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ABSTRACT

This paper introduces an approach for obtaining the numerical solution of the linear and nonlinear Volterra-Fredholm
integro-differential equations based on quintic B-spline functions.The solution is collocated by quintic B-spline and then the
integrand is approximated by S-points Gauss-Tur an quadrature formula with respect to the Legendre weight function.The main
characteristic of this approach is that it reduces linear and nonlinear Volterra -Fredholm integro-differential equations to a system
of algebraic equations, which greatly simplifying the problem. The error analysis of proposed numerical method is studied
theoretically. Numerical examples illustrate the validity and applicability of the proposed method.
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Consider the nonlinear Volterra-Fredholm integro-differential equation of the form

r=0
with the boundary conditions,

m-—1

D oy ®@@ + B,y O ®)] =,
r=0

where a;, B, . and vy, are given real constants.

ir
The given kernels k;,k,are continuous on [a, b] and
satisfie a uniform Lipschitz, and g(t) and p.(t) are the
known functions and y is unknown function. The
boundary value problems in terms of integro-differential
equations have many practical applications. A physical
event can be modelled by the differential equation, an
integral equation or an integro-differential equation or a
system of these equations. Some of the phenomena in
physics, electronics, biology, and other applied sciences
lead to nonlinear Volterra- Fredholm integro-differential
equations. Of course, these equations can also appear
when transforming a differential equation into an integral
equation [1-7].

In general, nonlinear Volterra-Fredholm integro-
differential equations do not always have solutions which
we can obtain using analytical methods. In fact, many of
real physical phenomena encountered are almost
impossible to solve by this technique. Due to this, some
authors have proposed numerical methods to approximate

'Corresponding author

m t b
Z p.(©) yO (t) = g(t) +f kq (6%, y(x))dx +f k,(txy(x))dx,1 <m < 4,t€ [ab], (1)

0<i<m-1, )

the solutions of nonlinear Fredholm-Volterra integro-
differential equations. To mention a few, in [8] the
authors have discussed the Taylor polynomial method for
solving integro-differential equations (1).The triangular
functions method has been applied to solve the same
equations in [9].Furthermore,

The operational matrix with block-pulse
functions method is carried out in [10] for the
aforementioned integro-differential equations. The Hybrid
Legendre polynomials and Block- Pulse functions
approach for solving integro-differential equations (1) are
proposed in [11]. Yalcinbas in [12] developed the Taylor
polynomial solutions for the nonlinear Volterra-Fredholm
integral equations and in [13] considered the high-order
linear Volterra-Fredholm integro-differential equations.
The numerical solvability of Fredholm and Volterra
integro-differential equations and other related equations
can be found in [14-28].Using a global approximation to
the solution of Fredholm and Volterra integral equation of
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the second kind is constructed by means of the spline
quadrature in [32-37].

In this paper we will develop a collocation
method based on quintic B-spline to approximate the
unknown function in equation (1) then the S5-points
Gauss-Tur’an quadrature formula with respect to the
Legendre weight function is used to approximate the
nonlinear Volterra-Fredholm integro-differential
equations of second kind.

The organization of the paper is as follows. In
Section 2, we describe the basic formulation of the quintic
B-spline collocation method then the Gauss-Tur’an
quadrature formula is discussed in Section 3.Section 4

Ss(n) = {s € C*[a,b]; s|[ti, tizq] € Ps

devoted to the solution of Eq. (1) by using collocation
method for Volterra-Fredholm  integro-differential
equation. In section 5, description of new approaches for
the error analysis of the schemes is given. Finally
numerical examples are given in section 6 to illustrate the
efficiency of the presented method.

Quintic B-spline

We introduce the quintic B-spline space and
basis functions to construct an interpolation s to be used
in the formulation of the quintic B-spline collocation
method. Let m{a=t, <t <--<ty=Db}, be a
uniform partition of the interval [a,b] with step size

h= bN;a . The quintic spline space is denoted by

i=01,..,N},

where P; is the class of quintic polynomials. The construction of the quintic B-spline interpolate s to the analytical solution y
for (1) can be performed with the help of the ten additional knots such that

tig <ty <t_z<t_,<t_jand tyy; <tyiz <tnsz < tnss < Enss-

Following [33] we can define a quintic B-spline s(t) of the form

N+2
s(t) = z ¢B5 (D), 3)
i=—-2
where
(t—ti_3)® JEE [tios, ti—z]
(t—ti_3)® — 6(t —t;_,)° JE [t tiq]
(t—ti—3)® — 6(t —t;_,)° + 15(t — t;_,)° JE [tiog, t]
Bi(t) = 5ops | (t—tima)® = 6(t — ti-p)° + 15(t — ti1)° — 20(t — ;)° JtE [ty by ]

0

Satisfying the following interpolator conditions:

(t=1ti—3)® — 6(t — t;_5)° + 15(t — t;_1)> — 20(t — t;)* + 15(t — t;4,)°
(t—ti_3)° = 6(t—t;_5)> + 15(t — t;_4)° — 20(t — t;)° + 15(t — t;14)° — 6(t — tiy5)° ,t € [tiyn, tiys]

EE [tigg, tiyz]

, otherwise,

and the end conditions

s(t) = y(t), 0<i<N,
@DsIte) =y'(ty), ) =y (ty), j=12
or
(i)D's(ty) = Dis(ty), j= 1,2,3.4, 4)
or
(iii)si(ty) = 0 ,si(ty) =0, j=34.

On quadrature formulae of Gauss—Tura’n

Let P, be the set of all algebraic polynomials of degree at most m. The Gauss-Tur an quadrature formula in [29,31] is
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f i f(x) dx(x)—i Z A f D (1) + Ry 2 (D), (5)

i=0 v=1

where n € N, s € N and dA(x) is a nonnegative measure on the interval (a, b) which can be the real axis R, with compact or
infinite support for which all moments:

b
W = f xKdA(x) k=0,1,..
a

exist and are finite, moreover p > 0,and A;, = fab L,ix)dM(x), (i=0,..,25,v=1,..,n)and l,;(x) are the fundamental
polynomials of Hermite interpolation. The nodes t,(v = 1, ..., n) in (5) are the zeros of polynomial ©,,(x) = x" +
a,_1x" 1 + .- + a;x + a, which minimizes the integral

b

F(ap, a1, -, an_1) = f [ GOTZ*2dA(0) 6)

a

then the formula (5) is exact for all polynomials of degree at most 2(s + 1)n — 1, that is, Ry, 5(f) = 0,Vf € Py511)n_1. The
condition (6) is equivalent with the following conditions:

b
[ mrracm =o k=0,...n—1)

let 5, (x) denoted by P, s and dA(x) = w(x) on [a, b]. In this article, we use 5-points Gauss—Tura’n quadrature formula with
respect to the weight function Legendre w(x) = 1 and [—1, 1] with n = 5, s = 3, therefore we can approximate integral as

1 6 5
[ f00d00= D7) At (1) + R0 %
-1 i=0 v=1
f [ms (0] x5d(x) =0 (k=01234), (®)

where 15 (x) = x° + a,x* + a3x® + a,x% + a;x + ay, by solving system (8) we can obtain a; (i = 0,1, 2, 3,4) coefficients,
on the other hand we have

T[V+1(X) = (X - (XV)T[V(X) - BVT[\)—I(X) ’ V= 0;1;2;3;4r
m_4(x) =0, mx) =1,
Where
oay,m) [ xmdeomEdx  [1 xn2(x)ngdx

(my, M) f_lln\z,(x)nrz,sdx - f_lln\z,(x)ngdx'

a, = a,(3,5) =

B, = By(3,5) = (Try,my) — f_lln\z;(x)nﬁsdx _ f_llng(x)ngdx
\Y VA (Tty—1,Ty—1) f_ll 1T\Z)—1(X)T[ﬁ5dx f—ll n\2)—1(X)T[ng >

1
BO = f_l T[ng,

so that we can obtain the zeros of polynomial Ttg’s (x) of eigenvalue Jacobian matrix
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and the values of T, ay, B, which are tabulated in Table 1.

Table 1: Determined values of T, a,, 3,

v Ty ay By

0 -0.938106999475975 -0.204189952 3.83357763e(-7)
1 -0.573307914524401 -0.0013538804 0.2697108295
2 -2.00573118159208e(-16) 0.00105893788 0.3046524435
3 0.573307914524401 0.2173728849 0.2789709710
4 0.938106999475975 -0.4744354850 0.2554389765
Note: -2.00573118159208e(-16)=-2.00573118159208% 1016

Finally to determine A;, , we use the following polynomial for approximation of function f(x)
fu® = G- T)F 000 = G-t [ [a—w=t,
i#v

where 0 <k <2s, 1<v<nand

v=1,..,n,

0,00 = (e T eyt

i#v
since (5) is exact for all polynomials of degree at most 2(s + 1)n — 1 then accuracy degree f,, is
degf, =(n—-1D@2s+1)+k<(2s+1n-1
Then (5) is exact for polynomials (9), that is, R( fk,\,) =0,(0 £k < 25,1 <v < n) then by replacing f,, (x) instead of f(x)
in (5) we have

2s

n . b
> Ay = f fiw GOdAX = iy (10)
a

i=0 j=1
therefore for each v = j, we get the linear system (2s + 1) X (2s + 1), where A;,, are unknownsi =0, ...,2s,u =1,...,n.
The approximate solution of nonlinear Volterra- Fredholm integro-differential equation

In the given nonlinear Volterra- Fredholm integro-differential Eq. (1), we can approximate the unknown function by quintic
B-spline (3), then we obtain:

t b
pr () s®() = g(t) + f kq(t %, 5(x))dx + f ko(tx,s5(x))dx,1 <m < 4,t € [ab],(11)

a a

NgE

]
(=]

T

with the boundary conditions,
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m-1

>[5 @ + Bius"®)] = vi, 0<ism-1.

r=0

We now collocate Eq. (11) at collocation points t=a+ jhyh = bN;a , j=0,1,..,N, and we obtain

m

z pr(t)) s(r)(tj) = g(t]-) + ftj k, (tj,x,s(x)) dx + fbkz (t]-,x,s(x)) dx,1<m<4,j=1,..,N.(12)

r=0

By partitioning the interval [a, b] to N equal subintervals we obtain

Pe(t) sO(t) _g(t)+2f (x5 dx+2f 2(5%s@)dx, _ N a3

NgE

r

Il
=]

For using the Gauss-Tura'n formula we need to change each subinterval [ty, t,,] to the interval [—1,1]. Then by the
following change of variable, we have

1 tp+1 - tp h
X = E[(tpﬂ —tou+ (tper +tp) ], dx= Tdu = Edu,

and then

tp+1 h ! 1 1
Jt k(t x,s(x))dx = 2 J_lk(t’i [(tper — tp)u+ (tpes +tp)], (E [(tps1 — tp)u+ (tpes + tp)]>> du

P

To approximate the integral Equation (13), we can use the 5-points Gauss—Tura'n quadrature formula in the case n =
5 and s = 3, then we get the following nonlinear system:

m h -1 5 6 hN—l 5 6
z pr(t ) S(r) (t ) - g(t ) Ez z Z lvkl(1 t]' Epu' S(Epu) + E z Z Alka t]' Epu' S(Epu)) 'j
r=0 p=0v=11=0 p=0v=11=0

=1,..,N, (14)

where &,, = %[(tp+1 - tp)‘rv + (tp+1 + tp)] and we have the nodes T, and coefficients A, of previous section.

We need four more equations to obtain the unique solution for Equation (14), we impose the end conditions (4). Hence by
associating equation (14) with (4) we have the following nonlinear system (N 4+ 5) X (N + 5):

m h -1 5 6 hN—l 5 6
1 1
Z P sO() = 8(6) +3 . D > Anka® (6550 5G)) +3 ). D D Ak (850 5(E).
=0 p=0v=11=0 p=0 v=11=0
-1
Z [ai,s® (@) + Birs® )] = vi, 0<i<m-1j=1,.,N, (15)
r=0
st (ty) =s*V(ty), 0<r<4-m.
By solving the above nonlinear system ,we determine the coefficients ¢;,i = —2,..., N + 2 ,by setting c; in (3), we obtain the

approximate solution for Equation (11).
Error Analysis

In this section, we consider the error analysis of the Volterra- Fredholm integro-differential equation of the second kind .To
obtain the error estimation of our approximation, first we recall the following definitions in [29-31,33].

Definition 5.1 The Gauss-Tur an quadrature formula with multiple nodes,

Indian J.Sci.Res. 7 (1): 449-459, 2014
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f () d0)- Z Z Af® (5,) + Ry,

i=0 v=

is exact for all polynomials of degree at most 2(s + 1)n — 1, that is, Ry, ,s(f) = 0V f € Py(s1yn-1-

Definition 5.2 The most immediate error analysis for spline approximates S to a given function f defined on an interval [a, b]
follows from the second integral relations.

Iff € Cg[a,b], then ||DV (f — S)|| < yh®,j =0, ...,6. Where [|fll,, = maxo<ien SUPy,_, <tstslfo) |,
and DJ the j-th derivative.

Theorem 5.1  The approximate method

m h i-1 5 6 h N-1 5 6
Z pe(t)sO() = 8(6) +5 0 > > Ak ® (15.505E)) +5 0. D0 > Auk® (5,50 5(5))
=0 p=0v=11=0 p=0v=11=0
-1
[ai,s® @) + Birs@D)] =i, 0<i<m-1,j=1,..,N, (16)
=0

for solution of the Volterra- Fredholm integro-differential Eq .(11) is converge and the error bounded is

Z 191 ezl

Proof : We know that at t=a+ jh,h = t_?a , j=0,1,...,N the corresponding approximation method for nonlinear

j—-1

5 6
hL hL*
" 2,2, 1awlie™ ZEZ
e < A e [+ Arvlle
™| on] Al o] Ayllerp

p=0v=11=0 —0v=11=0 |m1|

Volterra- Fredholm integro-differential Eq. (11) is

6 5 6
h
E z lvkl ]'Epv's(zpu + ZZAlvkz t]'Epu' S(Epu)) ,

1=0 p=0v=11=0

"M,_;
IIMU'I

> pe(6)sO(t) = 8(t) +

j=1,.,N, 1<m<4 (17)

By discrediting (1) and approximating the integral by the 5-points Gauss—Turan rules, we obtain

m h -1 5 6 hN—l 5 6
z pr(tj) y(r) (tj) = g(tj) E z Z lvkl t]' Epu' Y(Epu)) + E z Z Al,ka ® (tj' Epu' Y(Epv)) ’
r=0 p=0v=1 1=0 p=0v=1 1=0

j=1,..,N, 1<m<4 (18)

By subtracting (18) from (17) and using interpolatory conditions of quintic B-spline, we get

2 pel6) () =y (1)

-1 5 6 N-15 6
g Z (D tu EDU' S(EDU)) - kl ® (ti' Epu' y(zpu))] + ;Z Z Z Al,V [kz M (ti' Epvﬁ S(Epv))
=0v=11=0 p=0v=11=0

- l(2 (l) t, Epu' Y(Epv))]'
So
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= [pm(t)|1s™ () =y ™ (5)]

i-1 5 6

EZZZ Ayl Ik, (J’EPU’S(EPU))

5 6
N GRS () +§ D 1l (58 () = o (85 8 ¥ (Eo)

o
I
=}
c
1l
oy
1]
=}

m—1
+ Z Ip:(6) 1Is@(5) = y@(5)] ,j=1,....N.
r=0

We suppose that s(™(t;) = s ,y(m)(t) y ™ j=1,..,N,m=1273,4andkernels k;®, k,O,1=0,..,6 satisfy a

Lipschitz condition in its third argument of the form

[k, Pt Es)-kPEEY)| <Lls -yl [k, P 0 &5)- kPt EY)| < LIs —yl,

where L, L* is independent of t,&,s and y. We get

hL -1 5 6 L N-1 5 6 m-1
[P 5™ -y <= [AylISpo = Ypo |+~ |ALyllSpy = Ypu| + Py | sV -yl i
j j 2 2 j j
p=0v=11=0 p=0v=11=0 r=0
=1,..,
Since that |pm]-| # 0, then we have
hL j-1 5 6 hL* N-1 5 6
7] < 21 2, 2, 2 Willewnel™ [+ 501D ) sz +| P Z 1P 1le”)] -
Pmj p=0v=11=0 Pmj p=0v=1I= Pmj

Where e].(m) = si(m) - y].(m) ,j=1,.,Nr=0,..,m.

When h — 0 then the above first and second term are zero and the third term in the above tends to zero because this term is
due to interpolating of y(t) by quintic B-spline. We get for a fixed j,

|ej(m)| —»0ash-0,m=0,..,4.

Numerical Examples

In order to test the applicability of the presented method, we consider two examples of the nonlinear Volterra - Fredholm
integro-differential equations, these examples have been solved with various values of N. The absolute errors in the solution
for various values of N are tabulated in Tables. The tables verified that our approach is more accurate. Programs are
preformed by Mathematica for all the examples.

Example 6.1 Consider the following nonlinear Volterra-Fredholm integro-differential equation with the exact solution
y(®) =t

, 1t 1t
YO +y0 =5 [ 2 0dc+ [ x°WdxrgO,  0sxes,
0 0

where g(t) = %t6 +t2 4+ 2t— 3%, with boundary conditions: y(0) = 0.

This equation has been solved by our method with N = 6, 16, 46, the absolute error at the particular grid points is tabulated in
table 2 .Table 3 shows, a comparison between the absolute errors of our method together with triangular functions method
[9], operational matrix with block-pulse functions method [10], and Hybrid Legendre polynomials and block-pulse functions
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method [11] and reproducing kernel Hilbert space method [38]. As it is evident from the comparison results, it was found that
our method in comparison with the mentioned methods is better with a view to accuracy and utilization.

Example 6.2 Cosider the following nonlinear Volterra-Fredholm integro-differential equation with the exact solution
y(® = -1+t

t

1
y'() +y®) = f y2(x) dx + f (2x + tx?) y2(x)dx + g(1), 0<xt<l,

whereg(t) = _?1t5 + §t3 + Etz — 23t — 1, with boundary conditions: y(0) = —1,y'(0) = 0,y"(0) = 2.

105
The approximate solutions are calculated for is proper only for N = 4, our method is significant not
different values of N =5, 15, 35, the absolute error at the only because it yeilds solutions for any N, but also
particular grid points is tabulated in table 4 . While in because the approximate solutions it gives are very close
[39], the adopted method yields no solution for N = 3, to exact ones. This table verified that our results are more
takes time to give the approximate answer for N = 5, and accurate.

Table 2: The error ||[E|| in solution of example 6.1 at particular points

t N=6 N=16 N=46

0 8.67E - 19 1.08E - 19 1.35E—-20
0.1 1.48E - 09 2.01E-10 2.42E - 11
0.2 2.74E - 09 3.83E-10 4.62E — 11
0.3 3.85E-09 545E-10 6.60E — 11
0.4 4.87E - 09 6.89E - 10 835E-11

0.5 5.75E-09 8.14E-10 9.86E — 11
0.6 6.43E - 09 9.14E-10 I.11IE-10
0.7 6.90E — 09 9.84E - 10 1.19E - 10
0.8 7.11E -09 1.01E-09 1.22E—-10

0.9 6.91E - 09 9.87E - 10 1.19E - 10
1 6.20E — 09 891E-10 1.08E - 10

Indian J.Sci.Res. 7 (1): 449-459, 2014
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Table 3: Numerical comparison of absolute error for Example 6.1

t our method method in [9] method in [10] method in [11] method in [38]
N=26 m=32 m=32 n=8m=38 N=26,n=5
0 0 0 0 0
0.1 7.60E — 11 1.66E — 04 2.18E-03 3.10E - 05 6.14E — 07
0.2 1.45E-10 2.54E - 04 1.46E — 03 7.50E - 05 1.23E - 06
0.3 2.06E - 10 2.62E — 04 1.67E — 03 1.71E - 04 1.86E — 06
0.4 2.61E-10 1.91E - 04 7.24E - 03 9.40E - 05 2.52E - 06
0.5 3.08E-10 4.10E - 05 1.60E — 02 2.28E - 04 3.19E - 06
0.6 3.46E-10 2.02E — 04 1.15E - 02 5.02E - 04 3.90E — 06
0.7 3.73E-10 2.83E-04 4.51E-03 5.83E-04 4.65E — 06
0.8 3.84E-10 2.83E-04 4.87E - 03 3.74E - 04 5.44E — 06
0.9 3.74E-10 2.02E - 04 1.67E — 02 4.70E - 05 6.29E — 06
1 338E-10 3.70E - 05 3.09E - 02 1.40E — 05 7.20E — 06
Table 4: The error ||[E|| in solution of example 6.2 at particular points
t N=5 N=35
0 I.1IE-16 221E-16 0
0.1 3.38E-13 4.34E - 14 228E-14
0.2 1.68E — 12 2.78E-13 5.62E — 14
0.3 1.0OIE-12 1.54E - 12 2.59E-13
0.4 2.15E-11 5.05E—12 1.09E — 12
0.5 7.78E — 11 1.28E — 11 253E-12
0.6 1.87E—-10 2.66E — 11 5.14E—12
0.7 3.70E-10 4.88E-11 9.42E-12
0.8 6.51E-10 8.20E-11 1.55E-11
0.9 1.05E - 09 1.28E-10 242E-11
1 1.59E - 09 1.90E-10 3.57E-11
CONCLUSION B-spline. These equations are converted to a system of

In the present work, a technique has been
developed for solving the linear and nonlinear Volterra-
Fredholm integro-differential equations by using the 5-
points Gauss-Turan quadrature formula with respect to
the Legendre weight function and collocating by quintic

Indian J.Sci.Res. 7 (1): 449-459, 2014

linear or nonlinear algebraic equations in terms of the
linear combination coefficients appearing in the
representation of the solution in spline basic
functions.This method tested on 2 examples .The absolute
errors in the solutions of these examples show that our
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approach is more accurate in comparison with the
methods given in [9,10,11,38,39] and our results verified
the accurate nature of our method.
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