lumped parameter model (ILPM) in which the
electromechanical coupled effects as well as the dynamic
mode and the accurate strain distribution of the PVEH are
taken into account. Based on the Rayleigh energy method,
a parameter (not amplitude) correction factor is derived
for improving the precisions of the respective LPMs for
transverse vibration. Variations of the correction factor with

harvester length are presented graphically along with curve
fitting obtained from numerical solutions. Because the ILPM
used only the shape mode function and the static deflection
of the PVEH, and not the tip relative response, it is easy to
define the model parameters.The presented ILPM provides a
simple and effective approach tomodeling and predicting the
PVEH in transverse vibrations.

2. Improved Lumped Parameter Model

Figure 1 shows the structure of the PVEH, which consists
of a cantilevered bimorph beam with tip mass 𝑀

𝑡
. Two

piezoelectric plates (PZT
1
and PZT

2
) oppositely polarized in

the thickness direction are perfectly bonded to the top and
bottom, respectively, of the substrate beam. The piezoelec-
tric bimorphs are connected in series. The electrode pairs
covering the top and bottom faces of the piezoelectric plates
are assumed to be thin so that their contribution to the
thickness dimension is negligible. A simple electrical circuit
consisting of a resistive load (𝑅

𝐿
) is directly connected to the

output terminal of the harvester. One end of the piezoelectric
cantilever is fixed to the base.We assume persistent excitation
at the base of the harvester so that continuous electrical
outputs can be extracted from the resistive load.

As described by Roundy et al. [9] and duToit et al. [17],
the PVEH shown in Figure 1 can be treated as a SDOF
system consisting of a mass-spring-damper system, as shown
in Figure 2. The equivalent mass, damping coefficient, and
equivalent stiffness are denoted by𝑀, 𝐶, and𝐾, respectively.
The PZT element is characterized by an electromechanical
coupled factor 𝛼 and electrical capacitance 𝐶

𝑝
, and 𝑦(𝑡) and

𝑥(𝑡) denote the displacements of the base vibration and the
equivalent mass𝑀, respectively.
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According to the method used to obtain the differential
equation, the governing equation of motion due to the
vibrating base can be written as [20, 21]

𝑀�̈� (𝑡) + 𝐶�̇� (𝑡) + 𝐾𝑥 (𝑡) + 𝛼𝑉 (𝑡) = 𝐶 ̇𝑦 (𝑡) + 𝐾𝑦 (𝑡) , (1)

𝛼 [�̇� (𝑡) − ̇𝑦 (𝑡)] − 𝐶
𝑝
�̇� (𝑡) = 𝑖 (𝑡) =

𝑉 (𝑡)

𝑅
𝐿

, (2)

where 𝑖(𝑡) and 𝑉(𝑡) are the current and voltage of the load
resistance, respectively, as shown in Figure 2. If the base
displacement is harmonic in the form of 𝑦(𝑡) = 𝑌

0
𝑒
𝑗𝜔𝑡 (where

𝑌
0
is the displacement amplitude, 𝜔 is the frequency, and 𝑗 is

the unit imaginary number), then the steady-state response
of the lumped mass relative to the base can be expressed as

𝑥 (𝑡)

=

𝑗2𝜉
𝑛
𝜔
𝑛
𝜔 + 𝜔

2

𝑛
+ (𝑗𝜔𝛼

2
/𝑀(𝑗𝜔𝐶

𝑝
+ 1/𝑅

𝐿
))

𝑗2𝜉
𝑛
𝜔
𝑛
𝜔 + 𝜔2

𝑛
− 𝜔2 + (𝑗𝜔𝛼2/𝑀(𝑗𝜔𝐶

𝑝
+ 1/𝑅

𝐿
))

,

× 𝑌
0
𝑒
𝑗𝜔𝑡
,

(3)

where 𝜔
𝑛
= √𝐾/𝑀, 2𝜉

𝑛
= 𝐶/√𝐾𝑀.

Substituting (3) into (2), the steady-state response of the
load resistance voltage relative to the base can be obtained:

𝑉 (𝑡)

=
𝑗𝜔𝛼

𝑗𝜔𝐶
𝑝
+ 1/𝑅

𝐿

⋅
𝜔
2

𝑗2𝜉
𝑛
𝜔
𝑛
𝜔 + 𝜔2

𝑛
− 𝜔2 + (𝑗𝜔𝛼2/𝑀(𝑗𝜔𝐶

𝑝
+ 1/𝑅

𝐿
))

× 𝑌
0
𝑒
𝑗𝜔𝑡
.

(4)

Rearranging (3) and (4), the steady-state velocity response
of the lumped mass and the voltage response of the load
resistance relative to the base vibrating acceleration can be
given by

�̇� (𝑡)

̈𝑦 (𝑡)

=
1

𝑗𝜔
+

−𝑗𝜔 (𝑗𝜔𝐶
𝑝
𝑅
𝐿
+ 1)𝑀

𝑀(𝑗2𝜉
𝑛
𝜔
𝑛
𝜔 + 𝜔2

𝑛
− 𝜔2) (𝑗𝜔𝐶

𝑝
𝑅
𝐿
+ 1) + 𝑗𝜔𝑅

𝐿
𝛼2
,

(5)

𝑉 (𝑡)

̈𝑦 (𝑡)
=

−𝑗𝜔𝛼𝑅
𝐿
𝑀

𝑀(𝑗2𝜉
𝑛
𝜔
𝑛
𝜔 + 𝜔2

𝑛
− 𝜔2) (𝑗𝜔𝐶

𝑝
𝑅
𝐿
+ 1) + 𝑗𝜔𝛼2𝑅

𝐿

.

(6)

The output power of the load resistance relative to the base
vibrating acceleration can be obtained from (6) as

𝑃 (𝑡)

̈𝑦2 (𝑡)

=
1

𝑅
𝐿

⋅
𝑉
2
(𝑡)

̈𝑦2 (𝑡)

=
1

𝑅
𝐿

⋅(
−𝑗𝜔𝛼𝑅

𝐿
𝑀

𝑀(𝑗2𝜉
𝑛
𝜔
𝑛
𝜔+𝜔2
𝑛
−𝜔2) (𝑗𝜔𝐶

𝑝
𝑅
𝐿
+1)+𝑗𝜔𝛼2𝑅

𝐿

)

2

.

(7)

3. Definition of the Model Parameters

3.1. Equivalent Parameters of the Available LPM. The LPMs
have two important lumped parameters: the equivalent mass
𝑀 and the equivalent stiffness 𝐾. These two parameters are
dependent on the material constants and the design of the
PVEHand can be derivedwith standardmodal analysis [2, 15,
19]. Typically,𝐾 is obtained from the static deflection relation
of a cantilevered beam to a concentrated transverse load at the
tip, and𝑀 is obtained by expressing the total kinetic energy
of the beam in terms of the velocity at the tip.

Because vibration-based energy harvesters are excited
by the motion of their base, many researchers have used
the uncoupled lumped parameter model (ULPM) of base
excitation [1, 9, 10, 19]. The equivalent parameters of the
ULPM presented byWilliams and Yates [10] are described by

𝑀 =
𝜌𝐴𝐿

3
+𝑀
𝑡
, 𝐾 =

3𝐸𝐼

𝐿3
, (8)

where 𝐸𝐼 is the equivalent bending stiffness of the can-
tilevered beam, and

𝐼 =

2𝑏 [(ℎ
𝑝
+ ℎ
𝑠
/2)
3

− (ℎ
𝑠
/2)
3

]

3
+
𝑏ℎ
3

𝑠

12
,

𝐸 =

𝐸
𝑠
(𝑏ℎ
3

𝑠
/12) + 𝐸

𝑝
(2𝑏 [(ℎ

𝑝
+ ℎ
𝑠
/2)
3

− (ℎ
𝑠
/2)
3

] /3)

𝐼
,

𝜌 =

2𝜌
𝑝
ℎ
𝑝
+ 𝜌
𝑠
ℎ
𝑠

2ℎ
𝑝
+ ℎ
𝑠

, 𝐴 = 𝑏 (ℎ
𝑠
+ 2ℎ
𝑝
) ,

(9)

where 𝜌
𝑠
and 𝜌

𝑝
are the density of the substrate beam and

PZT, respectively; 𝐿 and 𝑏 are the axial length and width of
the piezoelectric cantilever, respectively; ℎ

𝑠
and ℎ
𝑝
,𝐸
𝑠
and𝐸

𝑝
,

and 𝜌
𝑠
and 𝜌

𝑝
are the thickness, stiffness, and density of the

substrate beam and PZT, respectively.
Erturk and Inman [13–15] point out that using equivalent

parameters of (8) of the ULPM to predict the relative motion
at the tip of the PVEH will result in underestimation with
an error greater than 35% regardless of the damping ratio.
Because it does not model the effect of piezoelectric coupling
in the PVEH, the ULPM is also unable to predict the
frequency shift due to changing the load resistance [13–15].
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To overcome these issues, Erturk and Inman [13–15]
propose a coupled LPM. First, the distributed parameter solu-
tions are presented with the relative tip response expressions
of the PVEHobtained under the Euler-Bernoulli assumption,
and then by comparing these relations with the ULPM
solutions, an amplitude correction factor is introduced into
the ULPM to improve its predictions.The lumped parameter
relations of the LPM are defined as follows [13]:

𝑀 =
30𝜌𝐴𝐿

144
+𝑀
𝑡
, 𝐾 =

3𝐸𝐼

𝐿3
. (10)

The results of Erturk and Inman’s LPM show that the error
due to using (10) in predicting the fundamental natural
frequency is approximately 0.5% in the absence of a tip mass
(relative to the Euler-Bernoulli model fundamental natural
frequency). However, as mentioned in the Introduction,
distributed parameter solutions and the relative tip response
of the PVEH are difficult and more complicated to obtain
with the Euler-Bernoulli assumption.

3.2. Definition of the Equivalent Parameters of ILPM. In this
paper we present a simple and novel method to define the
equivalent parameters of the PVEH with the curve-fitting
method.The equivalent parameters of the PVEHare assumed
to take the following forms:

𝑀 = 𝛽
𝑀
𝜌𝐴𝐿 +𝑀

𝑡
, (11)

𝐾 = 𝛽
𝐾

𝐸𝐼

𝐿3
, (12)

where 𝛽
𝑀

and 𝛽
𝐾

are the correction factors. For greater
accuracy, information on the dynamicmode shape and strain
distribution of the PVEH is considered. Steps for determining
the parameters of 𝛽

𝑀
and 𝛽

𝐾
are based on the Rayleigh-Ritz

approximation [22] and are as follows:

(i) structure an equation for the static bending deflection
𝑤(𝑥) of the PVEH;

(ii) solve the shape mode function 𝜙(𝑥) of the PVEH;
(iii) define the relationship between 𝑤(𝑥) and 𝜙(𝑥);
(iv) calculate the parameters correction factor 𝜇(𝑥) based

on the relationship between 𝑤(𝑥) and 𝜙(𝑥);
(v) calculate the fitting result 𝜇(𝑥) of 𝜇(𝑥)with the curve-

fitting method;
(vi) obtain the approximate solution of 𝑤(𝑥);
(vii) calculate the total kinetic energy of the ILPM and the

ULPM, respectively;
(viii) define the equivalent mass 𝑀 according to energy

conservation under the Rayleigh-Ritz approximation;
(ix) calculate the total potential energy of the ILPM and

the ULPM, respectively;
(x) define the equivalent stiffness 𝐾 according to energy

conservation under the Rayleigh-Ritz approximation.

We assume that 𝑤(𝑥) is the static bending deflection
of the PVEH shown in Figure 1 and that the relationship

between the deflection and the bending mode shape 𝜙(𝑥) of
the clamped-free beam takes the form

𝑤 (𝑥) = 𝜇 (𝑥) 𝜙 (𝑥) , (13)

where 𝜇(𝑥) is the parameter correction factor of the ILPM.
The bending mode shape 𝜙(𝑥) of the clamped-free beam
shown in Figure 1 can be given by [13]

𝜙 (𝑥) = 𝐶[cos 𝜆
𝐿
𝑥 − cosh 𝜆

𝐿
𝑥 + 𝜎(sin 𝜆

𝐿
𝑥 − sinh 𝜆

𝐿
𝑥)] ,

(14)

where 𝜆 = 1.162 and 𝐶 is a modal constant that can be
calculated by normalizing the bendingmode shape according
to the following orthogonal condition [13]:

∫

𝐿

0

𝜌𝐴𝜙
2
(𝑥) 𝑑𝑥 +𝑀

𝑡
𝜙
2
(𝐿) + 𝐼

𝑡
𝜙
2
(𝐿) = 1, (15)

where 𝐼
𝑡
is the rotary inertia of the tip mass𝑀

𝑡
.Theoretically,

the parameter correction factor 𝜇(𝑥) can be calculated from
[22, 23]

𝜇 (𝑥) =
𝑤 (𝑥)

𝜙 (𝑥)
=
𝑀
𝑡
𝑔𝑥
2
(3𝐿 − 𝑥)

6𝐸𝐼𝜙 (𝑥)
, (16)

where𝑔 is gravitational acceleration.Here, the correction fac-
tor 𝜇(𝑥) can be determined by the curve-fittingmethod based
on the theoretical results calculated from (16) with MATLAB
software. The least-squares fitting method is adopted; the
theoretical and fitting results are listed in Table 1. The fitting
expression of the correction factor is obtained from the
results of Table 1 [24]. Consider

𝜇 (𝑥) = −
2.7 × 10

−5

99𝐿
(𝑥 − 0.01𝐿) − 1.207 × 10

−5
. (17)

Figure 3 shows the theoretical and fitting results of the
correction factor with the length of the cantilevered beam
of the PVEH. It indicates that the fitting results show good
agreement with those of the theoretical results, and the
relative error between both results is less than 0.062%.
Therefore, in the following, we use 𝜇(𝑥), instead of 𝜇(𝑥), to
represent the correction factor.

Substituting (14) and (17) into (13), we can define the
deflection 𝑤(𝑥) of the cantilevered beam. Then the kinetic
energy and the potential energy of the PVEH without the tip
mass𝑀

𝑡
are calculated as follows [9, 10, 17]:

𝑇 =
1

2
∫

𝐿

0

𝜌𝐴𝑑𝑥�̇�
2
(𝑥) =

1

2
∫

𝐿

0

𝜌𝐴[
𝜇 (𝑥) 𝜙 (𝑥)

𝜇 (𝐿) 𝜙 (𝐿)
]

2

𝑑𝑥�̇�
2
(𝐿) ,

𝐸
𝑢
=
1

2
∫

𝐿

0

[
𝜕
2
𝑤(𝑥)

𝜕𝑥2
]

2

𝑑𝑥 =
1

2

𝐿
3
𝑀
𝑡
𝑔

𝐸𝐼𝜇 (𝐿) 𝜙 (𝐿)
⋅
𝐸𝐼

𝐿3
𝑤
2
(𝐿) ,

(18)

where 𝑤(𝐿) and �̇�(𝐿) are the tip displacement and the tip
velocity of the PVEH, respectively.
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Table 1: Theoretical and fitting results of 𝜇(𝑥) × 10−5.

Length/m 0.01 0.02 0.03 0.04 0.05
Theoretical results −1.2121 −1.2182 −1.2235 −1.2292 −1.2338
Fitting results −1.2118 −1.2181 −1.2237 −1.2294 −1.2343

0 0.01 0.02 0.03 0.04 0.05 0.06

Theoretical curve
Fitting curve

Length (m)

C
or

re
ct

io
n 

fa
ct

or
𝜇

×10−5
−1.2

−1.205

−1.21

−1.215

−1.22

−1.225

−1.23

Figure 3: Correction factor with cantilevered length for theoretical
calculation and fitting results.

The corresponding kinetic energy and potential energy of
the PVEH without tip mass calculated with the ULPM are
described by [10]

𝑇

=
1

2
𝑚eq𝑑𝑥�̇�

2
(𝐿) ,

𝐸


𝑢
=
1

2
𝐾𝑤
2
(𝐿) ,

(19)

where 𝑚eq and 𝐾 are the equivalent mass and the equivalent
stiffness, respectively, of the PVEHwithout tip mass. Accord-
ing to the Rayleigh-Ritz approximation, the kinetic energy
and the potential energy of the PVEHmust be conserved, and
we therefore have

𝑇 = 𝑇

, 𝐸

𝑢
= 𝐸


𝑢
. (20)

Therefore,𝑚eq and𝐾 can be obtained from (20) as follows:

𝑚eq = ∫
𝐿

0

𝜌𝐴[
𝜇(𝑥)𝜙(𝑥)

𝜇(𝐿)𝜙(𝐿)
]

2

𝑑𝑥, (21)

𝐾 =
𝐿
3
𝑀
𝑡
𝑔

𝐸𝐼𝜇 (𝐿) 𝜙 (𝐿)
⋅
𝐸𝐼

𝐿3
. (22)

Comparing (21) with the first term of the right-hand side
expression of (11), the correction factor 𝛽

𝑀
of the equivalent

mass𝑀 is

𝛽
𝑀
=

∫
𝐿

0
[𝜇(𝑥)𝜙(𝑥)]

2

𝑑𝑥

[𝜇(𝐿)𝜙(𝐿)]
2

𝐿

. (23)

Table 2: Material and geometric parameters. Source: Erturk and
Inman, 2009 [15].

Item Value
Piezoelectric plate density 𝜌

𝑝
(kg/m3) 7800

Substrate plate density 𝜌
𝑠
(kg/m3) 9000

Piezoelectric plate stiffness 𝐸
𝑝
(GPa) 66

Substrate plate stiffness 𝐸
𝑠
(GPa) 105

Strain constant 𝑑
31
(C/m) −190 × 10

−12

Stress constant 𝑒
31
(C/m) −11.5

Vacuum permittivity 𝜀
0
(F/m) 8.854 × 10

−12

Absolute permittivity 𝜀𝑆
33
(F/m) 1500 𝜀

0

Beam length 𝐿 (mm) 50.8
Beam width 𝑏 (mm) 31.8
Piezoelectric plate thickness ℎ

𝑝
(mm) 0.26

Substrate platethickness ℎ
𝑠
(mm) 0.14

Damping ratio of elastic magnifier 𝜉
𝑏

0.002
Damping ratio of piezoelectric beam 𝜉eq 0.027
Tip mass𝑀

𝑡
(kg) 0.012

Load resistance 𝑅
𝐿
(Ω) 1000

Similarly, comparing (22) with (12), the correction factor 𝛽
𝐾

of the equivalent stiffness 𝐾 is

𝛽
𝐾
=

𝐿
3
𝑀
𝑡
𝑔

𝐸𝐼𝜇 (𝐿) 𝜙 (𝐿)
. (24)

The electromechanical coupling effects of the PZTs are
identified by the factor 𝛼 and electrical capacitance 𝐶

𝑝
, and

these may be defined according to the well-known piezoelec-
tric constitutive equation and the relationships between the
stress and the strain of the PVEH, respectively [25]:

𝑆 = 𝑠
𝐸
𝑇 + 𝑑𝐸, 𝐷 = 𝑑𝑇 + 𝜀

𝑇
𝐸, (25)

where 𝑆 is the strain, 𝑇 is the stress, 𝐷 is the electric
displacement, 𝐸 is the electric field, 𝑑 is the piezoelectric
constant, 𝑠𝐸 is the mechanical compliance at constant electric
field, and 𝜀𝑇 is the permittivity at constant stress:

𝛼 = 𝛽
𝛼

𝑏 (ℎ
𝑠
+ ℎ
𝑝
)

2𝐿
𝑒
31
,

𝐶
𝑝
=
𝑏𝐿

2ℎ
𝑝

𝜀
𝑆

33
,

(26)

where 𝛽
𝛼
= −𝐿(𝑑𝜙(𝑥)/𝑑𝑥)|

𝑥=𝐿
and 𝑒

31
and 𝜀𝑆

33
are the

piezoelectric and clamped dielectric constants, respectively.
Therefore, we can obtain the resonance and the antires-

onance frequencies of the PVEH from (11), (12), and (26),
respectively [26]:

𝑓
𝑟
=
√𝐾/𝑀

(2𝜋)
, 𝑓

𝑎𝑟
= √1 + 𝑑2𝑓

𝑟
, (27)

where 𝑑2 = 𝛼2/(𝐾𝐶
𝑝
).



6 Shock and Vibration

Table 3: Frequencies comparison of ILPM with LPM, ULPM, and
CDPM.

Models Resonance Antiresonance
frequency (Hz) frequency (Hz)

Numerical results of ILPM 45.68 48.91
Theoretical results of CDPM 45.7 48.2
Experimental results of CDPM 45.6 48.4
Theoretical result of LPM 45.65
Theoretical result of ULPM 44.401

4. Numerical Results

Here we describe a numerical calculation used to analyze the
performance of the PVEH with MATLAB software. Table 2
lists the material and geometric parameters of the PVEH.

Putting the material and geometric parameters from
Table 2 into (23), (24), and (26), we can obtain the equivalent
parameters of the PVEH. By then putting these equivalent
parameters into (5)–(7), we can obtain the output perfor-
mances of the PVEH in transverse vibration.

Figure 4 shows the relations between the resonance
frequency of the PVEH and the mass ratio 𝑎 (where 𝑎 =

𝑀
𝑡
/𝑚eq). It can be seen from Figure 4 that the resonance

frequency of the PVEH decreases with increasing mass
ratio, which means that increasing the tip mass 𝑀

𝑡
lowers

the resonance frequency to facilitate approaching ambient
vibration frequency.

Figures 5, 6, and 7 show the velocity response �̇�/ ̈𝑦 of the
tip mass, the output voltage response 𝑉/ ̈𝑦, and the output
power response 𝑃/ ̈𝑦 of the load resistance, respectively,
with various mass ratios 𝑎 when the load resistance 𝑅

𝐿
=

1 kΩ. A semilogarithmic coordinate is used for displaying
the difference of each power output curve more clearly in
Figure 7. As the mass ratio 𝑎 increases, the tip velocity,
the output voltage, and the output power of the PVEH all
increase, the maximum values (or peaks) of each curve can
be achieved at the corresponding resonant conditions, and
the peaks of the curves shift to the left with increasing mass
ratio 𝑎. Therefore, the resonance frequency of the PVEH can
be decreased by increasing the mass ratio. This conclusion is
consistent with the results shown in Figure 4.Moreover, when
the mass ratio 𝑎 = 10, the tip velocity, the output voltage,
and the output power are approximately 0.8 ((m/s)/g), 2.1
(V/g), and 4.4 (mW/g), respectively, that is, larger than the
respective values when 𝑎 = 0.The analytical results show that
a large tip mass 𝑀

𝑡
can lower the resonance frequency and

improve the output performances of, for example, tip velocity,
output voltage, and output power.

Figure 8 shows simulation curves of the output voltage
and the tip velocity of the PVEH for various values of
load resistance. The direction of increasing load resistance
is depicted by an arrow. It is clear from Figure 8(a) that the
voltage across the resistive load increases monotonically with
increasing load resistance at every excitation frequency. For
extreme values of load resistance, the frequency of the peak
voltage moves from the short-circuit resonance frequency
(for 𝑅

𝐿
→ 0) to the open-circuit resonance frequency
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Figure 4: Variation in the resonance frequency of the PVEH with
various mass ratios 𝑎.
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Figure 5: Output velocity for the PVEH with various mass ratios 𝑎
when 𝑅

𝐿
= 1 kΩ.

(for 𝑅
𝐿
→ ∞). The analytical model predicts these two

frequencies as 45.68Hz and 48.91Hz, respectively. For a
moderate load resistance, the frequency of the peak voltage
of the PVEH is between these two extreme frequencies.

Figure 8(b) shows the shift in the frequencies of peaks in
response amplitude of the tip velocity of the PVEH for various
load resistances. Variation of the tip velocity of the PVEH
with load resistance is not monotonic at each frequency. For
example, when excitation occurs at 45.68Hz, the tip velocity
decreases as the load resistance increases to a particular value.
However, it increases as the load resistance increases when
excitation occurs at 48.91Hz.

Figure 9 shows the output current and the output power
of the PVEH for various load resistances. The output current
(obtained from 𝐼 = 𝑉/𝑅

𝐿
) exhibits the opposite behavior to

the output voltage with changing load resistance, as shown in
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Figure 7: Output power for the PVEH with various mass ratios 𝑎
when 𝑅

𝐿
= 1 kΩ.

Figure 9(a). This indicates that the current flowing into the
resistive load decreases monotonically with increasing load
resistance at every excitation frequency. As can be seen from
Figure 9(b), the output power of the PVEH for various load
resistances intersects like the tip velocity (Figure 8(b)). For
a given excitation frequency, there is a particular value of
load resistance at which the maximum output power can be
realized.

The maximum output power of the PVEH can be
obtained at resonance frequency and antiresonance fre-
quency for the short-circuit condition (𝑅

𝐿
→ 0) and the

open-circuit condition (𝑅
𝐿
→ ∞), respectively. By using

(27) for the natural frequencies, the resonance frequency
and antiresonance frequency are calculated as 45.68Hz and
48.91Hz, respectively. Variation of the output voltage with

load resistance for excitation at these two frequencies is
shown in Figure 10(a). In both curves, the voltage increases
monotonically with load resistance. The output voltage for
excitation at short-circuit resonance frequency is larger than
that of the system close to the open-circuit condition. The
maximum voltage amplitude is approximately 49.5 V/g for
excitation at 45.68Hz and is approximately 129.3 V/g for
excitation at 48.91Hz. Figure 10(b) shows variation of the
output current with load resistance for excitation at these two
frequencies. The trend of output current with load resistance
is opposite to that of output voltage. The output current
decreases monotonically with increasing load resistance. The
maximum current amplitude is approximately 1.65mA/g for
excitation at 45.68Hz and is approximately 0.63mA/g for
excitation at 48.91Hz.Variation of the output powerwith load
resistance for excitation at these two frequencies is shown in
Figure 10(c). An optimum load resistance appears to cause the
output power to achieve the maximum value for each excita-
tion frequency.The optimum load resistance for excitation at
45.68Hz is approximately 30 kΩ, yielding amaximumoutput
power of approximately 21.92mW/g2, whereas the optimum
load resistance for excitation at 48.91Hz is approximately
215 kΩ, yielding a maximum output power of approximately
21.85mW/g2.

Figure 11 shows variation in the output power with exci-
tation frequencies for these two optimum load resistances.
Note that the peak power generated at the optimum load
resistance of 215 kΩ is close to that generated at the optimum
load resistance of 30 kΩ. Comparing Figure 11 with Figure 10,
we find that matching load resistances under the resonance
and antiresonance frequency conditions produces almost
the same maximum power, although they produce different
maximum output voltage and current.

5. Model Verification

The verified analytical results are compared with the research
results obtained from the ULPM, the LPM, and the CDPM
derived under the Euler-Bernoulli beam assumptions [13–15].

Using (23) and (24), the equivalent parameters of the
ILPM can be calculated as

𝛽
𝑀
= 0.2355, 𝛽

𝐾
= 2.9889. (28)

The fundamental natural frequency (or resonance frequency)
calculated with the equivalent parameters of (28) is 45.68Hz,
where the error in predicting the fundamental natural fre-
quency of the PVEH is approximately 0.044% relative to the
CDPMmodel fundamental natural frequency.

Table 3 lists the resonance frequency and the antires-
onance frequency calculated by the LPM, the ULPM, the
CDPM, and the ILPM proposed in this paper. The data in
Table 3 indicate that the numerical results of the ILPM are
in good agreement with the analytical results of the CDPM.
The results listed in Table 3 verify that prediction of the
fundamental natural frequency through the ILPM may be
improved.

Figures 12 and 13 show the results of comparison of the tip
velocity, the output voltage, and the output power obtained
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Figure 8: Output voltage (a) and tip velocity (b) of the PVEH for various values of load resistance.

30 35 40 45 50 55 60

RL = 1k
RL = 6.7k

RL = 11.8 k
RL = 22k

RL = 33k

RL = 47k
RL = 100 k
RL = 470k

Frequency (Hz)

101

100

10−1

10−2

O
ut

pu
t c

ur
re

nt
 (m

A
/g

)

f = 48.91Hz

f = 45.68Hz

RL increases

(a)

30 35 40 45 50 55 60

RL = 1k
RL = 6.8k

RL = 11.8 k
RL = 22k

RL = 33k

RL = 47k
RL = 100 k
RL = 470k

Frequency (Hz)

101

100

10−1

10−2

102

f = 48.91Hz

f = 45.68Hz

O
ut

pu
t p

ow
er

 (m
W

/g
2 )

(b)

Figure 9: Output current (a) and output power (b) of the PVEH for various values of load resistance.

from the ULPM, the LPM, the ILPM, and the CDPM under
various excitation frequencies when 𝑅

𝐿
= 1 kΩ (Figure 12)

and 𝑅
𝐿
= 470 kΩ (Figure 13). Because the ULPM does not

take into account the coupling effects of the PZTs, it can be
used to predict only the tip velocity of the PVEH, and the
output voltage and output power of the PVEH cannot be
predicted.

As can be seen from the results in these figures, the tip
velocity, the output voltage, and the output power of the ILPM
are in perfect agreement with the results obtained from the
LPM and the CDPM.This clearly indicates the validity of the
proposed ILPM.

In addition, when the resistive load is increased to 470 kΩ
(Figure 13), the resonance frequency shifts from 45.68 to
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Figure 10: Variations in output voltage, output current, and output power of PVEH with load resistance at the resonance and antiresonance
frequencies: (a) voltage, (b) current, and (c) power.
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Figure 12: Comparison of analytical results of LPM, CDPM, ULPM, and ILPM when 𝑅
𝐿
= 1 kΩ: (a) tip velocity, (b) output voltage, and (c)

output power.

48.91Hz, which is approximately 3.22Hz higher than the
resonance frequency for 1 kΩ (Figure 12). Variations in the
resonance frequency with changing load resistance, and the
amplitude-wise results, are successfully predicted by the
ILPM.

6. Conclusions

We have proposed an ILPM of the PVEH that takes into
account dynamic mode and accurate strain distribution. The
results obtained from the ILPM were in good agreement
with those from the LPM and the CDPM. The proposed

ILPM successfully predicted the amplitude-wise results and
the variations in resonance frequency with changing load
resistance.

The results demonstrate the feasibility of the proposed
ILPMas a simple and effectivemeans of predicting the output
performances of the PVEH. Currently, the ILPM is taken to
be identical to the first natural frequency of the CDPM, and
the ILPM is extended to harvesters that rely on operating can-
tilevered beams under a clamped-free boundary condition.
Further work is in progress to reduce the error of the ILPM
at higher frequencies and to explain the effect of various
boundary conditions on output performances of the PVEH.
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Figure 13: Comparison of analytical results of LPM, CDPM, ULPM, and ILPM when 𝑅
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