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This paper reports on a research program of modeling multi-phase granular flow. B
single-phase granular flow and two-phase liquid/granular flow in a pressure vessel
considered. For the latter case, detailed results based on a viscous/Mohr-Coulomb
sure were compared to existing formulations. Idealized test cases indicated that th
merical procedure is sound. Subsequent simulations of two-phase flow using re
geometries and boundary conditions showed that the pressure distribution in the
phase is fundamentally different for the Mohr-Coulomb system than for the conven
system. The effect of the angle of internal friction, geometry, and other paramete
discussed.@S0094-9930~00!01204-X#
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Introduction
Flow of granular materials within a viscous fluid is a subje

with many important applications in various industries. Figure
illustrates an experimental reactor-vessel used to process w
chips into pulp. Solid chips and liquid material are introduced
the top, and removed at the bottom of the pressure vessel. T
are four main regions: An impregnation zone, followed by~from
top-to-bottom! heating, cooking, and washing zones. The unc
solidated porous matrix of solid particles is saturated with f
liquid in the upper impregnation zone. The chips are then brou
to the required cooking temperature in the heating zone. Chem
delignification of the wood fibers occurs in the cooking sta
while the chips are cooled and washed in the lower zone. Ad
tional liquid, necessary for cooking, is introduced at three lo
tions in the apparatus; spent fluid being extracted at two set
screens in the outer wall. Smooth flow of the granular mate
within the vessel, under the action of gravity and fluid drag,
critical to the successful operation of the apparatus, especial
the washing zone, where a counterflow regime exists. Hangin
the chip column, or plugging of the extraction screens could l
to time-consuming and expensive downtime.

In view of the elevated pressures and temperatures, causti
vironment, and complex nature of the flow, performing even
simplest experiments is difficult or impossible. Under these
cumstances, computational fluid dynamics~CFD! can convey im-
portant information to the manufacturer and operator of the eq
ment. Chemical kinetics, heat, and mass transfer are consid
beyond the scope of this paper, which is concerned only with
mechanics of the solid and liquid phases, knowledge of whic
of paramount importance to the operator.

Härkönen@1,2# was among the first to attempt numerical mo
eling of such a system. He considered two-dimensional~2-D!
steady-state flow within the axisymmetric reactor illustrated
Fig. 1. Fluid flow within the isotropic porous media was describ
by the Ergun-modified form of Darcy’s law Scheidegger@3#.
Terms due to confining and pore pressure, as well as Darcy
tion and gravity, were constructed in a force balance. Ha¨rkönen’s
scheme involved the solution for a harmonic potential satisfy
continuity, followed by the iterative solution for the solid be
~intergranular! pressure, volume fraction, phase velocities, a
Darcian interphase slip coefficient. Ha¨rkönen’s method was base

Contributed by the Pressure Vessels and Piping Division and presented a
Pressure Vessels and Piping Conference, Boston, Massachusetts, August 1–5
of THE AMERICAN SOCIETY OFMECHANICAL ENGINEERS. Manuscript received by
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nical Editor: S. Y. Zamrik.
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on the notion that a solid pressure,P, distinct from the fluid pres-
sure,p, was present; no shear forces were permitted, howe
within the granular material, other than at the wall, i.e., the b
material was treated as an inviscid fluid. The scheme has for
the basis for subsequent calculations, e.g., Michelsen and Fos@4#,
who considered transient one-dimensional~1-D! two-phase flow
in an industrial digester, and treated and solid material as a N
tonian fluid with a kinematic viscosity of 1023 (m2/s). Chip and
liquid heights were allowed to vary; however, radial momentu
was presumed insignificant in comparison to axial momentu
Saltin @5# also considered a 1-D flow model. The Ha¨rkönen
scheme suffers from a number of restrictions:~i! The method is
based on a static balance, i.e., creeping flow and inertial terms
excluded.~ii ! Because a scalar potential is employed, bound

t the
1999,

ech-
Fig. 1 Schematic of the reactor vessel used in the study
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layer effects@3# cannot be accounted for.~iii ! The rheology of the
chip column is idealized.~iv! The algorithm employed is highly
specialized.

The goals of this study are to:~a! develop a model of 2-D
single and two-phase granular flow with standard CFD meth
and codes;~b! validate the method against previous numeri
work; ~c! introduce a more realistic rheology, which includes t
frictional behavior of the solid phase;~d! conduct parametric stud
ies to ascertain the effects of the frictional properties of the s
phase on the flow.

Rheology of the Solid Phase. Flowing granular materials are
known to behave differently from viscous fluids. The significa
feature is that the shear stresses are proportional to the no
stresses. Such frictional properties give rise to one of the w
known observations concerning pressure distribution in b
Brown and Richards@6# considered the equilibrium of vertica
forces on a section of the granular material to show that the p
sure on the walls of a bin increase linearly with depth, only n
the top~Janssen’s equation!. The resulting vertical distribution o
the pressure follows an exponential profile, tending to a cons
maximum value that does not increase with further increase
depth. Granular materials are commonly described by a Mo
Coulomb criterion as follows:

t5c1s sinf (1)

wheret ands are the shear and normal stress on the failure pla
c is the cohesion term, andf is the angle of internal friction. The
angle, f, is approximately equal to the angle of repose of t
granular material. For 2-D Cartesian coordinates, the stress
tions are

s1152P~11sinf cos 2c! (2)

s2252P~12sinf cos 2c! (3)

t1252P sinf sin 2c (4)

where s11,s22,t12 are the normal and shear stresses,c is the
angle between the major principal stresss1 and thex1-axis, and
the solid pressure,P, is,

P52S s I1s II

2 D (5)

At low rates of deformation, it is usually assumed that granu
material can be modeled as a plastic continuum, and the M
Coulomb criterion is used to represent the frictional behav
Drucker and Prager@7#. There have since been a large amount
related investigations. Most of the relevant results may be fo
in soil mechanics textbooks, e.g., Scott@8#. At high rates of de-
formation, flowing granular materials exhibit a behavior that
somewhat different. Particle-particle collisions give rise
stresses that depend on the magnitude of the rate of deforma
i.e., of a turbulent nature. Savage@9# gives a review of that be-
havior. There is no indication that the present problem requ
the latter; consequently, we incorporate the frictional behavio
the solid phase by employing a plasticity approach represen
the slow deformation regime. The impact on performance of us
models for the high rate regime is left for future investigation
Such work may also consider the theory of Savage@10#, which
incorporates particle fluctuations in a plasticity framework.

Governing Equations
Two distinct classes of problem are considered in the pre

work. ~i! The motion of incompressible bulk granular materi
Interstitial fluid effects are assumed negligible. The objective is
verify that the present numerical scheme can deal with pla
rheology.~ii ! The simultaneous motion of both granular and
terstitial viscous fluid phases, and the coupling between th
This case is considered in order to examine flow conditions in
industrial pressure vessel.
Journal of Pressure Vessel Technology
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Incompressible Single-Phase Granular Flow. The continu-
ity and momentum equations of the bulk granular material may
written as follows:

“•~ru!50 (6)

“•~ru;u!5rg1“•s% (7)

whereu is the velocity,r is an effective density,g is the accel-
eration due to gravity, ands% is the stress tensor. Tensile norm
stresses are considered positive in Eqs.~6! and ~7!. The relation-
ship between the stress and the rate of deformation may be
pressed as1

s i j 52Pd i j 12hdi j (8)

wheredi j 51/2(ui 8 j1uj 8 i) are the components of the rate of d
formation,P is the pressure, see Eq.~5!, andh is a solid phase
shear viscosity. Bulk viscosity is considered negligible in Eq.~8!.
The Mohr-Coulomb criterion and associated flow rule are int
duced into the flow algorithm by giving the shear viscosity,h, the
following value:

h5
P sinf

D
(9)

The rate of deformation,D, is given by

D5max~ udI2dIIu,d0! (10)

wheredI anddII are principle values of the deformation gradie
tensor, andd0 is a threshold rate of deformation. For large rates
deformation,D.d0 , the rheology is plastic, with stresses ind
pendent of the magnitude of the rate of deformation compone
For D<d0 , the shear viscosity is constant, and the deformatio
viscous. Thus, the present model employs a viscous-plastic
mulation to approximate rigid-plastic conditions. The thresho
rate of deformation,d0 , is assigned a very small value in order
maintain a predominantly plastic deformation. Equations~6! to
~10!, together with the appropriate boundary conditions, are s
ficient to determine the velocities and components of the st
tensor.

Compressible Two-Phase FluidÕGranular Flow. For this
type of analysis, we add the equations of motion of the flu
phase, terms describing the coupling between solid and fl
phases, and an equation-of-state for the solid phase~needed to
model the bulk compressibility of the granular material!. The con-
tinuity and momentum equations for the fluid phase are

“•~r fr fuf !50 (11)

“•~r fr fuf ;uf !5r fr fg2r f“p1“•~“r fmuf !1k8~uf2us!
(12)

where r f is the fluid volume fraction, 0<r f<1, r f and uf are
liquid velocity and density, respectively,m is the fluid viscosity,
and p is a fluid or pore pressure. The interphase slip coefficie
k8, is given by

k85r f

m

k
1r f r f

2buuf2usu (13)

wherek is permeability, andb is Forchheimer’s constant@3#. For
the solid phase, i.e., the bulk granular material

“•~r srsus!50 (14)

“•~r srsus ;us!5r srsg2r s“p1“•~r ss% !1k8~us2uf ! (15)

wherer s512r f is the solid volume fraction andrs andus refer
to the solid phase. The components of the solid phase stress te

1Cartesian tensor notation is adopted for reasons of brevity. The vector form
Cartesian and polar coordinates may easily be derived.
NOVEMBER 2000, Vol. 122 Õ 463
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s% are given in Eq.~8!. For compressible flow, the solid~granular!
pressure,P, is related to the volume fraction according to a
equation-of-state, or compressibility equation

r s5A1BPm (16)

for P>0. The fluid pressure,p, is solved for, but the solid pres
sure,P, is obtained algebraically, by inversion of Eq.~16! as

P5
104

0.83120.139 lnk
~r s20.356!1.695 (17)

from Härkönen @2#, with a constant value ofk5195, Michelsen
and Foss@4#, and r s.0.356. The reader will note that while th
fluid pressure,p, acts on both fluid and solid, the solid pressure,P,
has no effect upon the fluid. Thus,p is sometimes referred to as
‘‘shared’’ pressure.

Both incompressible single-phase granular flow, and compr
ible two-phase fluid/granular flow were considered in this stu
For the former case a finite-volume method based on the SIMP
~sIemi-iImplicit mI ethod for pIressure lIinked eIquations! algorithm,
Patankar@11#, may be employed. For the latter case, an IP
~iInterpIhase sIlip aIlgorithm!, Spalding @12#, was used. The
research-oriented CFD code PHOENICS, was modified to c
pute~a! h according to Eq.~9! ~all cases!, ~b! k8 according to Eq.
~13! ~two-phase cases! andP according to Eq.~17! ~compressible
cases!, at the end of each ‘‘sweep’’ or iterative cycle, and~c!
boundary conditions, as described in the forthcoming paragra

Boundary and Initial Conditions. Treatment of a granula
flow at a wall is as follows. The shear stress on the wall is
sumed to be

tw5
P sinfw

D

]u

]n
(18)

where]u/]n is the velocity gradient,fw is the angle of friction
between material and wall, 0<fw<f, andD is computed with
Eq. ~10!. By changingfw , the wall shear stress may thus b
varied from no slip to pure slip.

The liquid flow is dominated by gravity and Darcy~inter-phase!
friction, in the inertial regime, so wall effects were not consider
Other boundary prescriptions are straightforward; both fixed m
and momentum sources, and fixed pressure-type boundary c
tions were imposed at inlets and exits, as appropriate. For t
phase flow, solid and liquid were presumed to enter with no ini
inter-phase slip.

Test Cases. The following three cases were examined: 1! in-
compressible single-phase granular flow in a vertical channe!
two-phase viscous/viscous liquid/solid flow, 3! two-phase
viscous/Mohr-Coulomb flow. Case 1 was considered in orde
demonstrate the accuracy of the model, and to help clarify
results for cases 2 and 3, which involved a problem with pract
industrial applications. In case 1, both frictional and frictionle
granular flow are considered and compared. The effect of
angle of internal friction, and of the channel width,D, on the solid
flow regime is analyzed. Cases 2 and 3 are both concerned
the apparatus of Fig. 1. Boundary conditions and property va
are indicated in Fig. 1 and Table 1. These correspond to va
given in Härkönen @1,2#. For case 2, the intergranular friction i
the solid phase is presumed to be viscous, consistent with M
elsen@4#, with a shear viscosity,h, corresponding to a constan
kinematic viscosity of 1023 m2/s. For case 3, the solid-phas
rheology is extended to include friction using a Mohr-Coulom
plastic yield criterion.

Results and Discussion

Incompressible Single-Phase Granular Flow. Figures 2–5
show the results for gravity-driven single-phase incompress
granular flow in a straight vertical channel, Eqs.~6!–~10!. The
464 Õ Vol. 122, NOVEMBER 2000
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channel is open at both top and bottom. No-slip boundary con
tions are imposed. The out flow is fixed corresponding to a b
velocity of 1 mm/s andr51132.4 kg/m3, while the pressure,P, is
set to zero, at the top of the channel.

Figure 2 shows velocity vectors in the channel. The flow
predominantly in the vertical direction. Note the formation
shear layers near the channel walls, as observed in the experim
tal work of Savage@9#, who also noted that the pluglike velocity
profile in the central region of the vertical channel. Figure 3 is

Fig. 2 Velocity vectors for frictional granular flow, DÕH
Ä2:12, fÄ20 deg

Table 1 Boundary conditions and properties for solid and
fluid phases for the problem of Fig. 3
Transactions of the ASME
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detail of the fully developedn-velocity profile. Results for both
frictional, f520 deg, and frictionlessf50 deg, granular mate
rial are shown. For the frictionless case, a flat profile is obser
across the entire cross section of the channel, corresponding
slip boundary condition velocity at the wall: Sincehw5h50 in
Eqs.~9! and~18!, there is no shear force between the particles a
the wall ~or each other!, and therefore no mechanism for the pr
duction of friction/shear.

Figures 4 and 5 show profiles of pressure, Eq.~5!, versus chan-
nel depth at the centerline. In Fig. 4, the aspect ratioD/H is
varied, with H512 m, andf530 deg. It can be seen that th
pressure,P, increases with depth,y, near the top of the channe
then reaches a maximum which is proportional to the width,D.

Fig. 3 Fully developed velocity profiles for frictionless and
frictional granular flow in a channel

Fig. 4 Effect of aspect ratio on pressure, P „Pa…, for incom-
pressible single-phase flow, fÄfwÄ30 deg

Fig. 5 Pressure, P „Pa…, as a function of depth DÕHÄ2:12.
Various angles of internal friction, f „deg ….
Journal of Pressure Vessel Technology
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This class of pressure distribution is always observed for gran
materials@6,13#. It differs from that observed in fluids, where th
hydrostatic pressure increases linearly with depth, and is inde
dent of the channel width.

In Fig. 5, the aspect ratioD/H is fixed at 0.167, andf is varied
in the range 0<f<45 deg withfw5f. The casef50 deg cor-
responds to a frictionless material, i.e., a perfect fluid. For t
case,P increases linearly, reaching a maximum of 1.33105 Pa at
the bottom of the channel~the hydrostatic fluid pressure, with
g59.81 m/s2!. As f increases, the distribution departs from th
for a fluid and increases asymptotically to a constant maximu
which decreases with increasing friction. The reader will note t
the local pressure distortion aty512 m, Figs. 4 and 5, is due to
the prescription of a fixed mass flux~velocity! at the exit.

The pressure distributions shown in Figs. 4 and 5 are in g
agreement with the Janssen formula@6#. A quantitative compari-
son is not meaningful, owing to numerous simplifying assum
tions inherent in that formula. The results illustrate the import
role of shear or friction.

Two-Phase ViscousÕViscous Compressible SolidÕFluid
Flow. Figures 6 and 7~a! show the results for case 2, name
viscous/viscous solid/fluid flow in the apparatus of Fig. 1, gen
ated using a grid of 723164 cells. Figure 6 shows velocity vec
tors for both liquid and solid. It can be seen that for the solid
plug-flow is apparent other than near the secondary inlets 1 an
where liquid injection entrains and disperses the solid partic
Liquid velocities are axial in the impregnation and cooking zon

Fig. 6 Velocity vectors, viscous Õviscous compressible two-
phase flow
NOVEMBER 2000, Vol. 122 Õ 465
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Fig. 7 Solid pressure, P „Pa… contours— „a… viscous fluid formulation; „b… from Hä rkö nen †1‡, with permission; „c… Mohr Õ
Coulomb formulation
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but radial in the heating and washing zones near the ou
screens, due to extraction. In the upper region, solid and liq
flow co-currently while in the lower washing zone a counterc
rent state is apparent at the wall, due to liquid injection at inle
~see Fig. 1!. The reader will note that liquid and solid phases ha
relatively similar densities. These spatial velocity distributions
in good agreement with those of Ha¨rkönen @1#.

Figure 7~a! shows contours of solid pressure,P. The reader will
note that a near linear pressure gradient is apparent in the ce
cooking zone, with somewhat larger gradients in the impregna
and washing zones. Though not readily apparent from Fig. 7~a!,
the pressure actually tends to zero in the vicinity of liquid inje
tion sites 1 and 2, in addition to the main inlet. This indicates t
there is no particle-to-particle contact there; i.e., the granular
terial is dispersed. In the impregnation zone, the compression
creases slightly towards the bottom of the equipment, wher
maximum of 33104 Pa is observed. In the washing zone the pr
sure decreases near the side walls, due to liquid recirculation
tween the injection inlet 3 and outlet 2. Liquid injection and e
6 Õ Vol. 122, NOVEMBER 2000
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traction in the heating and washing zones disperses the sol
these regions, and a reduction in solid volume fraction,r s , and
pressure,P, results.

Figure 7~b! shows the distribution of solid pressure fro
Härkönen @1#. These are similar to the present results, Fig. 7~a!.
Inspection of Fig. 7~b! reveals thatP increases from 53103 Pa at
the main inlet to 73103 Pa at the main outlet, with the sam
pressure decrease in the vicinity of the lower liquid injecti
screens, as noted in the foregoing. Some differences between
7~a! and ~b! are observed near the main inlet and the two late
heating and washing zones. This may be due to the fact that i
tial terms, considered here, were not included in the earlier wo
or because the Ha¨rkönen formulation was for an inviscid fluid
i.e., it did not contain a diffusion term within the bulk of the sol
phase.

Two-Phase ViscousÕMohr-Coulomb Compressible SolidÕ
Fluid Flow. Finally, the results of case 3 are presented. T
case corresponds to the full solution for two-phase flow, includ
Transactions of the ASME
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the Mohr/Coulomb frictional behavior of the granular materi
All other boundary conditions, transport properties etc. were id
tical to those given in case 2, above other than the solid sh
viscosity,h. The angle of internal friction,f545 deg, used in the
calculation ofh is based on an industry-accepted average val

Figure 7~c! shows the pressure,P, in the solid phase. It can b
seen thatP increases only very slightly from 53103 Pa at the top,
to 5.63103 Pa at the bottom. For Mohr-Coulomb granular flo
the pressure is independent of height, which is in accordance
observed behavior of frictional granular materials, as discusse
the foregoing. The minor increase in each of the four zones is
to the small increases in cross section. It can also be seen
while P decreases near the liquid injection inlets 1 and 2~Fig. 1!,
it does not approach zero, as in the previous case. This re
suggests that frictional shear forces reduce dispersion of the
particles by the pore fluid. Figure 8 is a comparison of solid pr
sure, P, midway across the reactor vessel, for case 2, visco
viscous solid flow, and case 3, viscous/frictional Mohr-Coulom
solid. It is apparent that the two approaches generate fundam
tally different profiles. For the viscous/viscous approach, the s
pressure increases from inlet to outlet~from 0 Pa to 1.83104 Pa!,
in a relatively linear fashion, with depth, as expected for a Ne
tonian or perfect fluid. Local extrema are associated with liq
injection. Conversely, for case 3 viscous/Mohr-Coulomb formu
tion, the pressure is relatively constant, around 5.33103 Pa,
along the length, but is sensitive to cross-sectional size.

The effect of the angle of internal friction, on the solid press
distribution, midway across the vessel, is shown in Fig. 9,
f510,20,40 deg.P is inversely proportional tof as demonstrated

Fig. 8 Solid-phase pressure, P „Pa…, for viscous and Mohr-
Coulomb formulations

Fig. 9 Effect of angle of internal friction, f „deg …, on the solid
pressure, P „Pa…
Journal of Pressure Vessel Technology
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for case~1!. For values off.20 deg, the solid pressure in th
impregnation zone is close to the inlet value of 53103 Pa. For
f510 deg, gravitational forces predominate over shear forc
and the solid material is more closely packed, leading to hig
solid pressures.

Numerical Considerations. The fluid pore pressure,p, was
chosen to test for grid independence as a solved-for variable~un-
like the solid pressureP, which is evaluated algebraically!. Figure
10 shows profiles obtained using grids consisting of 18341~1x!,
36382(2x) and 543123(3x) cells. The difference between inle
and outlet pressure is approximately 30 percent for the 18341
and 36382 grids and 3 percent for the 36382 and 543123 grid.
Results for a 723164 (4x) grid are essentially identical to thos
for the 543123 (3x) grid; i.e., a satisfactory measure of gri
independence is achieved.

An assessment of the effects of numerical diffusion has ye
be conducted for the current problem. It is true that higher-or
numerical schemes should generate more accurate solutions;
ever, it is not readily apparent whether numerical considerati
are the limiting factor in complex multiphase flows. The availab
ity of 3-D multiphase direct numerical simulations~DNS! would
be a useful tool in analyzing the combined effects of the precis
of the discretization scheme and the accuracy of the closure
sumptions.

Conclusions
A multiphase flow model for chemical process equipment h

been presented. The problem involves the simultaneous solu
for two-phase flow of frictional bulk granular material and visco
liquid. The two-phase flow is driven by gravity, and the impos
solid/fluid phase discharge at the inlets and outlets. Establis
Eulerian algorithms were modified to perform granular flow c
culations, based on the solution of systems of coupled linear
gebraic equations.

The solid phase was modeled using two different approac
In the first approach it was treated as a Newtonian fluid. T
second approach extends the model to include Mohr Coulo
viscous-plastic flow. This was achieved by introducing a sh
viscosity such that the stress tensor is independent of the ma
tude of the rate-of-deformation tensor. In fully developed regio
where velocity gradients vanish, the viscosity coefficient is ind
terminate, and the viscous-plastic threshold is reached. This, h
ever, is a reasonable rheological behavioral assumption.

Idealized test cases showed that the present numerical sch
correctly handled the viscous-plastic regime. A solution of the f
two-phase flow problem with realistic geometry and bound
conditions was then developed. The results show that the
tional properties of the solid phase play an important, previou
neglected role. The solid pressure distribution down the vess

Fig. 10 Effect of grid size
NOVEMBER 2000, Vol. 122 Õ 467
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quite different from that obtained by neglecting friction. Th
present model indicated a relatively constant pressure along
vessel walls; a result which is in agreement with numerous ob
vations of granular materials. The pressure distribution, and
deed the motion of the solid phase also appeared to be sensiti
the frictional properties of the granular material in the vicinity
fluid inlets, a situation with important ramifications to the equ
ment designer and operator.
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Nomenclature

A, B, m 5 coefficients in equation of state
b 5 Forchheimer’s constant
D 5 diameter or width
d0 5 threshold rate of deformation
di j 5 components of deformation rate tensor

dI ,dII 5 principle rates of deformation
gW 5 acceleration due to gravity
H 5 height
k 5 permeability

k8 5 interphase slip coefficient
P, p 5 solid, fluid pressure

r f , r s 5 fluid, solid volume fraction
m 5 velocity vector

u, n 5 velocity components
uf , us 5 fluid, solid phase velocity

x, y 5 displacement
D 5 rate of deformation

h, m 5 solid, fluid viscosity
k 5 Kappa
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r, r f , rs 5 density, fluid density, solid density
s 5 normal stress
s% 5 stress tensor

s11,s22,sxx ,syy5 normal components of stress tensor
s I ,s II 5 principle stresses

t 5 shear stress
t12,txy 5 shear component of stress tensor

tw 5 wall shear stress
f 5 angle of internal friction

fw 5 angle of friction with wall
c 5 angle of major principle stress

]u/]n 5 wall velocity gradient
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