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Abstract

We propose the generalization of Einstein’s special theory of relativity (STR). In our model, we use
the (1 + 4)-dimensional space G, which is the extension of the (1 + 3)-dimensional Minkowski
space M. As a fifth additional coordinate, the interval S is used. This value is constant under the
usual Lorentz transformations in M, but it changes when the transformations in the extended
space G are used. We call this model the Extended space model (ESM). From a physical point of
view, our expansion means that processes in which the rest mass of the particles changes are ac-
ceptable now. In the ESM, gravity and electromagnetism are combined in one field. In the ESM, a
photon can have a nonzero mass and this mass can be either positive or negative. It is also possible
to establish in the frame of ESM connection between mass of a particle and its size.
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1. Introduction

We consider the Extended space model (ESM), which is a generalization of Einstein’s special theory of
relativity (STR). The ESM is formulated in a 5-dimensional space, or more specifically in a (1 + 4)-dimensional

space with the metric (+————). Thus, we work in a space with coordinates (t,X,y,z,s) and metric
(+ - —) . The objects under consideration are located on a cone
(ct)z—xz—yz—zz—s2 =0. (1)
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The foundations and different properties of this theory are presented in Ref. [1]-[6]. Here we briefly recall its
main statements and describe the structure of the Extended space.

In the STR, the rest mass m of a particle is a Lorentz scalar. For photons, m=0. The main idea of the ESM
is that the mass m is not a Lorentz scalar and can vary under external influences.

Such particle having a mass m, corresponds to a hyperboloid in Minkowski space, in the limiting case this
hyperboloid degenerates into a cone.

s?=(ct)’ - x* - y* - 22 )

Since the change of the mass of a particle corresponds its transition from one hyperboloid to the other, i.e.
change of the corresponding interval, it seems natural to choose interval s as an additional fifth coordinate. Thus,
we will work in a space with coordinates (t,x,y,z,s) and metric (+-———). The objects under consideration
are located on a cone

(ct)z—xz—yz—zz—s2 =0. (3)

We denote this space as G(1,4). The Minkowski M (1,3) space is a subspace of G(1,4). An interval in
the Minkowski M (1,3) space plays a role of the fifth coordinate in the G(1,4) space. We designate this
coordinate by the letter S. The other coordinates are designated as T, X,Y,Z . One of the characteristic features
of the ESM is that the particle’s rest mass m is s variable quantity and a photon, moving in a medium with
refraction index n>1, and a nonzero mass is acquired. This mass can be both positive and negative.

The usual (1 + 2)-dimensional cones and hyperboloids occur as sections of the surface (3) by hyperplanes
s=S5,. In the space G(1,4) one can constructed in usual way the objects that have different tensor nature and
transform appropriately under linear transformations of the G (1,4) space (Ref. [7]).

The 5-dimensional ESM has a number of advantages compared to STR. Firstly, it is a more symmetric theory.
In this model, the energy, momentum and mass are equivalent and can be transformed into each other. Secondly,
in this model there is no fundamental difference between massive and massless particles and they can be
transformed into each other either. In addition, under the ESM electromagnetic and gravitational fields are
combined into a single field. This field is investigated in papers [2] [5]. It is shown that with the help of rotations
in G(1,4) space one can transform the electromagnetic field into four other fields with gravitational properties.

In this work, we will show that it is possible to compare a nonzero mass to a system of photons, and that it is
possible to establish connection between mass of a photon and its size.

The various aspects of the concept of “mass” in STR was discussed by Okun’ [8]-[10].

2. The Refractive Index in the Extended Space

In Minkowski space M (1,3) a 4-vector of energy and momentum

o E
p=[—,px.py,pzj 4)
c
is associated to each particle (Ref. [11]). In the extended space of G (1,4) , we completes its to 5-vector
—_ E
p:(zvpx’py'pz'mc)' (5)

For free particles, the components of the vector (5) satisfy the equation
E* =c?p; +c?p; +c’pl + mc’. (6)

It is well-known relation of relativistic mechanics, which relates the energy, momentum and mass of a particle.
Its geometric meaning is that the vector (5) is isotropic, i.e. its length in the space G(1,4) is equal to zero.
However, in contrary to the usual relativistic mechanics, we now suppose that the mass m is also a variable, and
it can vary at motion of a particle on the cones (3), (6). It should be understood so that the mass of the particle
changes when it enters the region of the space that has a nonzero density of matter or field. Since in such areas
the speed of light is reduced, they can be characterized by value n—the refractive index of a medium. The
parameter n relates the speed of light in vacuum c with the speed v of light in a medium.
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v=c/n. @)

We compere parameter n>1 to each form of medium or field. For example the refractive index of a gravi-
tational field that is described by the Schwarzchild solution reads [9],

M (®)

I'g
n(r)=1+ ; 1+ o

Here r, <r is the gravitational radius and M is a dot mass, which generates the Schwarzchild field.

A set of variables (5) forms a 5-pulse, its components are conserved, if the space G (1,4) is invariant under
the corresponding direction. In particular, its fifth component p,, having sense of mass, does not change if the
particle moves in the area with constant value n.

The gravitational effects in ESM were discussed in Ref. [3]-[5].

3. The Vectors of the Free Particles

In the usual relativistic mechanics and field theory the mass of a particle is constant, and for particles with zero
masses and nonzero rest masses different methods of description are used. The particles with nonzero rest
masses are characterized by their mass m and speed V. The particles with zero mass (photons) are characterized

by frequency @ and wavelength 1. These @ and A are connected with energy E and momentum p sa
follows

p=—=k ©)

The 4-vector

~ E . mc mv , VP
S L T R a
c [ h-p? \1-p? J c?
corresponds to a particles with nonzero rest mass.
The 4-vector
pw:(h_w’@@:(h_w’h_wlzj (11)
c 4 c C

corresponds to a particles with zero mass.
The length of the 4-vector | =(X,,%,%,,%;) is defined in accordance with the metric (+———) of the
Minkowski space M (1,3) Itequal to

2 =x2—x?—x2 —x2. (12)

It follows from (12) that length of a massive vector (10) fZ = m?c?, therefor it is not an isotropic vector. And
length of a photon vector (11) r)f, =0, so it is an isotropic vector. It is the difference between massive and
massless particles in the frame of STR.

In the frame of our approach, there is no difference between massive and massless particles, and therefore one
can establish a connection between two methods of description of these two sorts of particles. This can be done
using the relation (9) and the hypothesis of de Broglie, according to which these relations hold for the massive
particles. Now, substituting (9) in (5), we obtain the relation between the mass m, frequency @ and wave-

length A
2nc)’ m%c*
* :(—) + ) 13
1 PE; (13)
2
L S Yy (14)
11— pB? mv

It follows that if v—>0,4 > ,but @ — @, #0.Here @, determines the energy of a particle at rest.
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Now we construct 5-vectors from 4-vectors (10), (11). We suppose that a 5-vector
p=(mc,0,0,0,mc) (15)

corresponds to a stationary particle of mass m.
The 5-vector of a particle, which moves with velocity V, can be obtained by transformation to the moving
coordinate system. Then the vector (15) takes the form

po=| M M e (16)
"o\ -t
Similarly the 4-vector (11) transforms into 5-vector
ﬁm{h—“’,zﬂi,o) (17)
c A

At the transition to a moving coordinate system the vector (17) does not change its form, only the frequency
® changes its value.
[0

Thus, in empty space in a stationary reference frame there are two fundamentally different object with zero
and nonzero masses, which in the space of G (1, 4) correspond to the 5-vectors

w0 =

(18)

=22k 0] (19)
c ' c
and
P =(mc,0,0,0,mc). (20)

The vector (19) describes a photon with zero mass, the energy %, and the velocity ¢. The vector (20) des-
cribes a stationary particle of mass m. The photon has a momentum p= _“’, a massive particle has a momen-
c

tum equal to zero. In the 5-dimensional space, these two vectors are isotropic, in Minkowski space only the
vector (19) is isotropic.

The length of the 5-vector T =(X,,%,,X,, %, X, ) is defined in accordance with the metric (+----) of the
extended space G(1,4). It equal to

17 =x2—x2—x2—x2 —x2. (21)

It follows from the definition (21) that 5-vectors (16), (17) are isotropic vectors, ie their length is equal to
zero.

P =P, =0. (22)

If we restrict ourselves to Lorentz transformations in Minkowski space it is impossible to transform an
isotropic vector into anisotropic one and vice versa. In other words in frame of the SRT photon can not acquires
mass, and a massive particle can not be a photon. But in the Extended space G(1,4) a photon and a massive
particle can be related to each other by a simple rotation.

As it was already mentioned the parameter n connects the speed of light in vacuum with that in the medium:
v=c/n. Using it, one can parametrize the fifth coordinate in the G(l,4) space. The value n=1 corresponds
to the empty Minkowski space M (1,3) in which light moves at the velocity c. The propagation of light in a
medium with n=1 is interpreted as an exit of a photon from the Minkowski space and its transition into
another subspace of G(1,4) space. This transition can be described as a rotation in the G(1,4) space. All

types of such rotations were studied in Ref. [1].
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For hyperbolic rotation through the angle 6 in the (TS) plane the photon 5-vector (19) with zero mass is
transformed in the following manner (Ref. [1]):

(h_w,h_wg,oj:[h_wcosha,h_wkih_wsmhej:[h_wn,h_wz,h_w 1j (23)
c C C c c c C c
As a result of this transformation a particle with mass is appeared.
m:h—f)sinhezh—?\/nz—l. (24)
c c
The velocity of this particle is defined by formula (7).
Under the same rotation the massive 5-vector (20) is transformed as

(mc,0,0,0,mc) = (mce”i ,0,0,0, mce” ); (25)

e” =n+yn®-1
Under such rotation a massive particle changes its mass
m-ome’, 0<f<w (26)

and energy but conserves its momentum.
The rotation through the angle ¢ in the (XS) plane transforms the photon vector in accordance to the law

(h—“’,h—“’,o,o,o,j = (h—w,h—wcow,o,o,h—wsin ¢) - (h—“’,h—“’,o,o,h—a’ n? —1). 7)
cC ¢ c C c c c¢n cn
Given this, the photon acquires the mass
ho . ho
m=—-sing=——, (28)
c cn
and velocity
v=ccos¢=£. (29)
n
The vector of a massive particle is transformed in accordance to the law
(mc,0,0,0,mc) — (mc,—mcsin ¢,0,0,mccos ¢) = (mc, —m'\/n2 -1,0, O,EJ. (30)
n n
In this transformation the energy of a particle is conserved but its mass and momentum change
m
m — mcos¢g = —, (31)
n
0—>—mcsin¢=—m n®-1. (32)
n

It is easy to see that vectors (23), (25) and (27), (30) are isotropic.

It is important that photon mass, which is generated by transformations (23), (27), can have either positive
and negative sign. This immediately follows from the symmetry properties of G(l,4) space. As to the
particles that initially had positive mass, after transformations (25), (30) it remains positive.

4. The Mass of a System of Photons

It is well known that one can compare a plain wave and vector (19) to a photon only in empty space. If there is
some particle or field in the space in addition to initial photon it is necessary to describe this photon by other
vector. In order to find this vector let’s consider the system of two photons with a same energy. We suppose that
these photons are moving in the same plane but in different directions. In the empty space these photons are

described by 5-vectors (19)
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(h—w,h—?vx,h—?vy,o,oj (33)
c'c c
and
(h_“’,h_i"vx,—h_f’vy,o,oj. (34)
c'c c

Here v,,v,,v, are components of photon’s velocity, they satisfy the condition vZ +v; +v? =c®. In our case,
v, =0.
The energy E of the system of two photons is E =2%o .

. h
The momentum P of the system of two photonsis P = Z—ZOVx .
c

These photons do not interact with each other, therefor the system of two such photons is a free system and it
must be described by an isotropic 5-vector. This vector reads

(27’—‘”, 212, 0,022 [\ j = (2h—‘”, 22 c054,0,0, 2% si aJ. (35)
c c c c c c

We see that one can associate with a system of two photons a mass

ho V2 ho .
m=20—2 1—C—2=20—25Ina. (36)

v . L
Here X =cosa and 2« isan angle between directions of photons.
c

Let us compare now formulas (27) and (36). We see that in our case the angle ¢, which determines the
rotation the (XS) plane, is equal to angle « that is a half of an angle between directions of photons.

The other approach to the problem of constructing a mass of a system of photons was proposed by Rivlin [12]
[13] and Fedorov [14].

5. Localization of Fields and Particles

There is a natural way in the frame of ESM to establish a connection between mass of a particle and its size. It
can be done with the help of an analogy between the dispersion relation for a free particle

E? = (cp’)2 +m?c* (37)

and dispersion relation for a wave in the hollow metal waveguide
2

o’ =k, +(c&) (38)

Here w,, is the critical frequency of the waveguide mode, and & is a wave propagation constant.
The similarity of the ratios (37) and (38) drew the attention of many scientists. One can associated with the
critical frequency @, a parameter

ha,,
2 (39)

M =

This parameter has the unit of mass, and the question arises, if this quantity can be interpreted as a real mass?
The mass, which acquires the electromagnetic field when it enters the waveguide. In the works of Rivlin, this
problem was studied in a systematic way [12] [13]. Here we will not go into this problem, but we will mention
only the fact that the mass m is related to the width a of a square waveguide by a relation

V2nn

a= . (40)
mc

That is the value, which we propose to consider the characteristic linear parameter that is associated with the

particle.
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i

I .
mc

(41)
The value (41) resembles the Compton wavelength of the electron, however, the physical meaning of it is

very different. In the formula for Compton wavelength of the electron, the parameter m is the rest mass of the

electron, but in Equation (41) m is the mass that a photon acquires when it is subjected by external influences.

In the empty space a free photon is described by a plane wave and has an infinite size. The mass of this
photon is equal to zero, but its energy is finite. It is an idealized object. In does not exist in reality, because in
reality there is no absolutely empty space. But when photon enters the space with external fields, it acquires a
non-zero mass m. In accordance with the formula (40) a finite linear parameter | can be compared to this mass
m. We consider the linear parameter | as a size of a photon. Such reduction of an infinite format of a free photon
to finite size of a photon in an external field us a result of action of this field.

In ESM an external action is described by rotations in Extended space G(1,4). We have discussed above the
rotations from the group L(1,4), and set how changing the mass of the photon at these turns. Because a linear
parameter | expressed by the formula (41) using the mass of the photon, with its help it is possible to find the
dependence of this parameter from the values define these rotations.

So, in the case of rotations in the plane (TS) dependence of the photon mass from the angle of rotation 6 is
determined by the formula (10). Substituting this expression into the formula (41), we obtain the expression for
the parameter | through the angle 6.

2nc

|l =———.
wsinh 9

(42)

In the case of rotations in the plane (XS) dependence of the photon’s mass is determined by the formula (27).
With its help, we obtain an expression for the parameter | through the angle v .

27nc

l=———. (43)
wsiny
The rotation angles &, describe the value of external action. If this action tends to zero, the angles
0, —0, (44)
the mass m — 0 and the size of photon
| - . (45)

6. Conclusion

In given work, the generalization of Einstein’s Special theory of relativity is proposed. It is the (4 + 1)-
dimensional Extended space model. It is shown that in the frame of this model, it is possible to compare the
mass and size of the photon. In forthcoming works, we will discuss the problem of localization of massive
particles.
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