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The Distribution of Fluid Forces on 
Model Arterial Endothelium Using 
Computational Fluid Dynamics 
Numerical calculations are used in conjunction with linear perturbation theory to 
analyze the problem of laminar flow of an incompressible fluid over a wavy surface 
which approximates a monolayer of vascular endothelial cells. These calculations 
model flow conditions in an artery very near the vessel wall at any instant in time, 
providing a description of the velocity field with detail that would be difficult to 
identify experimentally. The surface pressure and shear stress distributions are qual­
itatively similar for linear theory and numerical computations. However, the results 
diverge as the amplitude of surface undulation is increased. The shear stress gradient 
along the cell model surface is reduced for geometries which correspond to aligned 
endothelial cells (versus nonaligned geometries). 

I Introduction 
The vascular endothelium is the simple epithelium that lines 

the cardiovascular system. It consists of a cellular monolayer 
which rests on a complicated matrix of cells and intercellular 
material. Intact endothelium provides a selectively permeable 
barrier to the passage of macromolecules from the bloodspace 
to the extravascular space. Moreover, the vascular endothelium 
bears the shear stress imparted by blood flow. The structure 
and function of the monolayer is affected by these mechanical 
factors (see Fig. 1) [6, 7, 9, 10, 15, 18, 25, 33, 34, 36-39]; 
however, the specific mechanisms mediating these cellular re­
sponses have not been identified. 

A detailed description of the flow is needed. An endothelial 
cell in vivo witnesses flow which passes in rhythmic waves. 
The cells are only 1-2 fim thick and 20-50 ]x,m in the circum­
ferential and axial dimensions. They are primarily affected by 
detailed flow behavior very near the wall. In this region, the 
fluid velocity profile is nearly linear, although the magnitude 
of the average velocity may vary by a factor of four or more 
from systole to diastole, and from point to point on the mic­
roscopically rough surface. Because of the small size of en­
dothelial cells, flow at any instant may be considered quasi-
steady near the wall, as described by the local linear shear flow. 

One of the most difficult problems in fluid mechanics is 
studying flow details near a rough surface. The disturbed wall 
region is typically buried inside a boundary layer or is difficult 
to access in experiments. Additional complications include: 
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Fig. 1 Response of vascular endothelium to fluid flow 

tiny dimensions (typically microns), wall probe interference 
effects, and the intrinsic difficulty of accurately measuring wall 
shear stress. Previous studies demonstrate that numerical so­
lutions of the Navier-Stokes equations yield accurate predic­
tions of flow characteristics in such circumstances [5, 8, 12, 
13, 20, 26, 28]. We are using computational methods to study 
flow near arterial endothelium, whose surface is modelled as 
a wavy wall. 

Endothelial cells withstand fluid forces and maintain inter­
cellular connections in a confluent layer which is only one cell 
thick in arteries and veins. Preserving the integrity of inter­
cellular junctions is critical for the monolayer to serve its func­
tion as a selectively permeable barrier between blood and tissue 
[6, 25, 38]. When a quiescent monolayer of cells is exposed to 
flow, the cells can potentially align and elongate in the flow 

Journal of Biomechanicai Engineering AUGUST 1992, Vol. 114 / 309 J 

Copyright © 1992 by ASME

Downloaded From: https://biomechanical.asmedigitalcollection.asme.org on 06/29/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use



direction, altering the bulk mechanical characteristics of the 
cell, and modulating physiological responses in vitro [7, 9, 10, 
37, 39]. The nature of this response depends on whether the 
flow is laminar, disturbed, or turbulent (see Fig. 1). Exposure 
to shearing forces also causes dramatic changes in the cyto-
skeleton. The actin network is rearranged from circumferential 
fibers to form prominent stress fibers [30, 37, 39]. Stress fibers 
are normally found in the basal aspect of cells which have not 
experienced shear stress. In such cells, they are arranged in 
random directions and appear to interconnect regions of ad­
herence of the plasma membrane to the substrate (focal con­
tacts). In aligned cells, stress fibers are parallel to the direction 
of flow; and appear to attach to the apical membrane [16, 34]. 
These stress fibers may prevent endothelium from hydrody-
namic injury and/or detachment by tethering the apical mem­
brane and stabilizing intercellular junctions. Others have made 
observations which support this possibility: 

8 aligned cells appear to be "stiffer" than nonaligned cells 
as determined by micropipette aspiration [24, 33]. 

• there is increased ATP utilization in cells exposed to shear 
stress, presumably in part due to contracting stress fibers [34]. 

9 the permeability of a monolayer with no previous exposure 
to shear stress is transiently and acutely increased in response 
to flow [7, 25]. 

DNA synthesis is altered in cells by exposure to flow affecting 
gene expression, and apparently producing a different phen-
otype. Few (if any) other cells in the body experience shearing 
forces of similar magnitude on only one side. Thus, it is dif­
ficult to identify analogous cellular models for comparison. 
An unrelated phenotypic modulation has been observed in 
microvessel endothelial cells in response to chemical factors 
[27]. Similar transdifferentiation studies suggest that extra­
cellular environment, the cytoplasm, and nucleus, interact to 
confer the gene expression exhibited by cells [23, 27]. 

In order to understand how shear stress produces such pro­
found effects in endothelial cells, the detailed distribution of 
forces on a cell and monolayer of cells must first be known. 
In early studies, investigators did not consider cell shape. The 
average shearing force imparted by bulk fluid flow was con­
sidered determinant: high shear stress caused direct desqua­
mation, and low shear stress caused concentration polarization 
effects at the wall [6, 14]. Subsequent studies suggest that 
disturbed flow patterns (such as are found near branchings in 
arteries) are more closely associated with possible pathological 
processes [15]. The flow field in such regions is characterized 
by high shear stress gradients. Theoretical and experimental 
work has demonstrated the importance of local geometry, cor­
responding to cell shape in our problem, in affecting the flow 
field near a surface [6, 15]. In cases where the surface geometry 
scaling is much smaller than bulk flow conduit geometry, the 
stress distribution depends on the local flow field induced by 
the object [4, 22]. For a wavy surface, the relevant flow field 
is contained in a small region near the wall that scales with 
the wavelength of the surface variation. 

The wavy wall problem has been studied in two dimensions 
by others [2, 5, 20, 22, 26, 28]. Such computations were used 
for studying wave growth under the influence of wind (beach 
processes). Theoretical solutions for steady flows at large hy­
draulic Reynold's number (Re) over small-amplitude wavy sur­
faces were obtained [2, 5, 26]. Similar calculations have been 
performed for low Re oscillatory flows over wavy surfaces [20, 
22, 28]. The theory for our problem follows from these latter 
works. 

Recent studies include numerical treatments of low Re flows 
over objects in shear flows. In one study, finite elements are 
used to estimate forces acting on a thrombus [13]. We apply 
linear theory to predict the local flow field over a coordinate 
surface which models an endothelial cell monolayer (see Ap­
pendix) [4]. A comparison is made with results from spectral 

,. i 

.y, = ^ COS ( a X ) COS (P z ) 

Fig. 2 Cell surface model 

element numerical calculations in order to define the range of 
geometric parameters for which linear theory is applicable. 

II Computational Methods 
A model surface was chosen which represents the cell 

monolayer (see Fig. 2). The fluid flow near this surface is 
characterized by a vanishing Reynold's number [Re~O(10~4)] 
so that momentum transfer is dominated by viscous forces. 
The pertinent governing equations are for an incompressible, 
constant-property, steady-state fluid, leading to a so-called 
Stokes calculation. Conservation of momentum and mass can 
be written as (respectively): 

— V 2«=V/7 (1) 
Re 

Vw = 0 (2) 
The unknowns are the vector velocity u and the pressure/?. 

The single parameter appearing is the Reynold's number, Re 
= vr\2/v, where a is the shear rate in the linear shear flow far 
from the surface, and rj is the surface undulation amplitude 
(characteristic length scale of the problem). The kinematic 
viscosity of the fluid is v = /x/p, where p is the fluid density 
and ix is the fluid viscosity. The equations are parabolic so 
velocity boundary conditions must be provided on all sides of 
the computational domain. The complete theoretical solution 
is included in the Appendix [4]. 

Our calculations simulate conditions in large arteries (such 
as the aorta) very near the vessel wall at any instant in time. 
The upper boundary can be represented as a shear flow at 
infinite distance from the surface. However, the computational 
code did not explicitly provide for boundary conditions at 
infinity. Instead we specified the upper boundary to be a rigid 
surface which is moved far enough away (at least 4 times the 
cell surface modulation amplitude) so that wall effects are no 
longer important. The velocity at the upper surface is fixed at 
the value corresponding to a linear shear flow field. The cell 
surface is the lower boundary of the domain. It is rigid and 
extends infinitely in x and z. Thus, the solution is determined 
by solving for one full period of the cell model surface in the 
relevant directions {x and z). Boundary conditions are ex­
pressed below: 

\u\y^a> = ay (shear flow at large distance) 

\u\y=y =0 (zero velocity at wall) 

where a is the undisturbed shear rate far away from the wall. 
A shear rate of a = 800 s~' was specified for all calculations. 
Unsteady motion dynamics for physiologic frequencies are 
such that a quasi-steady approximation can be made (a = 
hsfcJv = 0.1 to 0.001). 

The computational code NEKTON was used for numerical 
solution of the problem [12, 29, 31]. This code is robust and 
efficient, and was easily modified to generate the model cell 
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surface as the lower boundary of the computational domain. 
NEKTON has powerful pre- and post-processing packages for 
mesh generation and visualization of results. The code runs 
on a wide variety of computers (from workstations to super­
computers). Thus, computational experiments can be per­
formed on smaller machines, while production runs can be 
directed to the most efficient computers available [8, 11]. Only 
three-dimensional steady-state Stokes results are presented in 
this paper (quasi-steady approximation), although NEKTON 
supports both unsteady and three-dimensional incompressible 
fluid calculations for the fu.ll Navier-Stokes equations. 

The spectral element method for partial differential equa­
tions is the basis for spatial discretization. The method is sum­
marized briefly in what follows. For an extensive description, 
one should see references 29 and 31. Spectral elements combine 
high-order (spectral) accuracy with the geometrical flexibility 
of low order finite-element methods. The computational do­
main is divided into K nondegenerate macro-quadrangles 
(spectral elements). In our problem, three-dimensional do­
mains were broken up into "bricks," in which the two hori­
zontal parallel faces are nondegenerate quadrangles [8,11,29]. 

The data, geometry, and solution, are approximated by high 
order polynomial expansions within each macro-element. A 
local Cartesian mesh is constructed within each element which 
corresponds to N x N x N tensor-product Gauss-Lobatto 
Legendre collocation points. The Gauss-Lobatto points are 
clustered near elemental boundaries; an arrangement which 
gives accurate approximation, and favorable interpolation and 
quadrature properties. Dependent variables are expanded in 
terms of (N — l)th order polynomial Lagrangian interpolants 
(through the Gauss-Lobatto Legendre collocation points) [8, 
11, 12]. 

Spatially discrete equations are generated by inserting as­
sumed forms of dependent variables into the governing equa­
tions, and requiring that the residual vanish in some integral 
and weighted sense. The computed numerical variables cor­
respond to values occurring at the collocation points of the 
mesh. Convergence is obtained by increasing the number of 
macro-elements (K) or the order of the interpolants (TV) in the 
elements. The error decreases algebraically (like K~N) as K is 
increased; and exponentially for smooth solutions (like e~aN) 
as N is increased [8, 11], 

For our computations, two domains in x and z, and one in 
y (total of 4) were adequate to resolve the details of the flow. 
Increased accuracy (in the spectral sense) was achieved by 
increasing the polynomial degree. The present calculations used 
values of N between 7 and 11. Calculations were performed 
on a Concurrent 6450 computer. 

Ill Results 
An analytical solution for linearized flow over a wavy wall 

is given in the Appendix [4]. The amplitude of the sinusoidal 
boundary modulation must be small relative to the wavelength. 
If this condition is satisfied, the boundary condition at the cell 
model surface, ys, can be linearized. The function which defines 
the surface is: 

\x/\, =cj = 0.0 

Fig. 3 Surface geometries defined by a length (XJ 
undulation 

and width (XJ of 

- 2ir —. — sin(cw:)sin(/3z) (6) 
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l>z.p* = 

jxa 

(7) 

(8) 

ys = T)COs(ax)cos{fiz) (3) 
where rj is the amplitude of surface oscillation. The streamwise 
and transverse wavenumbers a and /3 are given by, 

2TT_ 2TT 

X* X;, 

where Xx and \ are the surface undulation wavelengths. The 
resulting dimensionless shear stress and pressure force distri­
butions on the model endothelial surface are: 

2 + q2 V 
1+27T 

VTT^ 

(9) 

TyX is the normalized surface shear stress in the x-direction; 
and ryz is the normalized surface shear stress in the z-direction. 
The term jxa is the mean wall shear stress imposed by flow far 
(i.e., many times the cell height) from the endothelial surface. 
The solution predicts: 

1. The surface shear stress in the x-direction consists of the 
sum of the average shear stress imposed by flow and a spatially 
varying stress perturbation due to cell shape. The magnitude 
of the shear stress perturbation depends on q and TJ/XX. AS 
T)/\X (dimensionless surface amplitude) increases, the pertur­
bation increases linearly. For q » 1 it is proportional to q. 
Tyx is in phase with surface variations in x and z—it is maximum 
at the highest point on the cell surface, and minimum at the 
lowest point on the surface. 

2. The presence of surface waviness introduces a lateral 
shear stress perturbation which is linear with rj/\x. It is caused 
by the transverse flow away from surface peaks and toward 
surface valleys. As q becomes large ( » 1), there is no de­
pendence on q. Tyz is 7r/2 out of phase with the surface waviness 
in the streamwise and transverse directions. It is maximum or 
minimum at points of maximum surface slope. 

3. The pressure perturbation is linear with ^A*, but does 
not depend on q. It is asymmetric along the cell longitudinal 
axis, tending to increase the pressure on the proximal side and 
reduce it on the distal side. The pressure is 7r/2 out of phase 
with the surface variations in the direction of flow. Pressure 
is maximum or minimum at points of maximum slope in the 

cos(ax)cos(/3z) (5) fiow direction. 
Numerical and analytical computations were compared for 

(4) 
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Fig. 4 Surface pressure distribution profiles for the case of q= 1 

5 surface geometries: length/width ratios of q = 0, 0.25, 1, 
4, and oo (see Fig. 3). Eight amplitudes (») = 1, 2, 4, 8, 12, 
20, 30, and 40 /im) were evaluated for each geometry. The 
resulting range for the height/length ratio [0 < 9i/\x < 4/3] 
includes values which violate the condition r)/Xx « 1. Phys­
iologic values of length/width ratio for large vessel endothelial 
cells typically range from 0.25 to 4.0 [4]. Cell heights (corre­
sponding to surface amplitude) are usually 1-4 fim. 

For a limited range, numerical results and linear theory 
predictions agree (not illustrated). Both numerical and theo­
retical methods predict that the wall shear stress ryx is maximum 
at the highest points of the coordinate surface, and minimum 
at the lowest points. The pressure distribution is 7r/2 out of 
phase in the direction of flow, and the wall shear stress and 
pressure distributions are periodic. 

Numerical magnitudes no longer agree with linear theory 
after the onset of separated flow. Figures 4(a) and 4(b) compare 
pressure distribution profiles for q = 1 as r\/\x is increased 
from 0.025 (Fig. 4(a)), to 0.1 (Fig. 4(b)) (Note: for plotting 
purposes, the origin was shifted by 90° so that the peak in the 
pressure profile occurs at the origin). The linear solution no 
longer closely follows numerical predictions as the dimension-
less surface amplitude becomes of O(0.1), where recirculations 
appear in the flow field. 

Maximum (ryXimax) and minimum (ryx,min) shear stress mag­
nitudes for both numerical and analytical solutions are plotted 
in Figs. 5(a) and 6(a) for a range of parameter values. Groups 
of points corresponding to a particular geometry (fixed length/ 
width value) fall along the same line when shear stress and 
pressure are plotted vs. surface amplitude (Figs. 5-7). The 
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Fig. 5 Dimensionless maximum shear stress ( 4 „ ) vs. height/length 
for (a) numerical and analytical solutions and (b) numerical solution 

maximum wall shear predictions are in better agreement than 
the minimum wall shear values. As shown in Fig. 5(a), the 
maximum wall shear values increase almost linearly for T)A* 
< 0.2. The slopes agree initially, but diverge as the amplitude 
increases. This effect becomes more pronounced for higher q 
values. Figure 5(b) is a plot of the numerical maximum shear 
stress data. As the dimensionless amplitude is increased well 
beyond 0.2, nonlinear behavior prevails. For minimum wall 
shear, the analytical solution predicts a linear decrease with 
increasing r\/\x (Fig. 6(a)). But for r)/\x > 0.1, the numerical 
result diverges. This difference is attributable to the formation 
of regions of reverse flow. 

Linear theory fails to predict reverse flow. It only accounts 
for flow accelerations and decelerations due to expansion or 
contraction of the flow domain. Describing the relevant proc­
esses which cause recirculation would require using higher or­
der terms in the analytical model. The numerical solution 
predicts and resolves flow reversals as the dimensionless am­
plitude is increased. As shown in Fig. 8, streamline plots in­
dicate that vortices form in the valleys of the cell model surface. 
Recirculation regions occur when there is surface variation in 
the primary flow direction (i.e., for Geometries 1-4). 

We did not resolve the exact amplitude where recirculation 
begins; however, the range which contains the critical ampli­
tude is recorded in the table in Fig. 8. The critical dimensionless 
surface amplitude is of O(0.1), and it defines 2 regions: 
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Fig. 6 Dimensionless minimum shear stress 0>,min) vs. height/length 
for (a) numerical and analytical solutions and (o) numerical solution 

Vortices Appear 
Geometry 

Geometry 1 
Geometrv 2 
Geometry 3 
Geometry 4 
Geometry 5 
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Fig. 7 Dimensionless maximum pressure magnitude (I p* I) vs. height/ 
length for numerical and analytical solutions 

1. For ij/Xx < (r)A*)crit. the numerical values are in good 
agreement with linear theory. 

2. For rj/X* > (r)/Xx)crit, the values diverge. The physical 
processes can no longer be represented by a linear perturbation. 
Higher order terms are needed for a more accurate theoretical 
treatment. 

•Transverse ribs 
**Vortices do not appear: streamwise ribs 

Fig. 8 Streamline plot for the case of q = 1; ijM, = 0.5 showing a region 
of recirculation. Fluid flow is from left to right. The table indicates the 
value of the dimensionless surface amplitude at which vortices are first 
observed for each of the geometries. 

The analytical solution for surface pressure predicts a linear 
dependence on ?)/Xx, and no dependence on q. The numerical 
result exhibits dependence on q\ namely, the slope increases 
with q (Fig. 7). In contrast, the symmetrical form of the nu­
merical solution agrees with linear theory. The average surface 
pressure must be zero so that there is no net flow in the direction 
normal to the top boundary. With Geometry 5, the pressure 
field is zero everywhere (for both numerical and analytical 
results) since there is no surface variation in the flow direction. 

IV Discussion 
The flow fields predicted by the numerical and analytical 

solutions are qualitatively similar. The wall shear stress and 
pressure distributions vary periodically at the wavy wall sur­
face. However, the results from the two methods diverge as 
the amplitude of the surface waviness increases. Flow vortices 
appear as the key assumption of linear theory is violated 
(namely, r//\x « 1—see Appendix), where the critical di­
mensionless amplitude is of O(0.1). Departure from linear 
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ear theory predictions can be observed by comparing surface 
pressure distributions (Figs. 4(a) and 4(b)). There is: 

• a departure from linear growth of peak-to-peak pressure. 
• variation in the phase of pressure distribution. 
• contributions from higher harmonics of the pressure dis­

tribution. 
9 dependence on the length/width ratio (parameter q). 

Others have obtained similar predictions [2, 5, 22]. Linear 
theory does not predict the formation of recirculation regions, 
since the physical phenomena responsible for vortex flow are 
nonlinear processes. Adverse pressure gradients arise in the 
regions between surface peaks, inducing a reverse flow when 
the fluid momentum can no longer overcome the pressure 
gradient. As recirculation regions form in geometries of low 
aspect ratio (q), the pressure profile predicted by linear theory 
is relaxed. The momentum of the flow that would be lost in 
the pressure recovery region (trough) is preserved as the flow 
separates. In geometries of higher q, the vortices are smaller 
due to the transport of momentum around the sides of the 
peaks into the low pressure region and thus the "shadowing 
effect" of the vortices is reduced. The flow passing over the 
smaller vortices impinges on the proximal sides of the surface 
peaks, resulting in higher peak pressures near the points of 
maximum slope. 

At the highest surface points, the wall shear stress grows 
almost linearly with increasing surface amplitude as predicted 
by linear theory. Flow acceleration occurs along streamlines 
toward the peaks due to the constraint provided by the con­
tinuity equation. These processes are different than those pro­
ducing flow separation in the lower surface regions. 

Nonuniform shear stress gradients of significant magnitude 
across a cell surface could be of potential importance for ex­
plaining flow induced morphological changes. The forces which 
result from a cell-to-cell variation on the order of the pertur­
bation shear stress are sufficient to disturb protein-protein 
interactions. Bell [1] has determined that a noncovalent inter­
action is disrupted by a critical force of 10~5 dyne. The dif­
ference in shear force on 2 adjacent cells in laminar flow can 
be of order 10~4dyne, which corresponds to 10 protein-protein 
interactions. Experimental studies of others indicate that a 
force of ~ 1 dyne (105 protein-protein interactions) can detach 
a cell from a monolayer [21]. Thus, the imbalance forces pro­
duced by surface variations are potentially large enough to 
disturb small numbers of a cell's protein-protein noncovalent 
associations with other cells, but cannot detach the cells. An 
endothelial monolayer will have more geometric variability 
than our model; consequently, the resulting shear stress gra­
dients could exceed those predicted for the model surface. A 
sequential disruption of a large number of bonds holding a 
monolayer together could lead to alterations in cell morphol­
ogy. 

The predicted forces acting on the aligned monolayer are 
reduced in comparison to nonaligned endothelium. For a sur­
face approximating a nonaligned monolayer, the perturbation 
shear stress can be as large as 34 percent of the average shear 
stress imposed by the primary flow. This decreases to 20 percent 
for aligned monolayers since the height/length ratio is reduced 
(essentially, the surface is less "bumpy") . Perhaps the 
monolayer is able to achieve stability by reconfiguring the actin 
filament system so that stress fibers attach to the apical mem­
brane. Nonaligned cells do not have stress fibers in the proper 
arrangement to experience this stabilizing effect. 

Modeling the distribution of forces on cells also aids in 
understanding the role of shear stress in the pathophysiology 
of atherosclerosis. Endothelium exposed to large shear stress 
gradients displays dramatic changes in cell shape, density, and 
rate of division [9, 15]. Our analysis predicts that shear stress 
gradients associated with laminar flow are smaller in magnitude 
than disturbed or turbulent flow. Consequently, the observed 

endothelial response to laminar flow is marked (cells elongate 
in the flow direction), but differs from disturbed flow in that 
there is little change in cell division and density [7,9, 10]. Loss 
of contact with neighboring cells has been shown to induce 
migration and cell shape changes [7, 37]. Thus the larger forces 
associated with disturbed flow may exceed the cells' adaptive 
capabilities, resulting in pathological behavior. Observed re­
sponses include: increased cell division, changes in cell density, 
altered arachidonate metabolism, growth factor and cytokine 
production, surface adhesive properties, coagulation and fi­
brinolytic activities and altered permeability to macromole-
cules and lipoproteins [17-19]. 
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A P P E N D I X 

Linear Flow Over a Wavy Wall 
The governing Navier-Stokes equations and boundary con­

ditions are given in Eqs. (1) and (2), and two paragraphs 
following them. For the Reynolds number Re approaching 
zero, the equations reduce to those of Stokes with boundary 
conditions appropriate to linear shear flow: 

du dv dw „ 

ox dy dz 
(A-l) 

dx2 +dy2 +dz2' 

d2v d2v d2v 

-0 

(A-2) 

(A-3) 

(A-4) 

(A-5) 

p. ox 

j_ap 
dx2 dy2 dz2~ ix dy 

d2w d2w d2w 1 dP 

dx2 + dy2 + dz2"ti dz 

for >»— co, u = oy, and (v, w)-

where o is the shear rate. The boundary condition at the surface 
requires (u, v, w) to vanish. 

A linearized solution is sought: that is, the velocity field is 
described by the solution to the problem of linear shear flow 
over a flat wall (Couette flow) plus a small perturbation caused 
by wall waviness. The velocity perturbation must vanish at 
infinity, recovering Eq. (A-5), and the sum of the velocity 
perturbations and the linear shear flow must be zero at the 
perturbed wall surface. 

Linearization of the Equations. The wavy wall can be ex­
pressed in analytical form by the equation: 

y = r,^rjeil°*+liz) (A-6) 

Only the real part of Eq. (A-6) is taken to have physical 
significance. Equation (A-6) defines a surface with waviness 
in both the x and z directions with amplitude r) and wavenum-
bers a and /3, respectively. To facilitate manipulation of the 
equations, the symbol i\ will be used to indicate the surface, 
implying the right-hand side of Eq. (A-6). 

The form assumed for the velocities and pressure is as fol­
lows: 

u=U+u{y)ei{ax+0z) (A-7) 

v=v(y)eiioo:+'3z) (A-8) 

w=w(y)e'{ax+l3z) (A-9) 

P=P(y)enax+0z) (A-10) 

U = ay is the Couette flow solution. The form of the pressure 
and velocity perturbations are the product of: 1) an unknown 
function of y alone; and 2) a periodic function of x and z that 
matches the form of the boundary rj. The boundary conditions 
on the velocities are: 

at the surface, y = rf. 

u(ri)+ori = 0 (A-11) 

y(r/)=0 (A-12) 

w(r/)=0 (A-13) 

and, for y —• <x>: 

M(oo) = vv(co) = ! ; (oo )=0 (A-14) 

tf'(oo) = 0 ' (oo) = tf'(oo)=O (A-15) 

where primes denote differentiation with respect to y. 
When the velocities and pressure given by Eqs. (A-7)-

(A-ll) are substituted in Eqs. (A-l)-(A-4), the following re­
sults: 

where 

iotu + v' +/(3vi> = 0 

7 1 

u -K2u = - iotP 

v -Klv = -iaP' 

w -K2w = -ij3P 

K2 = a2 + P2 

(A-16) 

(A-17) 

(A-18) 

(A-19) 

(A-20) 

By some algebraic manipulation, Eqs. (A-16) through (A-19) 
can be combined to produce the following single fourth-order 
differential equation in terms of K: 

C"-K2v = -^ (v"" -K2v") (A-21) 

Linearization of the Boundary Conditions. If the ampli­
tude of the waviness f/ is small and the wavelengths in both 
the x and z directions are long, the lower boundary condition 
can be linearized to the following form: 

w(0) = - or); 0(0) = w(0) = 0 (A-22) 

The form of the continuity equation (Eq. A-16) provides a 
second constraint on 0 at y = 0: 

v'(0) = iarjo (A-23) 

Transformation of Variables. It is convenient to transform 
to a new variable i/<: 

xj/=v"-K2v (A-24) 

The transformed form of Eq. (A-21) is 

tP"-K2\P = 0 (A-25) 
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which has a general solution 

^ = AeKy + Be-Ky (A-26) 

Substituting Eq. (A-26) into Eq. (A-24) and solving for v 
yields 

"i \ 1°^ a \ - -Ky 
w(y)=\——j^rU°ye y (A-35) 

2AKy + ACK2-A 

AKZ eKy-
2BKy-ADK2 + B 

AK1 
,-Ky 

Final Solution for Velocity, Pressure and Shear Stress. 
Using the solutions reported in Eqs. (A-33) through (A-35), 
the final form of the velocities and pressure can be written as 
the real part of Eqs. (A-7) through (A-10): 

(A-27) 

[where A, B, C, and D are arbitrary constants to be determined 
by the boundary conditions Eqs. (A-14), (A-15), and (A-22)]. 
Application of Eq. (A-22) results in the following: 

u = 
a 1 

C ?+D 5 = 0 
AK2 AK2 

rjae K:ycos(ux + (3z) + ay 

v= - ari<jye~Kysm(<xx + (3z) 

PaV<r ,.„-Kyc 

(A-28) w = -
K 

•ye ysm(ax + @z) 

The constraints on v and its ^-derivative at y = oo produce 

(A-36) 

(A-37) 

(A-38) 

(A-39) 

tS(oo) = lim 

v' (oo) = Mm 
y-'Oa 

2AKy + ACK2-A 

AK2 <P 

-A + lKAy + ACK1
 Kv 
e 

AK 

(A-29) 

(A-30) 

P = - 2/xarjae ^ s i n ^ x + &z) 

The shear stress imposed by the fluid on the wavy surface 
may be calculated with the following formula 

du dv 

Equations (A-14) and (A-15) imply A = C = 0. Substituting 
Eq. (A-27) into (A-23) yields 

dy dxt 

dv dw 

^ = lx\Yz+Ty 

(A-40) 

(A-41) 

0'(0) = -
-A + ACK2 B + ADK2 Their values are given below: 

AK AK --iccqa (A-31) 

Using A = C = 0, and Eqs. (A-28) and (A-31), the constants 
B and D can be solved for: 

B = - 2iarjaK; D = - iarja/^K (A-32) 

Therefore the expression for v that satisfies the boundary 
conditions is 

v(y)= iaijoy e~Ky (A-33) 

Using similar techniques, the functions u and w may be 
determined; the results are summarized as follows: 

- • > , . . - • * " » c 

ye ' - arje 

Tyx=V-<3 

2 i f 2 

a +A 

K 

Tyz = (lO 

rj 2(x27jy e~' 

-^•-Iparjy 

e Kycos(ax + fiz) + iJ-(T (A-42) 

e"-s>cos(ax+(3z) (A-43) 

At the cell surface (y = 0 in the linearized solution), the shear 
stresses are 

Tyx\ y = 0 = HO + 

flt,) = £ & « . - * _ - * . - * = 
K 

y-\ a-qe -Ky (A-34) 

H<j(a2 + K2)rj 
K 

I3arj 

cos(ox- + (3z) (A-44) 

Tyzh=o = W—— cos(ox + /32) 
A 

(A-45) 
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