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SUMMARY

The paper considers conditions sufficient for the existence of classical Cffﬁ P2 solutions to a new

model of chondrogenesis during the vertebrate limb formation. We assume that the diffusion coefficient
of the fibronectin is positive and that the function describing the interaction between the fibronectin and
cells satisfies some additional properties. Copyright © 2008 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Understanding of chondrogenesis (process of bone formation during the vertebrate limb growth)
is one of the main aims of morphogenesis models. The objective of every mathematical model
of chondrogenesis is to explain how the various interactions inside the growing limb can lead
to spatio-temporal differentiation of cartilage, such that the number of bones changes in time
from one (humerus), to two (radius and ulna) and to three, four or five digits (depending on the
species) [1]. This paper is a continuation of the analysis of the new model of the chondrogenesis
process during the development of vertebrate limb formation [2]. The first part of this analysis can
be found in [1].

In this paper we will consider the following generalized version of the system proposed in [2]:

60/6t=DCVZC—kCc—I—J(x,t) (D
OR3/0t =r3R3(R3eq — R3) + ko3 R4 2
Jcq/0t = Dy Vzca —kqCinhCq + Jal (ca, cinh) R1 + Ja(cas Cinn) R2 3)
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OCinn /0t = Dinhvzcinh —kaCinnCa +kf (ca» Cinh) R “4)
OR1 /0t =div(D1(p)VR1) —div(R1 %, Vp) +7 R (Req— R) +ka1 Ry —k12(c, ca) Ry (@)
ORy/0t = div(D2(p)VRy) —div(R2 ),V p) +1 R2(Req — R)

+kia(c,ca)R1—ka1 Ry — koo Ry (6)
OR4/0t =div(D4(p)V Ry) —div(Ra 4V p) +1Ry(Req— R) +koo Ry — ko3 Ry (7
0p/ot =eV2p+kiRi+kaRy+ksRs—kp )

where x € Q and #>0. Obviously, Q models the limb region and the effect of its growth should be
taken into account, but this process is neglected in this paper. In the above system of equations
¢ denotes the density of the FGF-factor, which suppresses the differentiation of Ry cells into R;
cells, ¢, denotes the density of the factor TGF, a diffusible activator of chondrogenesis, cjy, is the
density of the inhibitor, Ry, Rz, R4, R3 are the densities of different kinds of cells and p is the
density of fibronectin. The quantity

R=R|+Ry+Ry

denotes the density of the mobile cells and z;, j=1,2,4, are the coefficients describing specific
features of cells—fibronectin interactions [1].

The mechanisms incorporated into this model take into account classical dynamics of
morphogens and its coupling with the process of cell differentiation. Moreover, the model also
incorporates direct adhesive interactions between cells via cell adhesion molecules and between
cells and secreted substrate adhesion molecules (fibronectin). The cells—fibronectin interaction
generates a specific velocity field for the moving cells, effectively dragging them into regions of
high fibronectin density. This phenomenon is described by the convective terms div(R1y;Vp),
div(R2y,Vp) and div(R4)4Vp) in Equations (5)—(7). Such a mechanism may provide a possible
explanation of high cell concentration centers, resulting in the pattern formation of chondrogenesis.
For more detailed biological analysis of the model, see [1, 2].

A simple but very probable scenario leading to a pattern formation in a growing chicken limb,
which can be described by system (1)—(8), consists of a sequence of processes initiated by a
Turing instability of the activator—inhibitor subsystem (3)—(4) (see, e.g. [3]). It is assumed that ¢,
(activator) and cjyp (inhibitor) molecules are secreted by R; cells (i.e. cells bearing the R; receptor
for FGF) at a small rate and, if the density of the activator is not small, by R, cells (i.e. cells
bearing R; receptor for FGF) at a higher rate. The prepattern of activator concentration may be then
transferred to the subsystem describing the dynamics of moving cells by the coefficient k12 (c, ¢4).
It is known that, below a certain threshold of ¢,, ki3 is an increasing function of the activator
density ¢, with k1o max/ k21 =4 (see [2]). Moreover, R, cells differentiate irreversibly into R4 cells.
The fibronectin slows down the diffusive motion of the moving cells; hence, R, and R4 cells tend
to concentrate in the regions of larger activator density of the chemical prepattern. Finally, R4
cells differentiate irreversibly into R3 cells, which are differentiated cartilage cells. These cells
practically do not diffuse and thus their density can form steep density gradients enhancing the
final pattern of chondrogenesis [1].
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2. MAIN RESULTS

Paper [1] was mainly devoted to the analysis of the case ¢ =0 (non-diffusing fibronectin). To be
more precise, in [1] we found conditions, which guarantee global in time existence of classical
(smooth) solutions in the case £ =0, whereas the case ¢#0 was considered only marginally
(without precise proofs). This paper concentrates on the case of non-zero diffusion coefficient
of fibronectin. As it was remarked in [1], the assumption of a small diffusivity of fibronectin
cannot be by no means excluded by the biological evidence. For example, as it is noted in [4],
the domain of action of fibronectin spreads from its sites of initial deposition by conversion of
its initially compact structure to a more extended one, which may be interpreted as a result of
non-zero diffusion. The possibility of non-zero diffusivity of the fibronectin is also mentioned in
[5, pp. 819, 820]. With respect to the system considered in [1] system (1)—(8) is more general.
Thus, in this paper the diffusion coefficients of the moving cells may depend on the density of
the fibronectin, i.e. D; =D;(p), i =1,2,4. Moreover, we assign different functions y; describing
cells—fibronectin interactions to different moving cells, whereas in [1] all these functions were
equal.

Our knowledge about the cells—fibronectin interaction is only qualitative. In this paper we find
several specific cases in which there exists a global in time solution to system (1)—(8). The results
are stated in Theorems 2-5. In Theorems 2 and 3 the conditions imposed on the chemotaxis
coefficients y;, i =1, 2, 4, assume that they vanish sufficiently fast as a function of p. In Theorem 4,
this condition is replaced by the demand that k; depend on R; and the quantities k; (R;)R; are

uniformly bounded for all R; € [0, 00). We are forced to impose these kinds of conditions, to ensure

the existence of global in time solutions, which are bounded in ijﬁ 14672 spaces.

The main problem in using the standard theory of systems of parabolic equations is the effective
presence of the terms proportional to V2p in the equations for the moving cells R;, i =1,2,4. To
eliminate these terms we apply a generalization of the transformation of variables used in [1, 6, 7].
However, this transformation, when applied to the case of non-vanishing diffusion coefficient of
the fibronectin, generates certain new terms which demand additional treatment. This analysis is
the main mathematical task of this paper. We are concentrated on the case when the diffusion
coefficient is small. To be more precise, it must be smaller than the diffusion coefficient of the
mobile cells. This condition is present in point 1. of Assumptions 5 and 6.

3. BASIC ASSUMPTIONS

In what follows we consider the initial boundary value problem for system (1)—(8) in a bounded
domain Q

QCR", m>1, QeC™F, pe(,1)

We assume that all the dependent variables, except R3, satisfy the no-flux conditions on the
boundary 0Q; that is to say that the following conditions hold:

0 0 Oci OR OR OR 0
_C:()a Ca: ) Cinh :07 —1:()9 —2:07 —4:()9 _p:() (9)
on on on on on on on
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where n=n(x) is the unit outward normal to 6Q at x. The initial conditions are of the form:

c(x,0) =co(x), ca(x,0)=cq0(x), cinn(x,0)=cinno(x), Ri(x,0)=R;o(x)

(10)
Ry(x,0) = Ryo(x), Ra(x,0)=Rao(x), R3(x,0)=R30(x), p(x,0)=py(x)
where x € Q. We demand that the compatibility conditions are satisfied, namely
0 0 0Oc; OR OR OR 0
Co_o Cao:Q thozo 10:() 20=0 40=0 ﬂ:o (11)

on on on ’ on ’ on ’ on T on
for all x € 0Q.

Assumption 1
ke, D¢, Do, Dinh, ka, 7, Req, 73, R3eq, k1, k2, k4, k and all k;; except for k5 are positive constants.

Assumption 2
J(x,1):Qx[0,00)—[0,C], C;>0, is such that its Cf”,ﬂ/z(ﬁx [0,7]) norm is bounded inde-
pendently of #>0. The functions ki, Jal, Jaky: R' x R! - [0, 00) are bounded from above by

the constants k12, J,1,J4 and k ¢, respectively, and such that their C(K) norms, R' x R! > K
compact, are bounded from above by a constant C independent of K.

Assumption 3
Suppose that

1. The functions co(x), ca0, cio, R10, R20, R4o, R30 and py, are of class C 2+p (Q) and non-negative
in Q.
2. 0R3p(x)/0n(x)=0 for x € 0Q.

Assumption 4 _
Let Jal, Jq be identically equal to O for ¢,>C,>0 independently of cinn. Let kg (cinn,cq) be
identically equal to O for cjyp> Cipnh>0 independently of ¢, .

Biologically the last condition means that the production of secreted molecules stops after their
density attains certain threshold values.

As mentioned, we do not impose any boundary condition for Rz. However, due to point 2. of
Assumption 3, R3 preserves the no-flux boundary conditions on the maximal interval of existence
of the solution. In fact, differentiating both sides of Equation (2) at a point x € 0Q along the normal
n(x) and using the boundary conditions dR4/0x =0, 0p/dx =0 we obtain the equation
0 |:5R3 i| OR3

- = r3(R3eq —2R3) —
ot | an | TR 2R T

At each point of the boundary this equation may be viewed as an ordinary differential equation for
O0R3(x,t)/0n(x) with the initial condition dR3(0, x)/0n(x) =0. Hence, by the use of the Gronwall
inequality we obtain our claim.

For any 7>0 let us denote

Qr:=Qx(0,7T) (12)
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In [1] we analyzed the case ¢=0, y; =y=const>0 and D; =1, i=1,2,4. Let us remind the
main result of [1]. It is contained in the following theorem.

Theorem 1

Let Assumptions 1-4 be satisfied. Let ¢=0, y;(p) =y=const>0, D;(p)=1, i=1,2,4. Suppose
that y or the numbers (k,+k})/k and x|l pyl co(Q) are sufficiently small. Then there exists a unique
global solution to system (1)—(8) satisfying (9) and (10). This solution is non-negative and each of

the components c, ¢4, ¢inh, R1, R2, R4 and p has its ijﬁ 1B/ 2(97) norm bounded by a constant

independent of T € (0, c0), whereas R3 has its CS;} (Q7) norm bounded by a constant independent
of T.

The proof of this theorem is facilitated by the following change of variables [6]:

=N (13)
Y
where
f(p(x))=exp(xp(x)) (14)

In [1] constructive conditions on the smallness of y, which ensure that the global existence of
solutions are given. It is worth wile to note that a system bearing some similarities with the one
considered here and in [1] is analyzed in [8].

4. EXISTENCE RESULTS FOR NON-ZERO DIFFUSIVITY OF FIBRONECTIN

As mentioned above the main objective of this paper is to show that for a large class of the
coefficients the classical solution to system (1)—(8) with € #0 exists globally in time.

As in the case of constant y, we will introduce the transformation of the dependent variables,
which is a generalization of transformation (13) and (14). First, let

f-(p):exp{/pﬂds} i=1,2.4 (15)

’ o [Dits)—el |’ T

Then, let

zi, Szzi, S4= R ,
f1(p) f2(p) Sfa(p)

It is easy to check that by means of the above transformations system (1)—(8) can be expressed in
the form

S1 S=81+52+S54 (16)

dc)dt —DV?c = —kee+J (x,1) (17

OR3/0t =r3R3(R3eq — R3) +ko3 f4(p) S4 (18)

0ca/0t — DaV2cq = —kaCinnca+J, (Cas Cinn) £1(0) S1 + Ja (Cas Cinn) f2(p) S2 (19)

Ocinh/ 0t — Dinh V2 Cinh = —kaCinhCa +k £ (Ca, Cinh) f2(p) Sa (20)
Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. (2008)
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Di+e¢
081/0t—D1V*S) = [Dl,pﬂl D; _8] VS1-Vp+S1¥1(p)(Vp)* +7S1(Req— S )
HRASL) i) ke, 0, e S~ 5 Sig 1)

Dy+e¢
08, /0t —Dz(p)vzsz = |:D2,p+X2 D

2_5] VS2-Vp+$:¥2(p)(Vp)?

+782(Req— S ¢) +ki2(c(x, 1), ca)S1 f1(p) fo(p) ™!
X2
h—¢&

— ko182 —k2 82— D S8 (22)

Dy—+e¢
0S4/0t — Da(p) V>S4 = [DM +14 D;‘ _E] VS4-Vp+S4¥4(p)(Vp)?
+7S4(Req— S 1) +k2282 f2(p) fa(p) ™' — ka3 Sa— Df_8548 (23)
op/ot —eV?p=g(S1, 2, S4. p) (24)
where
g=kiS1/i+kaS2f2+kaSafa—kp (25)
Sr= f1S1+ f282+ f4S4 (26)
and fori=1,2,4,
€ %i(p) '
Yi(p) = [ i ( )7] (27)
g fi(p) filp (Di(p)—e¢)

Conditions (9), Assumption 3 and the remarks preceding Equation (12) imply the conditions:

i R
66_0 Oca 0 acmhzo %20 %ZO %20 6_'0_0 6_3=

A — Y - =Y, ) ) ) ) — Y, 0 28
on on on on on on on on (28)
and the initial conditions corresponding to (10)
c(x,0) =co(x), calx,0)=cao(x), cinn(x,0)=cio(x)
p(x,0) = po(x), R3(x,0)=R3zp(x)
(29)

§1(x,0) = S10(x)=R1(x)/f1(po(x)),  S2(x,0)=S20(x)/f2(po(x))
S4(x,0) = S40(x)/ fa(po(x))

It is also obvious that the consistency conditions analogous to those in (11) are satisfied by the
functions Sy, S7, S4.

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. (2008)
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Assumption 5
Fori=1,2,4:

e=const>0, C2> D;: R! — [Z;,00) and ¥; —e>a;>0.

Cc%> Ait R! — [0, h;], h; =const=0.

W; (p)<0 for all pe[0, co].

%> Di and ¢ are such that f;(p) =o0(p) as p— oo and for all p [0, 00) and some positive
constants Fi2, Fa1, Fao, f2(p) fi(p) 2<Fi2, fi(p) f2(p) "2 <Fa1, fo(p) fa(p) > <Fa.

Remark
The analysis of the inequality from point 3. of Assumption 5.
Fori=1,2,4, let

bl

Li(p)i=1;(p)(Di(p)—e)~! (30)

Then, after performing differentiation in (27), we obtain '¥; (p) =¢ (Cl2 (p)+(p)); therefore, point 3.
of Assumption 5 is equivalent to the demand

C(p)+L(p<0, pel0,00) 31)

Let us note that C,Z(p) +{}(p)<0, e.g. for the class of functions of the form {; (p) = C1/(Cap+ D)!*¥,
C1,C220,Co(1+x)>Cq,k=0. In particular for given C;>0, C,>0 the last condition can be
satisfied for x sufficiently large. For example, the function

{p)=Lolp/(1+Cp)) =Lo/(1+Cp)?
satisfies inequality (31) for C={,/2.

We can give more precise characterization of functions {(-) satisfying inequality (31).

Lemma 1
Suppose that 0<{(0) =C and that for all p € [0, c0)
(0 + (<0 (32)
Then { must satisfy the condition
C ~
C(P)ém:C(C;P) (33)

~

Moreover, either {(p)={(C; p) for all pe[0,00) or there exist p*>0 and C*<C such that
L(p)<L(C*; p) for all p>p*.

Proof _ o N

First, let us note that the function { determined in (33) satisfies the equation ' +*=0, {(0)=C,
C>0. Therefore, the graph of the function {: [0, c0) —>~[RE1 satisfying inequality (32) and such that
{(0)=C cannot get above the graph of the function {(p). To prove it, suppose to the contrary
that for some p=p, we have {(p,)>{(p,). It follows that {(p,)<(p,). This would imply
that {(p)>{(p) for all p€[O0, p,), hence the initial condition {(0)=C cannot be satisfied. Hence,
(33) is proved. Now, the quarter {(p,{):p=0,{>0} can be covered by a family of curves {=

K/(Kp+1) with K €[0,00). These curves do not intersect. Suppose that {(-) ;AZ(C; -). Then

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. (2008)
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according to (33) there must exist p*>0 such that {(p*) =Z(g*, p*) with some C*€[0, C). Now,
similarly as in the proof of Lemma 1, we can show that {(p)<{(p) for all p>p*. Thus, the lemma is
proved. O

Lemma 2
Suppose that {;(p)<C1/(Cap+1)1T*, where C;, C2>0, Co(1+x)>C; for k>0 and C»>C; for
k=0. Then f;(p)=o0(p) as p— co.

Proof

If x>0 then {; is integrable; hence, the lemma is true. Suppose that k=0 and C;<C,. We have
J§ Li(s)ds =In|(C2p+ 1)CV 2| Thus, f;(p)=(Cap+ 1)/ 2=0(p) for p— 0. O
Remark

As it is seen from the proof of Lemma 2, condition 3. of Assumption 5 does not always imply
condition 4. One of the exceptions is realized by the class of functions {=C,/(Cip+1).

We will start our considerations by an auxiliary lemma, which will be useful in the proof of the
estimate of the upper C°-bounds of the functions p and S;, i =1, 2, 4 satisfying system (17)—(24).

Lemma 3
Assume that Assumption 5 is satisfied. Then the system

sup {rS1(Req f1(0) ™' =81 +ka1S2.£2(p) £1(0) 2+ f1(p) ' C1 (D) [ f1(p)k1 ST+ S1kpl} <O
p€l0,p]

s[%p_]{rsxRequ(p)‘l — 852 +k128111(0) 2(0) 2+ 2(0) T L ()= fa(p)kaS5 + Sakpl} < O
pel0,p

stlopj{rSuRequt(p)*l —S2)+k2252 f2(p) fa(p) 2+ fa(p) ™ La(p)[— fa(p)kaS§ + Sakpl} < O
pelv.p

k181 f1(p)+kaS2 f2(p) +kaSa fa(p)—kp <0

(34)
where k15 is defined in Assumption 2 and
L) =x:(p)/(Di(p)—¢) (35)
possesses a positive solution (S1, 82, S4, p) such that for all x eQ
0< S10(x)<S1,  0<Sn((x)<S,
(36)

0< Sa0(x)<Ss, 0<py(x)<p

Proof
Note that, according to the Remark after Assumption 5 and Lemma 1, {;(p)=y;(p)/(Di(p)—¢)
behaves like O(pfl) as p— oo. Thus, the numbers

Ji= sup py(p)/(Di(p)—¢) (37)
p<€(0,00)

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. (2008)
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are finite. Hence, due to point 4. of Assumption 5, we note that, independently of the value of p,
there exists a solution Sy, 52, S4 to the system of the first three inequalities of (34) satisfying the
condition S;>S;o(x) for all x € Q. By putting this solution to the last inequality of this system, we
obtain the condition

kiS1f1(p)+k2S2 f2(p) +kaSa f4(p) —kp<O

But, due to Lemma 2 and Assumption 5, f;(p)=o0(p) as p— 00; hence, obviously we can find a
solution p to the above equation such that p>pq(x) in Q. O

Below, we will need the following auxiliary lemma.

Lemma 4
Assume that u is a solution to the problem

uy—Lou= f(x,t), (x,1)eQx(0,T)

0 — 0
M0, )edQxO.T). ux.0)=¢k). xc@. L0, xeon
on on
where L is a uniformly elliptic operator of the form
2
0

Lou= Z aij(X,l) u+ Bi(x,t)—u+A(x,Hu

o 0xj0xj  i=i_..m 0x;

Suppose that ¢ € C ;Jrﬂ (Q) and that for all i, j =1, ..., m the coefficients of the operator L satisfy
the following conditions:

”aij”Ctﬁ/Z(QX(OQOO))+||aij||C‘}(Qx(0,oo))<Ma» | Bill L (@x0,00) <CB,  IAllLo@Qx(0,00)) <CA

(38)

where M,, Cp and C4 are constants. Fix, any T>0. Then for T € O, ZT)
el 14804972 0 .y WD lconco.ry + 19 1o gy ) (39)

whereas for every T >ty> max{i T— T} the following estimation holds:
el 4804072 g g 7y ST N 0@ty T2, o727 (40)

where the constant C* can be chosen to be independent of 7.

Proof
According to Theorem 6.49 of section VI in [9], for every T'>0 the following estimation holds:

lell c0+072 e 0,7y SWHLS I @x 0.y IRl 1+ )] (41)

(Note that fe L>(Qx(0,T)) belongs also to the Morrey space M i1+ and that Lo can be
written in the quasi-divergence form defined implicitly by (6.2) in [9].) The constant W in the
above estimation depends on the constants M,, Cp, C4 and in principle it may depend also on 7.

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. (2008)
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To prove that W may be chosen independent of 7', assume that the considered solution (existing

for € (0, T)) has its C° norm bounded uniformly in 7 and let us denote 7 =2K. For 1€ (0,T)

we can use estimation (39). Suppose that we are interested in the estimation of ||u|| CIHA P2 in
x,t

Qx (19, T). Let n(¢) be a C* cutting-off function, such that #: R' -0, 1], n(t)=0 for t<tp— K
and 7n(t) =1 for ¢t >ty. The function w =nu satisfies the equation

w;—Low=nf(x,t)+n Oulx,t), (x,1)eQx(tg—K,T)

with the no-flux boundary conditions and zero initial conditions at t =f9— K. Thus, by means of
inequality (41) we have the estimation

10l 1480402 g - 1y SCIN D@0 k1) Elelco@y— k.7 (42)

where E =sup, #/(¢), from which follows the Cijﬁ (1452 estimation of u on the set Q x (g, T).

Hence, there exists a constant C, such that for all ¢ € (ty, T)
”u”Cu,}.j/j’“_'—ﬁ)/z(ﬂx(to,T))<C*[”f”CO(QX((tO_T/st)) +E||u||c0(g><(to_f/2j))] (43)
which is equivalent to (40). O

Remark
An inequality similar to inequality (41) can also be deduced from Theorems IV.9.1 and IV.10.1
in [10].

Theorem 2

Let Assumptions 1-5 hold. Then for any 7 >0 there exists a unique solution to system (19)—(24)

which satisfies the boundary—initial conditions (28)—(29) and such that the ijﬁ 1B/ 2(97) norms

of the functions c,, ¢inn, S1, S2, S4 and p are bounded by constants independent of 7.

Proof of Theorem 2
Let

U = (cq, Cinn, S1, 52, 4, p) (44)
Let the vector of the right-hand sides of Equations (19)—(24) be denoted by
OU)=(D1(U), D2 (U), D3(U), D4(U), ©5(U), D6(U))
and the vector of left-hand side operators by
L=(Ly,L2,L3,L4,Ls, Le)
Given the vector U ,let U= P(l7 ) be the solution to the system
LEU =) (45)

in the set Q7 =Qx (0, T) for some T >0 subject to the initial and boundary conditions (29) and
(28). Above, by writing L(jp) we mean that in the left-hand side operators we take D; (p),i=1,2, 4.
Let us consider the mapping

U=P)

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. (2008)
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We will prove below using the Schauder estimates (see, e.g. Theorem IV.5.3 in [9, 10]) that for

T >0 sufficiently small P is a contractive mapping acting from the space .# —cHhath/ 2(QT)

x,t
to itself. The norm ||U]| 4 is given by the sum of C;’J,rﬂ 4B/ 2(QT) norms of U;. According to

the definition of the Holder norms (see Section I.1 in [10]) for ke C ;J,rﬁ (1+H)/2 (Q7) we have

all cmasnr g, =sup a G, M ca+prz g 7)) TIVRI o2, (46)

Let Uy denote the vector of initial functions and consider a closed ball B in the considered
space defined by B={U € .# : |\U — Up|| 4 <1}, that is to say

6
U—-Uoll.w= U; —Uy;
[ ol El Ui =Uoill ctsnasmr g

and due to (46)

Ui =Uoill cremasnr g, =sup 1T G, ) = Uoi Ol casmrz g )

+sup [|VU;(x,-) = VUpi(x, )|
xeQ

+ sup [|[VU;(-, 1) =V U (-, 1)
1€(0,T)

c/?©.1)

cf@ “7)

Let U € B. Then every U; € Cijﬁ 1+ and from the Schauder estimates for the function U; — Uy;
(see Theorem IV.5.3 in [10]) we know that as t — 0

Ui (-, 1) =Uoi (Dl c2) = 0 (48)

To be more precise, it follows from inequality (5.11) of section IV in [10] that (U; — Uy;) and its
first and second derivatives with respect to x belong to the class C,ﬁ / 2((0, T)). Hence, the third
term in (47) vanishes as Th/2 for T — 0. From the same inequality we infer that for alli=1,...,6

10U: /9l coapy <K, IIVUi(x, ) = VUi (x, )l o+ K> (49)

©.1) =

independent of x €Q. The constants K, K» can be chosen independent of U € B. From (48) and

the first inequality in (49) we infer that the first term at the right-hand side of (47) tends to zero

for T—0 as T'/27h/2, Finally, from the second inequality in (49) we infer that ||VU;(x, ) —

VU ()| 0.1 tends to zero for T — 0 as T'V/2. Consequently, ||U — Uy||_ behaves like K3 7o,
t )

0>0, where the constant K3 depends on the C2+B1+6/2 norms of Uy and the region Q. It follows
that for 7 >0 sufficiently small P acts from B to B. Proceeding in the same manner we can easily
prove that

| P(Ua) — P(O)N.4<T'K4l|Us—U1ll.00 (50)

for all U 1, l72 € B with v>0. To be more precise, let us note that the equation for U; — U, can be
obtained by subtracting the equations for U; and U and moving the terms [D; (p;) — D; (p,)1ASy; =
(P2 —P)D;(p+0(py —p1))ASy; in the equation for Sy;, i =1,2,4 to the right-hand side. U; — U,
satisfies zero initial and no-flux boundary conditions. Moreover, every component of U — U,
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satisfies an equation, the right-hand side of which can be estimated as a sum of the absolute value
of components of U;—U; and (VU —VU;). Thus, according to Lemma 4, inequality (50) is
satisfied. Hence, for 7'>0 sufficiently small mapping is a contraction from B to B.

Thus, from the contraction mapping principle we infer that for 7>0 sufficiently small P has a
unique fixed point in the same space. Moreover, this fixed point is of class

C2+ﬁ 1+ﬁ/2(Q )

and in fact is a solution to the system
LU=®)

It is clear that 7 depends only on the Cx+ﬁ (Q) norm of the initial data [7,9, 10]. It follows that

being able to prove a priori that the C, 2+ﬁ 1+B/ 2(QT) norm of all the components of U is bounded

by a common constant C, which is 1ndependent of T, we can conclude, applying the continuation
method (by successive changing of the initial conditions), that the solution exists globally.

We start our estimations by establishing the C°-bounds of the functions c4, Cinn, p and S;,
i=1,2,4.

Lemma 5 o
Suppose that Assumptions 1-5 are satisfied. Let S1,S52,54 and p be as in Lemma 3. Let
Cy>Cq, Ciph>Cipn with C, and Ci,p determined in Assumption 4 be such that 0<c0(x)<Cq,

0<cinho (x) <Cinn. Suppose that for r € (0,T), T>0, there exists a unique Cf:tl (Q7) solution to
system (17), (19)—(24). Then

0<C(X9I)<CC9 Ogca(x»t)<ca» Ogcil‘lh(-xat)<cil‘lh (51)
and
0<S1(x,)<S1,  0<Sa(x,1)<S2, 0<Sa(x,1)<Ss, 0<py(x)<p (52)

Proof

Obviously, due to Assumption 2, c(x,t) € Cf:tl (Q7) and by the maximum principle (Theorem 3.4.7
in [11]), we conclude that there exists a positive constant C, such that 0<c(x,)<C,.. Now, we
will prove the validity of inequalities (52). To this end we will consider the following modification
of system (21)—(24) with the Lipschitz continuous source functions:

Di+¢
881/0t — Dy (p) V%S| = |:D1 o+ D i|VSI VP+S+‘P1(P)(VP)

+71S1|Req — 7SS f +ka11S2] f2(p) f1(p) ™!

—kia(c(x,1),cq)S1—

D:“_gsjg (53)
Dy +e + 2
082/0t — Da(p) VS = | D2 p+ 1 Dy VSz'VP+52 Y2 (p)(Vp)

+r|sz|Req—rs;Sf+k12<c<x,z>,ca)|sl|f1<p)fz<p)*1

—ko1 S — (54)
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Dy+e
Dy—e

054/0t — Dy(p)V?S4 = [04,,,+x4 } VSs-Vp+SWi(p)(Vp)?

+71S4|Req — 7S5 St +kn1S21 f2(p) fa(p) ™!

14 o+
— k384 — ——8 55
R Y 48 (55)
dp/ot—eV*p = ki Si| fi+1kaSal fo+ lkaSal fa—kp (56)

Here Si+ :=max{0, §;}, i=1,2,4. (Note that according to Assumptions 2 and 5, the functions
k12, D; and y; are defined also for negative values of their arguments.) It is obvious that for the
modified system consisting of Equations (17), (19)—(20) and (53)—(56), we can apply the above
considerations, which ensure the existence of a unique local in time solution as the source functions
are Lipschitz continuous. (Note that ||a|— |b||<|a—b| and |a* —b™|<|a—b|.) First, suppose that
there exists a time 79>0 in the interval of existence such that p(-, p), attains a negative minimum
equal to (—1)<O0 at a point xo Q. We can take #>0 arbitrarily small and assume that the time
derivative of p at the point (xg, #p) is non-positive. Suppose that xg € Q. Then Ap(xg, f9) =>0. Hence,
we arrive at a contradiction as the right-hand side of Equation (56) is positive at (xg, fp). As # can
be taken arbitrarily small we conclude that p is non-negative on the maximal interval of the solu-
tion existence. If xo € 0Q and p(x, tp) > —# for x € Q, then using the maximum principle (see, e.g.
Theorem 2.3.7 in [11]) stating that dp/0n (xg, tn) <O we arrive at a contradiction as p satisfies zero
Neumann boundary conditions. Having proved the non-negativity of p(x,t), we can use the same
arguments to show that the functions S, S, S4 are non-negative on the maximal interval of the
solution existence. First, suppose that at r =1y, the function §; attains a negative minimum equal to
(—n) <0 at a point xg € Q and that its time derivative is non-positive. Then V S;(xg, fp) =0, whereas
AS;(x0, t0)>0. We thus arrive at a contradiction as the source term in the equation for S; is strictly
positive for #>0. If xo € 0Q and S; (x, t9)> —n for x €Q, then by means of the maximum principle
(e.g. Theorem 2.3.7 in [11]) we would have 0S;/0n (xg, t9) <0; hence, we arrive at a contradiction
as §; satisfies zero Neumann boundary conditions. As the source functions have been changed only
for negative values of Sy, S2, S4 and p, we have proved that the unique solution to the problem
satisfies the non-negativity bounds. The proof that S;(r,x)<S;, p(x,1)<p for all x€Q and >0
in the maximal interval of existence can be carried out in the same manner. In this case, we use
Lemma 3 and the fact that the terms S;¥;(p) are non-positive. Having proved estimations (52),
we can use Theorem 8.9.3 in [12] to claim that there exists a unique classical solution (cg, Cinn)
to system (19), (20), which satisfies the bounds ¢, (x,1) €[0, Cy), Cinh(x,?) €[0, Cipn). In conse-
quence, in view of the uniqueness of the solution to the initial boundary value problem we obtain
the claim of the lemma as the solution to system (53)—(56) is in fact the solution to system
21)-(24). O

Having the CY%bounds of the functions c,cg, Cinh, S152, S4 and p we can obtain further
estimations.

Lemma 6
Suppose that for 7 € (0, 7), T>0, there exists a unique solution to system (17)—(24) satisfying the
conditions of Lemma 5. Then there exists a constant M depending only on C., C,, Cinn, p, S1, S2
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and S4 such that

<M
lp(x, l)lcxljﬂ,mm/z(gﬂ <

Similarly
|cq (x, t)IcAl_j/f,M/f)/z(QT)éM, |Cinn (x, t)ICA{j/f,M/s)/z(QT)éM
Proof
The proof follows from Lemma 4. Here we treat kS| f1(p) +k252 f2(p) +k4S4 f2(p) as well as
the right-hand sides of Equations (19) and (20) as free terms. O

Equation (17) separates from the rest of the system. According to Assumptions 1-2, the unique
solution to Equation (17) is non-negative and ||c|| BB (QT)gKC with K. independent of 7.
X,t

Next, we can estimate the ijﬁ 1B/ 2(97) norms of the solution. This can be done in three
steps. In the first we use the Holder estimates for c,, cinh, p and Lemma 4 (by treating S;, j #1i, in
the equation for S; as Cy bounded functions) to obtain the Holder continuity of S;. In the second,

we use the Schauder estimates (e.g. Theorem IV.5.3 in [9, 10]) to estimate the C?jﬁ A+ 2(QT)

norms of c¢g4, cipn and p. Finally, we can obtain the boundedness of Cijﬁ 4B/ 2(QT) norms of

Si, i=1,2,4. The theorem is proved. Equation (18) is solvable knowing the functions S4 and p.
Theorem 2 is proved. O

According to Remarks after Assumption 5 and Lemma 2 we can formulate a more specific
theorem.

Theorem 3

Let Assumptions 1-4 hold. Let points 1. and 2. of Assumption 5 hold. Suppose that, for i =
1,2,4, {;(p) defined by Equation (35), satisfy the equality (;(p)=C1;/(Caip+1)!T* where
C1i, C2i 20, Chi (1+x)>Cy; for k>0 and Co;>Cy; for k=0. Then for any 7>0 there exists a

unique solution to system (19)—(24) subject to the boundary—initial conditions (28)—(29) such
that the Cijﬁ B/ 2(QT) norm of the functions c,, cinh, S1, S2, S4 and p is bounded by constants

independent of T'.

Remark
In particular, we can suppose that for each i =1, 2, 4, either

Li(p)=C1i/(Caip+1), Cy>Cy;
or
Li(p)=C1i/(Caip+1)?, Cu=C1i/2

The first case is called the logarithmic sensitivity case, the second one is called the receptor’s
kinetics case (see [13, p. 13]).

Now, we will consider the case, when k; =k;(R;). To be more precise we assume that the
products k; (R;)R;, i=1,2,4, are bounded uniformly for all R;>0. This time we may discard
points 3. and 4. of Assumption 5. Biologically, this assumption means that the speed of the
fibronectin production is finite, independent on the local densities of the mobile cells.
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Assumption 6
Fori=1,2,4, let

1. C?5D;: R' — [Z;,00), e =const>0 and ¥; —e>a;>0.
2. C?5y;:R'— [0, h;], h; =const=0.
3. ki e CH(RY, kj(RHR; <%, i=1,2,4.

Remark
Point 3. of Assumption 6 implies, according to transformation (16), that for all S; €[0, c0),p€
[0, c0)

ki(Si, p)Si f:(0) =ki (Si f:(0))Si fi (p) <

Theorem 4

Let Assumptions 2, 3, 4 and 6 hold. Let Assumption 1 hold except for k;, i =1, 2, 4, which satisfy
point 3. of Assumption 6. Then for any 7 >0 there exists a unique solution to system (19)—(24)
subject to the boundary—initial conditions (28)—(29) such that the C?jﬁ 1B/ (Q7) norm of the

functions cg, cinh, S1, 52, S4 and p is bounded by constants independent of T'.

Proof

The proof will be a modification of the proof of Theorem 3. First, we can choose p =, sufficiently
large, so that the fourth inequality (36) is satisfied. To be more precise, p=p may be taken so
large that

(gi —kﬁ<0
i=1,2,4

and the last of the inequalities in (36) is satisfied. Now, treating > I%i (Si, p)Si fi(p) in Equation (24)
as a free term (bounded in C° norm by Zi:m’ 4€i), we can use Lemma 4 to estimate the norm

of the spatial derivatives of the function p. Hence, the terms V2p can be a priori estimated by
a constant p, that is to say sup, ;eq, V2p(x,t)<p, where p depends only on the numbers %;.

Consequently, we can find S; such that for S;=S;, i=1,2,4, pe[0,p], the system

rS1(Req—S1 f1(p) +k2182 /2(p) f1(p) ™" + L1 (p) S1[— f1(pVk1 (S1, ) S1 +kpl+S1 pF1 < O
7S2(Req—S2 f2(p)) + k1251 f1(0) f2(0) '+ Lo (p) Sal— f2(0)k2 (S, ) S2+kpl+S2pFr <0 (57)
rS4(Req—Sa.f4(p)) +k2282 f2(p) fa(p) ™! +£4(p) Sal— fa(p)ka(Ss, p)Sa+kpl+SapPsa < 0

being a modification of system (34) by the terms S; p?i, where ; =SUpP,¢(0,71 Y, (p), is satisfied.
This is due to the fact that p depends only on €, 65, %4 (and not on S;) and that the coefficient r
by the quadratic terms S 12 in each of the equations is negative. It is easy to note that the solvability
of this system implies the existence of a global solution to system (19)—(24). O

Remark

Let us note that this time we do not assume any additional conditions concerning the coefficients
D; and y;. Theorem 4 holds even if the quantities {;(p)=y;(p)/(D;(p)—¢) are not tending to
zero or even growing to infinity for p — oo.
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Obviously, having the functions p(, -), S1(-, -), S2(-, ) and S4(-, -) we can invert the transforma-
tion (16) to obtain the functions R;(-,-), R2(-,-) and R4(-,-).

Theorem 5
Let the assumptions of one of Theorems 2—4 be satisfied. Then there exists a unique global clas-

sical solution to system (1)—(8) satisfying conditions (10) and (9). This solution is non-negative.

The functions c, cq, Cinh, R1, R2, R4 and p have their Cijﬁ A1+B/ 2(QT) norms bounded by constants

independent of T € (0, oo0). The function R3(x,t) has its CS:? norm bounded by a constant inde-
pendent of T'.

Proof
We have to show only the last statement. Since R; is globally bounded and there is a minus sign
in front of the quadratic term r3 R%, the function R3(x,t)<C for (x,1) €Qr. O

5. CASE OF FAST EQUILIBRATING FIBRONECTIN

In this section we will assume that the evolution of the fibronectin is fast. To be more precise, we
will approximate the equation describing the evolution of fibronectin by the stationary one

0=eV2p+k R\ +k Ry +ksRs—kp (58)
This time we will not apply the change of variables R; — S;, i=1,2,4. However, using

Equation (58), we can replace the terms (—R;y; (p)Vzp) simply by the non-differential terms
Riy; (p)efl(klRl +ky2 Ry +k4Rq —kp). Hence, we obtain the following system:

dc/dt —DV?c = —kec+J (x,1) (59)
OR3/0t =r3R3(R3eq — R3) +ko3 Ry (60)

0¢ca/0t — DgV2cq = —kaCinnca + J .} (Cas Cinh) R1 + Ja(Ca Cinh) R (61)
dcinh/ 0t — Dinh V2 Cinh = —kaCinhCa +k £ (Ca, Cinh) R (62)

OR1/0t— D1 (p)V> Ry =[D}(p)— 11 (MIVR1-Vp—Rix| (p)(Vp)*

+71(p)e 'Ry (ki R1 +ky Ry + k4 Ry —kp)

+7 R (Req— R)+ka1 Ry —ki2(c, ca) Ry (63)
OR2/0t — D2(p) V2 Ry = [D5(p) — 12(P)IVR2 - Vp— Rarts (p) (V p)?

+ 12(p)e "' Ry (ki Ry +ko Ry + k4 Ry —kp)

+7 Ry (Req— R) +ki2(c, ca) Rt —ka1 Ry — ko Ra (64)
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OR4/0t — D4(p) V2 Ry = [D}(p) — 14(P)IV R4~V p— Rary(p) (V p)?
+74(p)e ' Ry(ki Ry +kaRy +ks Ry —kp)
+7R4(Req— R) +kp Ry — k3 Ry (65)

0=eV?p+kiRi+koRy+ksRs—kp (66)

It follows from the considerations of the last section that in order to use the invariant region method,
due to the sign by the terms kp, it suffices to consider the existence of a triple (R1, R2, R3) such
that for (R, R2, R3)=(R1, R2, R3) and all the considered values of p the following system of
inequalities is satisfied:

21(p)e 'Ry (ki Ry +kaRy +kaRa) +7 Ry (Req— R) +kat Ry —ki2(c, ca) Ry < 0
72(p)e "' Ra(ki Ry +kaRy+kaRa) +7 Ry (Reg— R) +ki2(c, ca) Rl —ka1 Ry — koo Ry < 0 (67)
74(p)e T Ry(ki Ry +ka Ry +kaRy) +7 Ra(Req— R) +kao Ry — ka3 Ry < 0
and such that for x e Q:

0<Rio(x)<Ri, O<Ry(x)<Rz, O<R4p(x)<R4 (68)

Assumption 7
For i =1,2,4 suppose that y; satisfies point 2. of Assumption 5 and that y}(p)>0 for all p€[0, p].

Note that y; satisfying the above assumption is bounded (y; (p)<h;) and may behave qualitatively
as C(1—cyexp[—cyp]) for some non-negative constants C, ¢y, 3.

Assumption 8 I
Suppose that system (67) possesses a solution R, Ry, R4 satisfying conditions (68).

Remark

The last assumption is satisfied, for example, if the constant » multiplying the mitotic terms is
sufficiently large in comparison with the constants SUP ¢(0,00) Xi (p)efl(k1+k2+k4). The solv-
ability of system (67) can be also ensured, if we replace the constant r in the equations for R;,
i=1,2,4, by the functions r; (R;) such that r; (R;) — co as R; — oo.

Obviously, these inequalities have solutions for Ry, Ry, R4 satisfying the above conditions.
Having the values of Ry, Ry, R4 we can in turn find the value of p satisfying the inequalities

kiR1+kyRy+kqRy—kp<0, 0<py(x)<p, x€Q
Lemma 7
. A 14+B,(14+p)/2 . . A
Suppose that the functions R;, R; € Cy. (Q7),i=1,2,4,are given and O R; (x, 1), R; (x, 1)<

R; in Q7. Then there exists a unique solution p(-) to Equation (66) with its values in the interval
[0, p] and positive constants P, P;, Q;, i =1, 2,4, such that

sup oG, Dllcrengy <P Y kiR, (69)
te(0,7) i=1,2,4
< P; || R; 70
ol crenasmr g ) < D IRill c1enasnrz g (70)
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and

lp(R1, Ra, Ra)— p(R1, Ry, 134)||C;jﬂ,<1+ﬁ>/z(gr)< QillRi —Ri lernasnr g, (71

i=1,2,4

Proof

The existence of a unique solution p(-) of Equation (66) with its values in [0, p] follows, e.g. from

the results of Section 3.2 in [12]. Estimation (69) is proved by means of Lemmas 3.1.1 and 3.1.2

in [12] (where p is taken sufficiently large). To find the properties of the function p with respect

to ¢, let us consider the equation for the difference quotient p%(x,¢) =[p(x,t+1) —p(x, 1)]/|7]%

7] € (0, 70) with 79>0 sufficiently small, and 7 such that #+7 € (0, T). Then p? satisfies the equation
0=eV2pl0r,00+ X kiRY(x,1)—kpZ(x,1) (72)

i=1,2,4
where RY (x,t)=[R;(x,t41)—R;(x,1)]/|7|*. For any |t|€(0,71) the function p? satisfies the
no-flux boundary conditions at 0Q. Take a=(14p)/2. As ||R; ||C1+/5,(1+/;)/2(QT)<CR, by the
X,t

maximum principle, we infer, by taking the suprema over the set (x,?)€Qr, |t €(0, 79), that

(p)§(1+ﬁ)/2)< 2521,2,4 C,~0<R§’(t1+ﬁ)/2)> in the denotation used in (I.1.12) of [10]. Moreover, for

fixed ¢t and 7 we may use Lemmas 3.1.1 and 3.1.2 in [12] (where p is taken sufficiently large) to

conclude that

1 2 1 2
sup [V P2 1< Y ¢y sup RO
i=1,2,4

with the suprema over the set (x,7) € Qr, |t| € (0, 19),t+7€ (0, T). Using estimation (69) we thus
conclude that (70) is valid. In the similar manner we can obtain estimation (71). O

Theorem 6
Let Assumptions 1-4, point 1. of Assumption 5, Assumptions 7 and 8 hold. Then for any 7 >0
there exists a unique solution to system (59)—(66) satisfying the boundary—initial conditions (9)—

(10) and such that the ijﬁ 4B/ 2(QT) norm of the functions ¢, ¢inh, R1, R2, R4 and p is bounded
by constants independent of 7.

Proof
Let

U = (cq, Cinh» R1, R2, Ry) (73)
Let the vector of the right-hand sides of Equations (61)—(65) be denoted by
O, p(U))=(@1(U, p(U)), 22U, p(U)), 3(U, p(U)), ©4(U, p(U)), ®5(U, p(U)))

where p(U) is the unique solution to Equation (66) characterized in Lemma 7 given the functions
R1=Uj3, Ry=U4 and R4=Us. Let us denote the vector of left-hand side operators by

L=(Ly, L, L3, L4, Ls)
Given the vector U , let P(ﬁ ) be the solution to the system

Llp(DHU=d(0) (74)
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in the set Qr =Qx (0, T) for some T>0 subject to the initial and boundary conditions (10) and
(9). As in the case of Theorem 2, we can prove that, for 7>0 sufficiently small, the operator
U— P(U )=U, where U is the unique solution to system (74), is a contraction mapping in the

space .#, where ./ contains the elements U = (Uy, U, U3, Uy, Us) and U; ECHﬁ (1+ﬁ)/2(QT),
i=1,2,3,4,5. The rest of the proof can be carried out, by taking advantage of Lemma 7 along
the lines of the proof of Theorem 2. O

6. CONCLUSIONS

In this paper we prove some existence results for system (1)—(8) under the assumption that the
coefficient of diffusion of fibronectin is positive. We demonstrate that under some conditions on the
other coefficients of the system a unique classical solution exists globally in time. Moreover, we
have not imposed any conditions on the initial conditions. It seems that the conditions demanding
the non-positivity of the functions ¥; (Assumption 5) are technical and arise as a consequence of
using transformation (15), (16). Hopefully, working with solutions in the Sobolev spaces would
allow us to avoid this restricting conditions.

The mathematical problems encountered while analyzing the considered system of equations
differ from those which appear in the classical chemotaxis systems (see, e.g. [14-21]). The
difference comes from the fact that the mitotic terms, which behave like (—r Riz) for large values of
the concentrations R; are present in the equations for the densities of the mobile cells R;, i =1, 2, 4.
Thus, these terms that are absent in classical chemotaxis equations may effectively counteract the
possible blow-up of solutions in finite time.

To describe the process of vertebrate limb formation one needs to take into account its growth,
that is to say, consider a free boundary problem. This task will be undertaken in a future paper.
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