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Evaluation of Equivalent 
Spring Stiffness for Use in a 
Pseudo-Rigid-Body Model 
of Large-Deflection 
Compliant Mechanisms 
Compliant mechanisms gain some or all of their mobility from the flexibility of their 
members rather than from rigid-body joints only. More efficient and usable analysis 
and design techniques are needed before the advantages of compliant mechanisms 
can be fully utilized. In an earlier work, a pseudo-rigid-body model concept, corre
sponding to an end-loaded geometrically nonlinear, large-deflection beam, was devel
oped to help fulfill this need. In this paper, the pseudo-rigid-body equivalent spring 
stiffness is investigated and new modeling equations are proposed. The result is a 
simplified method of modeling the force/deflection relationships of large-deflection 
members in compliant mechanisms. The resulting models are valuable in the visualiza
tion of the motion of large-deflection systems, as well as the quick and efficient 
evaluation and optimization of compliant mechanism designs. 

Introduction 
Compliant or flexible-link mechanisms gain some or all of 

their motion from the relative flexibility of their members rather 
than from rigid-body joints only. Compliant mechanisms have 
many potential advantages (Sevak and McLaman, 1974; Sala-
mon, 1989), e.g. reduction of the number of individual parts 
required, reduced weight, wear, backlash, noise, need for lubri
cation, and manufacturing and assembly cost and time. These 
advantages are seldom exploited, however, because of the com
plicated analysis involved in their design. The effect of energy 
storage in the flexible members on one hand, and nonhnearities 
introduced due to large elastic and rigid-body displacements of 
the mechanism members on the other, are major sources of 
these difficulties. Simple examples of compliant mechanisms 
are shown in Fig. 1. If not for the motion permitted by compli
ance in these mechanisms, each would be a structure with no 
mobility whatsoever. 

There are several methods available that take into account 
the nonhnearities introduced by large deflections. A classical 
method, which yields a closed-form solution, involves the solu
tion of a second-order, nonUnear differential equation using 
elliptic integrals (e.g., Bisshopp and Drucker, 1945; Frisch-
Fay, 1962). The advantage of this solution technique is that it 
provides closed-form solutions. The disadvantage is that the 
derivations are cumbersome and solutions exist for only rela
tively simple geometries and loadings. Numerical methods, such 
as the finite element method, are capable of solving much more 
general problems (e.g., Yang, 1973; Bathe and Bolourch, 1979; 
Her, 1986). These methods are particularly useful when an 
initial design has been chosen, and geometry and loads are 
available as input to the algorithms. There is a need, however, 
for efficient methods which would help in arriving at these 
initial designs. One method is to develop an equivalent, pseudo-
rigid-body model for a compliant mechanism, and use this 
model and knowledge of rigid-body kinematics to design the 
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mechanism to fulfill given design requirements (Salamon, 
1989). Bums (1964) and Burns and Crossley (1968) used such 
a method to approximate the kinematics of flexible-link mecha
nisms by assuming that large-deflection members transverse a 
path with a radius of 5/6 the member length. A pseudo-rigid-
body mechanism may also model flexible members as discrete 
springs attached to rigid links. Howell and Midha (1994a) used 
such a technique to analyze compliant mechanisms with small-
length flexural pivots. Since the flexural pivots considered are 
small in length compared to the more rigid sections, the mecha
nism members are essentially modeled as rigid with joints at 
the center of the flexural pivots. This method is not valid when 
the length of the flexural pivots is not small compared to the 
rigid sections. Therefore, a need exists for the development of 
a general method for synthesis of compliant mechanisms. 

In an earher paper, Howefl and Midha (1995) developed a 
pseudo-rigid-body model for an initially straight, inextensible 
cantilever beam with constant cross section and linear material 
properties. In this work, the equivalent pseudo-rigid-body spring 
stiffness is studied and an alternative modeling method is pre
sented and illustrated. The resulting model is useful in design, 
where many design trials are often analyzed to obtain an accept
able or optimal design. It is also useful in visualizing and pre
dicting the behavior of large-deflection members. 

Parametric Approximations 

The concept of a pseudo-rigid-body model of a flexible mem
ber was presented in a recent paper (Howell and Midha, 1995), 
and has been shown to be a valuable tool in the analysis and 
design of compliant mechanisms. Figure 2 shows a single canti-
levered, flexible member. Fig. 2(a) and its pseudo-rigid-body 
counterpart, Fig. 2{b). The model consists of two rigid links, 
connected by a "characteristic pivot" to represent the motion, 
and a nonlinear spring to model the beam stiffness or resistance 
to the applied force. This model predicts the deflection path of 
the beam end for a given end load, to within 0.5 percent of the 
closed-form elliptic integral solution for quite large deflections. 

The method used to obtain an appropriate pseudo-rigid-body 
model for a given end load (Howell and Midha, 1995) begins 
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% = CfQ (6) 

rigid 

(a) 

The load-deflection relationships have also been expressed 
as curve fit equations. These may be summarized (Howell and 
Midha, 1995) as: 

for 0.0 s w s 2.0 

a^ = 3.080761G - 1.19726962 - 1.3241630n 

+ 2.6426650' - 0.702815e'n -I- O.56O2220n' 

- 1.61573803« + 0.44769803/1^ r^ = 0.99560 

for -1 .5 < w s 0.0 (7) 

a" = 3.8748480 - 4.5612880' - 1.2448450W 

+ 5.9306290' + 12.13184902/1 - O.2512140/j2 

- 15.2888590'/! + 22.4322800'/z'; r^ = 0.99728 (8) 

where a^ = Pl^lEl and P is the component of the applied end 
force F in the vertical direction, and the correlation coefficient 
is given by r. 

The limits of the above parametric equations may be ex
pressed as 

(b) 

Fig. 1 Examples of compliant mechanisms 
< « 0.85 tan" 

1 

or (Norton, 1991) 

-5.0 <n< 10.0 (9) 

by finding the optimal location of the characteristic pivot, Fig. 
2{b). A one-dimensional optimization routine is used to find 
the pivot location for which the resulting model will approxi
mate the closed-form elliptic integral solution (deflection path) 
the farthest without exceeding a predetermined maximum error. 
The location of the pivot is expressed in terms of the ' 'character
istic radius factor," y, which represents the fraction of the beam 
length at which the pivot is located. Once y is determined, the 
deflection path may be parameterized in terms of 0 , the 
"pseudo-rigid-body angle." Expressing the horizontal coordi
nate of the beam end as a, and the vertical coordinate as b, the 
parameterized deflection equations may be expressed as 

- = 1 •y(l - cos 0 ) 

= 7 sin 0 

(1) 

(2) 

Considering combined end forces only, y may be determined 
from the following equations (Howell and Midha, 1995): 

y = 0.841655 - 0.0067807/1 -I- 0.000438004/1^; 

0.5 < /J < 10.0 (3) 

y = 0.852144 - 0.0182867/z; -1.8316 < n < Q.5 (4) 

y = 0.912364 + 0.0145928/i; -5 .0 < n< -1.8316 (5) 

where n is the ratio of the horizontal force to the vertical force 
component, i.e., n = (horizontal force)/(vertical force), and n 
> 0 represents a horizontal force that initially causes compres
sion. A simple rule-of-thumb for y for use in rough calculations 
is r = 0.85. 

The true beam end angular deflection, Qa, may be expressed 
in terms of 0 by means of a simple linear curve fit as 

y ' 
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a, /-5x • • — 5 x 
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Fig. 2 (a) An end-force-loaded flexible cantilever segment and (b) its 
pseudo-rigid-body model 
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e<e„ 0.7 tan"' — -5.0 <n < 10.0 (10) 
Table 1 Stiffness coefficients for various end ioadlngs 

Stiffness Coeffiicieiit 

Further insight into the pseudo-rigid-body model 
fication may be gained by investigating the stiffness 
tics of its equivalent torsional spring (Norton, 1991 
the pseudo-rigid-body model of a beam shown in 
It is reasonable to examine separately the effects 
components F, and F„, tangential and normal to 
point A, respectively. The transverse (or tangential) 
of the load can be nondimensionalized as follows: 

Fl^ 
(a'), = 

EI 

and simpli-
characteris-
). Consider 
Fig. lib). 

of the load 
the path of 
component 

(11) 

where 

F, = Fsin(<^ - 6 ) (12) 

where (j) is the angle of the applied force, as shown in Fig. 2. 
Figure 3 shows a plot of the nondimensionalized transverse load 
index, (a^),, versus the pseudo-rigid-body angle, 0 , for n = 0. 
The pseudo-rigid-body angle is calculated from 

e = tan' 
1(1 - r ) 

(13) 

It is interesting to note that a linear approximation of these 
relationships is accurate for a large range of the pseudo-rigid-
body angle; the linear force-deflection relationship may be writ
ten as 

(a^), = KeO (14) 

where KQ will be referred to as the "stiffness coefficient" and 
can be best determined by a curve fit procedure. Therefore, the 
torsional spring in Fig. 2 has a constant stiffness for a given 
value of n. The relationship in Eq. (14) is very simple; however, 
it may not be accurate for the entire range of the kinematic 
model and the limits must be specified. 

(aM, 
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Fig. 3 Tangentiai force versus deflection 
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n 
-5.0 
-4.5 
-4.0 
-3.5 
-3.0 
-2.5 
-2.0 
-1.5 
-1.0 
-.5 
.0 
.5 
1.0 
1.5 
2.0 
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 
5.5 
6.0 
6.5 
7.0 
7.5 
8.0 
8.5 
9.0 
9.5 
10.0 

<t> 
degrees 
11.3 
12.5 
14.0 
15.9 
18.4 
21.8 
26.6 
33.7 
45.0 
63.4 
90.0 
116.6 
135.0 
146.3 
153.4 
158.2 
161.6 
164.1 
166.0 
167,5 
168.7 
169.7 
170.5 
171.3 
171.9 
172.4 
172.9 
173.3 
173.7 
174.0 
174.3 

^e 
2.49874 
2.54238 
2.58991 
2.64016 
2.68893 
2.74924 
2.80162 
2.78081 
2.72816 
2.69320 
2.67617 
2.63744 
2.61259 
2.59289 
2.59707 
2.56969 
2.56737 
2.56579 
2.56506 
2.56198 
2.56251 
2.56053 
2.56202 
2.56091 
2.56020 
2.55984 
2.56287 
2.56318 
2.56381 
2.56474 
2.56597 

r̂  
.99978 
.99993 
.99996 
.99984 
.99949 
.99885 
.99810 
.99838 
.99891 
.99893 
.99835 
.99842 
.99845 
.99875 
.99847 
.99903 
.99899 
.99895 
.99891 
.99894 
.99889 
.99891 
.99886 
.99887 
.99888 
.99889 
.99881 
.99881 
.99881 
.99879 
.99878 

®max/<P 
.70 
.70 
.70 
.70 
.70 
.70 
.70 
.70 
.70 
.70 
.65 
.55 
.50 
.45 
.45 
.40 
.40 
.40 
.40 
.40 
.40 
.40 
.40 
.40 
.40 
.40 
,40 
.40 
.40 
.40 
.40 

^m(ac 
degrees 
7.9 
8.8 
9.8 
11.2 
12.9 
15.3 
18.6 
23.6 
31.5 
AAA 
58.5 
64.1 
67.5 
65.8 
69.0 
63.3 
64.6 
65.6 
66.4 
67.0 
67.5 
67.9 
68.2 
68.5 
68.7 
69.0 
69.1 
69.3 
69.5 
69.6 
69.7 

Values for the stiffness coefficient for several values of 
n are given in Table 1. These values were determined using 
data points at every degree of the pseudo-rigid-body angle 
for a given value of n. The correlation coefficient squared, 
r^, is listed for each of the stiffness coefficients. The corre
lation coefficient can range from a value of zero, implying 
that there is no correlation between the curve fit and the 
actual relationship, to a value of one, indicating a perfect 
correlation. The correlation coefficient is generally assumed 
to be a good indicator of a curve fit if the number of data 
points is much greater than the order of the polynomial. 

Limits for the approximation are shown (Table 1) as a 
ratio of the maximum pseudo-rigid-body angle, G^ax. to the 
angle of the force, 0 , where G âx is defined in Eq. (10) . 
The linear approximation of Eq. (14) is not accurate for the 
full range of the kinematic model, as given by Eq. (10) , 
when compressive loads (« > 0) are considered. However, 
this linearization is accurate enough over a large portion of 
the possible range of the pseudo-rigid-body angle, G. 

The stiffness coefficient KQ is plotted as a function of n 
in Fig, 4. Polynomial curve fits relating the stiffness coeffi
cient and the ratio of axial to transverse load are derived as 
follows: 

Ko = 3,024112 + 0,121290« + 0.003169«^ 

- 5 < « < -2 .5 (15) 
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Fig. 4 Stiffness coefficient versus n 

Ke = 1.967647 - 2.616021n - 3.738166n̂  

- 2.649437«' - 0.891906n'' - 0.113063n'; 

-2.5 < n s -1 (16) 

Ke = 2.654855 - 0.509896 X 10"'« + 0.126749 X IQ-'w' 

- 0.142039 X lO^^n' - 0.584525 X lO'̂ n"; 

-1 < K s 10 (17) 

The correlation coefficients squared squared, r^, for the above 
equations are 0.99939, 0.97786, and 0.99341, respectively. The 
curve fit relations given in Eqs. (15) to (17) are shown in 
Fig. 4. 

The results in Table 1 reveal that the value of KQ varies by 
only 0.3 between its lowest and highest values for the range of 
loading shown. Because of this, an approximation of a constant 
Ke may be made for use in rough calculations. This may be 
done by calculating the average ^ e as 

Ke = 

r"3 
Kedn 

r (18) 
dn 

For the load angle range 11.3° < 4> < 174.3°, or -5 .0 < n < 
10.0, Ke is approximated using Eqs. (15) to (18), resulting in 
Ke^^^ = 2.61. Considering loads only in the most common range 
of 45° <4)< 135°, or -0 .5 <n< 1.0, results in Ke = 2.65. 

Example 
Consider the compliant mechanism shown in Fig. 5(a) . This 

one link mechanism is comprised of a simple fixed-pinned flex
ible segment, a simple fixed-fixed segment of the type described 
in Howell et a l , 1994, a rigid segment, and ground (see Midha 
et al., 1994, for nomenclature). The flexible segments are made 
of spring steel with a modulus of elasticity, E, of 207 X 10' 
Pa, have a length, /, of 20 cm, a width, w, of 2.05 cm and a 
thickness, t, of 0.03 cm. The rigid segment also has a length, 
/,, of 20 cm. The concepts described above are used to determine 
the deflection path of the rigid coupler and the horizontal force, 
P, required to obtain this motion. 

The pseudo-rigid-body model for the mechanism is shown 
in Fig. 5(b) (Howell et al., 1994). The system is such that, for 
each segment, the changing reaction forces due to ground and 
the coupler yield a different value of n at each mechanism 
position. This variation of n through the motion causes changes 
in the location of the characteristic pivot and the stiffness coef
ficient. These changes may be accounted for in one of two 
ways. The simplest method is to use the averages of the charac
teristic radius factor, y, and the stiffness coefficient, ^ e , as 
constant values. Since the values of y and Ke experience rela
tively small variations, their values are taken as y = 0.85, and 
^ e = 2.61. The value of the stiffness coefficient for the simple 
fixed-fixed segment is 2Ke, as described in Howell et al. 
(1994). This method is used in the example at hand to illustrate 
the accuracy and usefulness of even this simplified model. 

The second, more accurate method requires updating the 
changing values of y and ^e at every increment of motion 
using Eqs. (3) to (5) , and (15) to (17). The changing values 
for y results in varying link lengths in the pseudo-rigid-body 
model and the kinematic equations for a general four-bar link
age are required. 

Assuming a constant value for y results in a pseudo-rigid-
body model that is a parallelogram mechanism, i.e., the rigid 
coupler remains horizontal. The displacement and required 
force are calculated by imposing an initial displacement on a 
link, calculating the resulting mechanism motion, and determin
ing the reaction forces. The values of n for each segment are 
then updated and the mechanism is incremented to the next 
displacement. 

The force-deflection relationship for the mechanism may be 
determined in one of several ways. It is possible to make a free 

ri 
r 

A '' \ . .. 
^ ngid segment 

^̂ ^ simple ftxed-pinned segment 

simple fixed-fixed segment ^^^ 

^ //// 

B 

//•/ 
/////// 

(a) 

(b) 

Fig. 5 (a) An example compliant mechanism and (b) its pseudo-rigid-
body model 
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body diagram of each link of the pseudo-rigid-body model and 
solve for the unknown forces. An alternative method is the use 
of the principle of virtual work. In this method only the forces 
that do work are considered in the analysis. Howell and Midha 
(1994b) used this method to derive equations for a general 
pseudo-rigid-body four-bar mechanism. Using these equations, 
the force-deflection relationship is expressed as: 

P = 
SKQEI Q 

f cos 0 
(19) 

The path of the rigid segment in Fig. 5(a) is determined by 
Eqs. (1) and (2) and is shown plotted in Fig. 6. The results are 
compared to those obtained by a commercial finite element code 
(ANSYS) capable of large-deflection analysis. Twenty beam 
elements were used to model each flexural segment. The re
quired horizontal force, P, versus horizontal deflection. A,, is 
shown plotted in Fig. 7. These results are also compared to 
those obtained from the finite element solution. The results 
compare favorably, even for deflections out of the range recom
mended for Ke in Table 1. 

The simplified model of a parallel motion mechanism and 
using constant values of y and Ke resulted in a close approxima
tion to the much more involved finite element solution. The 
accuracy of the approximation could be improved even further 
by allowing the values of y and Ke to change throughout the 
mechanism motion, combined with the kinematic equations of 
a four-bar mechanism with arbitrary link lengths. These simpli
fied models prove useful in visualizing the motion of large-
deflection systems and predicting their behavior. They are also 

_i 1 ^ ^ 1 p 
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0 11.0 

Fig. 7 Load versus deflection plot of compliant parallel motion mecha
nisms 

valuable in the initial design phase, allowing many different 
designs to be investigated and optimized quickly and efficiently. 

/////// 

(a) 

A, 
(cm) 

0-

-1 -

-2-1 

-3 

- 4 -

pseudo-rigid-body model 

finite element analysis (point A) 

finite element analysis (point B) 

1 
6 

A, (cm) 

10 11 12 

(b) 

Fig. 6 (a) The displaced compliant parallel motion mechanism, and (b) 
the deflection path of the rigid-body segment 

Conclusion 
The geometric nonlinearities involved in compliant mech

anism analysis complicate the design of such mechanisms. 
Before the advantages of compliant mechanisms are fully 
utilized, more usable and reliable analysis techniques must 
be made available. With this goal in mind, the pseudo-rigid-
body model has been developed to simplify the analysis 
of compliant mechanisms. The pseudo-rigid-body model is 
facilitated by modeling flexible members as rigid links 
joined at a characteristic pivot to adjoining links, and then 
using a standard rigid-body kinematic analysis method to 
analyze the compliant mechanism. This paper extends an 
earlier work, wherein a pseudo-rigid-body model is devel
oped for an initially straight, end-force loaded cantilever 
member, to now include simplified approximations for the 
force-deflection characteristics by means of the stiffness co
efficient. An example mechanism was also analyzed to illus
trate the application of the concepts introduced herein to 
compliant mechanism analysis. The resulting models are 
useful in visualizing the motion of large-deflection mem
bers, and in the quick and efficient evaluation and optimiza
tion of compliant mechanisms. 
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