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Mapping the Efficiency for a
Hydrostatic Transmission
Efficiency maps have long been used by engineers to understand the topographical
behavior of their machinery. Most commonly, efficiency maps have been generated for
internal combustion engines, where the torque–speed curve for the engine shows the
wide-open-throttle line with constant efficiency lines drawn beneath this maximum oper-
ating limit. From such maps, engineers have been able to determine the most efficiency
operating point for the engine, given a desired output power (torque and speed). There
currently exists a great interest in using hydrostatic transmissions for improving the
operating efficiency of an internal combustion engine. However, efficiency maps for
hydrostatic transmissions, similar to efficiency maps for internal combustion engines, do
not exist in the literature and therefore it is difficult to assess the overall efficiency gains
that are achieved when using a hydrostatic transmission in these applications. This paper
proposes a method for generating efficiency maps for hydrostatic transmissions, and
presents a typical set of maps that may be used as a first approximation for assessing
transmission efficiency. The results of this paper are nondimensional and are generalized
for a transmission of any size. As shown in this research, there are regimes of transmis-
sion operation in which the efficiency is nearly independent of either the output torque,
or the output speed. Furthermore, it is shown that maximum operating efficiencies
typically exist at high output speeds, and mid-to-high output torques.
[DOI: 10.1115/1.4032289]

Introduction

Background. A hydrostatic transmission is a continuously
variable transmission (CVT) that facilitates power transfer with-
out using a discrete number of gear ratios. These transmissions
are frequently used to propel off-highway machinery for the
construction and earth moving industry, as well as the lawn and
garden industry. CVT technology has also become popular in the
on-highway automotive industry as it allows the internal combus-
tion engine of the vehicle to operate at its most efficient operating
point for a given power requirement of the vehicle. Some have
estimated that a CVT can improve the fuel efficiency of the inter-
nal combustion engine by as much as 60% [1]. As a result of this
potential fuel savings, hybrid vehicle technology which uses a
CVT has emerged in several automotive sectors. For small
vehicles electric CVTs have been employed while larger utility
vehicles have adopted hydraulic CVTs (also called hydrostatic
transmissions). In all of this work, the focus has been on improv-
ing the operating efficiency of the engine; however, little attention
has been paid to the operating efficiency of the CVT itself. This
oversight becomes especially important for CVTs that utilize
hydrostatic transmissions as these transmissions do not enjoy a
reputation for being extremely efficient themselves. Even so, the
hydrostatic transmission exhibits other characteristics that make it
an attractive replacement for electric CVTs which are more com-
monly used in passenger vehicles. For example, hydrostatic com-
ponents are much less expensive and have better energy-storage
options than their electrical counterparts. For example, hydraulic
accumulators are better suited for rapid power discharge as com-
pared to electric batteries. In order to increase the penetration of
CVTs into the automotive market, the Environmental Protection
Agency (EPA) has been sponsoring programs for the development
of hydraulic hybrid-vehicles [2]. The EPA deems a hydrostatic
CVT as being more cost effective than an electric CVT; however,
among other things the efficiency comparison between these two

transmissions has not been well established. In order to understand
the efficiency characteristics of the hydrostatic transmission, it
would be useful to have conventional maps of the overall effi-
ciency characteristics of these machines. These types of efficiency
maps are common for internal combustions engines, but they are
not common for hydrostatic transmissions. The focus of this paper
is to describe a method for generating such efficiency maps for
hydrostatic transmissions, and to present a typical set of maps that
may be used to give a first approximation for the behavior and
efficiency characteristics of these machines.

Literature Review. Examples of electric CVT research include
work done by Pfiffner and colleagues [3] in which a numerical
method is used to model the transmission and to optimize the
engine efficiency. This work does not model the transmission in
detail but considers the efficiency characteristics of the engine.
Like other research that has been conducted in this area, the effi-
ciency of the transmission is assumed to be 100%. Pfiffner con-
cludes that fuel consumption may be reduced by as much as 5%
using the proposed method of control. Mapelli and colleagues [4]
have considered a transmission similar to that of Pfiffner; how-
ever, they have given greater attention to the losses in the trans-
mission itself. This work does not present a comparison of the
CVT design with a more conventional design and so it is difficult
to know whether or not any improvements have been made.
Kessels et al. [5] provided more details in the description of their
electric CVT design which consists of two motor–generators with
power electronics being used to regulate battery power input and
output. By considering the efficiency of all components, Kessels
and colleagues conclude that it may not always be best to operate
the engine at its point of maximum efficiency for a given power
demand since global optimal vehicle efficiency may not
correspond with this operating point. Ehsani and colleagues [6]
have provided a more comprehensive textbook for considering the
fundamental building block of electric CVTs.

Hydraulic CVTs have been studied by Kumar and Ivantysynova
[7] in which a continuously variable pump and motor are used
with an accumulator to provide a capacity for storing braking
energy as well as optimizing the efficiency of the engine.
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This work concludes that the hydraulic CVT can reduce the fuel
consumption of a comparable electric CVT by over 16%. A fair
amount of work has also been done on hydraulic hybrid-
technologies at the University of Missouri. Dirck [8] has modeled
a simple hydraulic hybrid which utilizes a parallel discrete-
transmission to show that the fuel consumption of a typical
automobile may be reduced by 37% for city driving and 14% for
highway driving. Vermillion [9] has modeled a more complex
hydraulic CVT which utilizes a pressure compensated pump, and
a variable displacement motor while considering the efficiency
characteristics of the hydraulics. In his work, Vermillion has
shown that fuel consumption may be reduced by just 1.28% in the
city, and by over 22% for highway driving. Al-Ghrairi [10] has
shown that the transmission modeled by Vermillion can be
designed within a compact space while ensuring that all transmis-
sion components, including complex gear arrangements, can sat-
isfy the safety-factor requirements that are typical of modern
machine design practice. As it turns out, all of this work has been
conducted without generating efficiency maps that may lend
insight into the optimal operating conditions of the transmission
itself. The work conducted in this present research paper is aimed
at addressing this deficiency.

Objectives. Efficiency maps have long been used by engineers
to understand the topographical behavior of their machinery. Most
commonly, efficiency maps have been generated for internal com-
bustion engines, where the torque–speed curve for the engine
shows the wide-open-throttle line with constant efficiency lines
drawn beneath this maximum operating limit. From such maps,
engineers have been able to determine the most efficiency operat-
ing point for the engine, given a desired output power (torque and
speed). There currently exists a great interest in using hydrostatic
transmissions for improving the operating efficiency of an internal
combustion engine. However, efficiency maps for hydrostatic
transmissions, similar to efficiency maps for internal combustion
engines, do not exist in the literature and therefore it is difficult to
assess the overall efficiency gains that are achieved when using a
hydrostatic transmission in these applications. This paper pro-
poses a method for generating efficiency maps for hydrostatic
transmissions and presents a typical set of maps that may be used
as a first approximation for assessing transmission efficiency. The
results of this paper are nondimensional and are generalized for a
transmission of any size. As shown in this research, there are
regimes of transmission operation in which the efficiency is nearly
independent of either the output torque, or the output speed. Fur-
thermore, it is shown that maximum operating efficiencies typi-
cally exist at high output speeds, and mid-to-high output torques.

Transmission Description

Figure 1 shows a schematic for a hydrostatic transmission. As
shown in this figure, the transmission is comprised of two basic
components: a pump and a motor. In the application of this trans-
mission, the pump input-shaft is driven by either an electric motor
or an internal combustion engine and is used to covert rotational
mechanical-power into fluid power. The fluid power is received
downstream by the motor which then reconverts the fluid power
to rotational mechanical-power at the output shaft of the motor.
The amount of fluid power sent to the motor is regulated by the
swash-plate angle of the pump. This swash-plate angle is shown
in Fig. 1 using the symbol â. It will be shown later that the dis-
charge volumetric flow rate from the pump Qp is proportional to
the swash-plate angle. Figure 1 also shows that the hydrostatic
transmission has a high-pressure side and a low-pressure side. The
high-pressure side has fluid pressured to the level noted by the
symbol P. All pressures in the circuit are referenced from the low-
pressure side which is shown in Fig. 1 with pressure of zero (as a
reference). The volumetric flow rate across the hydrostatic motor
is shown in Fig. 1 by the symbol Qm. The maximum volumetric
displacement for the pump is shown in Fig. 1 by the symbol Vp

and the fixed displacement for the motor is shown by the
symbol Vm.

Figure 1 is presented in its concept form. The author acknowl-
edges that an actual hydrostatic transmission is more complex
than this schematic would suggest, including an auxiliary charge
circuit to provide makeup flow to the loop, crossover relief valves
for safety, loop flushing valves for cooling, and a reservoir for
receiving leakage flow and for supplying makeup flow to the
charge circuit. For a more detailed diagram of an actual transmis-
sion, the reader is referred to standard texts on this subject [11].

The overall efficiency for the hydrostatic transmission is simply
given by the ratio of the power output to the power input as shown
in the following equation:

g ¼ Tm xm

Tp xp
(1)

where the input torque on the pump shaft is given by Tp and the
constant shaft speed for the pump is xp. The output torque on the
motor shaft is Tm and the varying shaft speed for the motor is
given by xm. The transmission efficiency shown in Eq. (1) may
also be expressed as

g ¼ P Qp

Tp xp
� Tm xm

P Qp
¼ gp � gm (2)

In this expression, P is the pressure in the high-pressure side of
the transmission, Qp is the volumetric flow rate generated by the
pump, and gp and gm are the efficiencies of the pump and motor,
respectively. In other words, the overall efficiency of the hydro-
static transmission is simply given by the product of the efficien-
cies for both the pump and the motor. These efficiencies will be
analyzed and modeled in the “Analysis and Modeling” section of
this paper.

Note: A reviewer for this paper has noted that experimental
results may be used directly to map the efficiency of a hydrostatic
transmission. This reviewer is certainly correct; however, it is dif-
ficult to hold the efficiency of the transmission constant, and
therefore constant-efficiency lines, which are desired in this
research, are not easily produced in the laboratory. Furthermore,
an objective of this work is to produce results that can be easily
applied to the analysis of the CVT systems. In order to satisfy
these needs, the following work will present a hybrid model that
depends upon analysis, modeling, and experimental work.

Analysis and Modeling

Pump Analysis. To analyze the efficiency of the hydrostatic
transmission, it is useful to begin with a consideration of the
pump, which does the job of converting rotational mechanical-
power into fluid power. The input power to the pump is given by
the input-shaft torque Tp, times the angular velocity of the

Fig. 1 Schematic of the hydrostatic transmission
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shaft xp. The output power of the pump is given by the discharge
pressure of the pump P, times the discharge volumetric-flow rate
Qp. Using these definitions, the overall efficiency of the pump
may be expressed

gp ¼
P Qp

TP xp
(3)

In order to evaluate this expression, quantities for the volumetric-
flow rate and the shaft torque must be determined. The following
paragraphs will be used to do this.

Figure 2 shows a schematic of the pump, including volumetric-
flow rates, mass-flow rates, and the other relevant parameters
associated with converting mechanical power into fluid power.
From the conservation of mass, it may be shown that

_md ¼ _mi � _mld � _mli (4)

where _md is the mass-flow rate on the discharge side, _mi is
the mass-flow rate on the inlet side, _mld is the mass-flow rate of
leakage from the discharge side, and _mli is the mass-flow rate of
leakage from the intake side of the pump. Recognizing that the
mass-flow rate is related to the volumetric-flow rate by the expres-
sion _m ¼ q Q, where q is the fluid mass–density, Eq. (4) may be
written in terms of volumetric-flow rates as

Qp ¼
qi

qd

Qi � Qlið Þ � Qld (5)

where qi is the fluid density on the inlet side of the pump and qd

is the fluid density on the discharge side of the pump.
From the definition of the fluid bulk modulus-of-elasticity [11],

it may be shown that density of the fluid is given by

q ¼ qoExp
P

b

� �
(6)

where qo is the fluid density at zero gauge-pressure, P is the fluid
gauge-pressure, and b is the fluid bulk modulus. Using this equa-
tion, it may be shown that

qi

qd

¼ Exp �P

b

� �
� 1� P

b
(7)

where the inlet pressure to the pump Pi has been taken as zero
gauge-pressure. Assuming that the pump is completely filled at
the inlet, the volumetric flow rate at inlet is given by

Qi ¼ Vp xp â þ Qli (8)

where Vp is the maximum volumetric displacement of the pump,
â is the normalized swash-plate angle of the pump which ranges
from �1 < â < þ1, and Qli is the leakage that occurs on the inlet
side of the pump. In order to complete the analysis for the dis-
charge volumetric-flow rate of the pump, a good model for the
leakage on the discharge side needs to be established. In most
cases, the leakage from the discharge side of the pump occurs
through flow that is characterized by a low Reynolds-number.
This kind of flow is proportional to the pressure in the discharge
line and is inversely proportional to the fluid viscosity. However,
it is conceivable that some of this leakage occurs through a flow
rate that is characterized by a high Reynolds-number in which
case the flow is proportional to the square root of the discharge
pressure. Combining both types of flow, a good and reasonable
model for the leakage on the discharge side of the pump may be
written as

Qld ¼ K01
1

l
Pþ K02

ffiffiffi
P
p

(9)

where K01 and K02 are coefficients that must be determined from
experiments, and l is the absolute fluid–viscosity which exhibits a
strong dependence on the operating temperature of the fluid.

Substituting Eqs. (7)–(9) into Eq. (5) produces the following
expression for the discharge volumetric-flow rate of the pump:

Qp ¼ 1� P

b

� �
Vp xp â � K01

1

l
P� K02

ffiffiffi
P
p

(10)

This result will be used for modeling the volumetric flow rate of
the fluid as it contributes to the pump efficiency shown in Eq. (3).

The torque on the input-shaft of the pump is a combination of a
theoretically perfect-torque plus the torque that is required to
overcome the internal friction of the pump. In this case, the fol-
lowing model is proposed for the input torque on the shaft of the
pump:

Tp ¼ Vp â Pþ Vp â P lsp þ D0p (11)

where Vp â P represents the idealized torque [12,13], D0p is a fixed
starting torque that must be overcome to initially move the pump
shaft, and lsp is an average coefficient-of-friction that exists
within the pump.

The coefficient of friction has been modeled using the well-
known Stribeck curve [13] shown in Fig. 3. This figure illustrates
the changing coefficient of friction as it varies with the absolute
fluid–viscosity l, the linear sliding velocity U, and the normal
load per unit width W.

Fig. 2 Schematic of the pump, showing the mass and volumet-
ric flow rates

Fig. 3 The Stribeck curve for modeling the coefficient-of-
friction
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Three types of lubrication are noted in the figure: (1) boundary
lubrication in which metal-to-metal contact dominates the friction,
(2) mixed lubrication in which a partial fluid-film thickness is sep-
arating the contact surfaces, and (3) fully hydrodynamic lubrica-
tion in which the contact surfaces are completely separated from
each other by a fluid-film thickness. Using textbook lubrication
analysis [11–13], it may be shown that fully hydrodynamic lubri-
cation is proportional to the square root of l U=W. Unfortunately,
there are no closed-form expressions available to describe the
transition of friction as it move from boundary, to mixed, to fully
hydrodynamic lubrication. Previous research by the author [14]
has simply modeled this transition using an exponential decay
which has correlated well with experiments. Based upon this
approach, the coefficient-of-friction as modeled by the Stribeck
curve may be represented using the following mathematical
expression:

lsp ¼ Ap Exp �B0p
l U

W

� �
þ C0p

ffiffiffiffiffiffiffiffi
l U

W

r
(12)

In this result, the coefficients Ap, B0p, and C0p must be determined
from experiments and the two terms on the right-hand side of this
equation are schematically shown by the two dashed lines in
Fig. 3. The solid line in Fig. 3 represents the left-hand side of this
equation. To apply the Stribeck curve to the pump, the linear slid-
ing velocity U will be replaced by the angular shaft velocity xp.
In addition to this, the load per unit width will be replaced by â P
which is proportional to the torque on the shaft. In other words,
the coefficient-of-friction shown in Eq. (11) is given by

lsp
¼ Ap Exp �B0p

lxp

â P

� �
þ C0p

ffiffiffiffiffiffiffiffiffi
lxp

â P

r
(13)

Again, the coefficients in this equation are determined from exper-
imental studies.

Substituting Eq. (13) into Eq. (11) produces the following
expression for the torque on the input-shaft of the pump:

Tp ¼ Vp â Pþ Vp â P Ap Exp �B0p
lxp

â P

� �
þ C0p

ffiffiffiffiffiffiffiffiffi
lxp

â P

r" #
þ D0p

(14)

This equation is to be used for modeling the shaft torque as it con-
tributes to the overall pump efficiency as shown in Eq. (3).

It will be useful to consider the previous equations in a
nondimensional form. In order to create these forms, the following
definitions will be used:

Qp ¼ Q̂p Vp xp; P ¼ P̂ Pmax; Tp ¼ T̂ p Vp Pmax (15)

where symbols with carets are nondimensional. Substituting these
definitions into Eq. (3) produces the following result for pump
efficiency:

gp ¼
P̂ Q̂p

T̂ P

(16)

Similarly, using Eqs. (10) and (15) the nondimensional flow rate
may be expressed as

Q̂p ¼ â � K0 P̂ â � K1 P̂ � K2

ffiffiffiffî
P

p
(17)

where

K0 ¼
Pmax

b
; K1 ¼

K01 Pmax

Vp xp l
and K2 ¼

K02
ffiffiffiffiffiffiffiffiffiffi
Pmax

p

Vp xp
(18)

Each of these coefficients is nondimensional. Finally, using
Eqs. (14) and (15), the nondimensional torque on the input shaft
of the pump may be expressed as

T̂ p ¼ â P̂ þ Ap â P̂ Exp
�Bp

â P̂

� �
þ Cp

ffiffiffiffiffiffiffi
â P̂

p
þ Dp (19)

where

Bp ¼ B0p
lxp

Pmax

; Cp ¼ C0p

ffiffiffiffiffiffiffiffiffiffi
lxp

Pmax

r
; Dp ¼

D0p
Vp Pmax

(20)

Each of these coefficients is nondimensional and must be deter-
mined from experiments, along with Ap. Once the coefficients
have been determined from experiments, an efficiency map for
the pump may be drawn by finding a simultaneous solution for
Eqs. (16), (17), and (19). This exercise will be carried out in the
“Results and Discussion” section of this paper.

Motor Analysis. Similar to analyzing the pump efficiency for
the hydrostatic transmission, it is useful to develop an expression
for the efficiency of the motor. The motor does the job of convert-
ing fluid power into rotational mechanical-power at the output
shaft. The input power to the motor is given by the supply pres-
sure, P, times the supply flow from the pump Qp. The output
power of the motor is given by the motor shaft torque, Tm, times
the angular velocity of the motor shaft xm. Using these defini-
tions, the overall efficiency of the motor may be expressed as

gm ¼
Tm xm

P Qp
(21)

In order to evaluate this expression, quantities for the shaft torque
and the motor shaft speed must be determined. The following
paragraphs will be used to do this.

The angular velocity of the motor shaft is determined by the
volumetric flow rate that passes through the motor. This relation-
ship is simply given by

xm ¼
Qm

Vm
(22)

where Qm is the volumetric flow rate that passes through the
motor and Vm is the fixed volumetric displacement of the motor.
The volumetric flow rate that passes through the motor is given by

Qm ¼ Qp � Ql (23)

where Qp is the volumetric flow rate from the pump given in
Eq. (10) and Ql is the leakage that occurs on the intake side of the
motor. Similar to the pump, this leakage may be modeled as a
combination of high and low Reynolds-number flow

Ql ¼ K03
1

l
Pþ K04

ffiffiffi
P
p

(24)

where K03 and K04 are coefficients that must be determined from
experiments. Combining Eqs. (10) and (22)–(24) produces the fol-
lowing expression for the angular velocity of the motor output
shaft:

xm ¼ 1� P

b

� �
Vp

Vm
xp â � K01

Vm

1

l
P� K02

Vm

ffiffiffi
P
p
� K03

Vm

1

l
P� K04

Vm

ffiffiffi
P
p

(25)

This equation will be simplified using nondimensional analysis in
a subsequent paragraph.

Similar to the torque on the pump shaft, the torque on the motor
shaft may be modeled as a combination of idealized torque minus
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torque losses due to friction-type loads. For the motor shaft, the
following torque equation will be used for this research:

Tm ¼ Vm P� Vm P lsm � D0m � E0 xm (26)

In this equation, the idealized torque is given by Vm P, the torque
loss due to the friction between sliding parts is given by Vm P lsm

where lsm is a coefficient of friction that depends upon the operat-
ing conditions of the motor, D0m is the required starting torque for
the motor, and E0 is a coefficient which describes “windage”
losses in the motor which are proportional to the angular shaft
speed of the machine. Using the general form of the Stibeck curve
shown in Fig. 3, the coefficient of friction within the machine may
be expressed as

lsm ¼ Am Exp �B0m
lxm

P

� �
þ C0m

ffiffiffiffiffiffiffiffiffiffi
lxm

P

r
(27)

Substituting this result into Eq. (26) produces the following result
for the torque on the motor shaft:

Tm ¼ Vm P� Vm P Am Exp �B0m
lxm

P

� �
þ C0m

ffiffiffiffiffiffiffiffiffiffi
lxm

P

r" #

� D0m � E0 xm (28)

This equation is to be used for modeling the shaft torque as it con-
tributes to the overall motor efficiency as shown in Eq. (21).

In order to nondimensionalize the previous equations, it will be
useful to define the following relationships:

xm ¼ x̂m
Vp

Vm
xp; Tm ¼ T̂ m Vm Pmax;

Qp ¼ Q̂p Vp xp; P ¼ P̂ Pmax (29)

where symbols with carets are nondimensional. Substituting these
definitions into Eq. (21) produces the following result for the
motor efficiency:

gm ¼
T̂m x̂m

P̂ Q̂p

(30)

Similarly, the nondimensional shaft speed for the motor may be
expressed using Eq. (25) and the definitions in Eq. (29). This
result is given by

x̂m ¼ â � K0 â P̂ � ðK1 þ K3Þ P̂ � ðK2 þ K4Þ
ffiffiffiffî
P

p
(31)

where K0, K1, and K2 are presented in Eq. (18) and the two new
coefficients in Eq. (31) are given by

K3 ¼
K03 Pmax

Vp xp l
and K4 ¼

K04
ffiffiffiffiffiffiffiffiffiffi
Pmax

p

Vp xp
(32)

Again, each of these coefficients is nondimensional and must be
determined from experiments. Continuing this analysis, it may be
observed from Eqs. (28) and (29) that the nondimensional form
for the motor shaft torque is given by

T̂ m ¼ P̂ � Am P̂ Exp �Bm
x̂m

P̂

� �
� Cm

ffiffiffiffiffiffiffiffiffiffiffi
x̂m P̂

q
� Dm � E x̂m

(33)

where

Bm ¼ B0m
lxp

Pmax

Vp

Vm
; Cm ¼ C0m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lxp

Pmax

Vp

Vm

r
;

Dm ¼
D0m

Vm Pmax

; E ¼ E0
xp

Pmax

Vp

V2
m

(34)

These coefficients are also nondimensional and must be deter-
mined from experiments along with the coefficient Am. Once the
coefficients have been determined, an efficiency map for the
motor may be drawn by finding a simultaneous solution for
Eqs. (30), (31), and (33). This exercise will be carried out in the
“Results and Discussion” section of this paper.

Transmission Analysis. The overall efficiency of the hydro-
static transmission has been presented in Eq. (1) of this paper.
Using this equation with the nondimensional definitions presented
in Eqs. (15) and (29), the overall efficiency of the transmission
may be written as

g ¼ T̂ m x̂m

T̂ p

(35)

where the nondimensional input torque on the pump is given in
Eq. (19), the nondimensional shaft speed of the motor is presented
in Eq. (31), and the nondimensional torque on the motor shaft is
given in Eq. (33). These three equations, with Eq. (35), create four
nonlinear, independent equations that must be simultaneously
solved in order to map the overall efficiency for the transmission.

Results and Discussion

Experimental Coefficients. The goal of this research is to cre-
ate a typical efficiency map for a hydrostatic transmission. In
order to create the map from the previous analysis and modeling,
the experimental coefficients shown in Eqs. (17), (19), (31), and
(33) must be determined. With the exception of decay constants
shown inside the exponential functions (B1, B2, and B3), the
remaining coefficients may be determined using a least squares
method with a large number of experimental results in which effi-
ciencies, pressures, swash-plate angles, and other relevant param-
eters have been measured. For instance, the coefficients for the
pump flow shown in Eq. (17) may be determined by establishing
the following matrix relationships:

â1 P̂1 P̂1

ffiffiffiffiffiffi
P̂1

p
â2 P̂2 P̂2

ffiffiffiffiffiffi
P̂2

p
� � �

ân P̂n P̂n

ffiffiffiffiffiffi
P̂n

p

2
664

3
775

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
A

K0

K1

K2

( )
|fflffl{zfflffl}

C

¼
â1 � Q̂p1

â2 � Q̂p2

�

ân � Q̂pn

8>><
>>:

9>>=
>>;|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

F

(36)

where each row in matrix A and column vector F represents an
experiment that has been conducted in the laboratory and where
there are a total of n experiments shown. In other words, every-
thing in A and F is known from experiments. The only unknowns
in the Eq. (36) are the coefficient found in the column vector C.
These, however, may be easily determined using the theory of
least squares

C ¼ ðATAÞ�1
AT F (37)

which produces the best solution for the coefficients given the
data in A and F. This same method can be used to determine most
of the experimental coefficients found in Eqs. (19), (31), and (33);
however, as previously mentioned, the decay constants inside the
exponential functions are not able to be evaluated in this way.
Thus, the decay constants were selected by a trial and error
method that maximized the R2 value of the curve fit, which is a
measure of the goodness of the curve fit itself.

The coefficients presented in Table 1 have been produced for
an existing swash-plate type, axial piston pump, using 840 effi-
ciency measurements and the least squares method previously
described. These coefficients produced a R2 value of 0.925 for the
pump volumetric efficiency, and a R2 value of 0.864 for the pump
torque efficiency.
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Test data was not available for an axial-piston motor, and there-
fore the same coefficients that were determined for the pump have
been applied to the motor where appropriate. Table 2 lists the
coefficients that were used in this study for the motor. An addi-
tional coefficient for windage loss has been estimated to be
0.0100. Although the lack of test data for the motor is a weakness
of this research, the motor coefficients are not expected to vary
considerably from the pump coefficients. Since the primary inten-
tion of this work is to illustrate a method for mapping the effi-
ciency, this sharing of coefficients between the pump and motor is
acceptable. Furthermore, since the pump and motor coefficients
will not differ much, the results presented in this paper are
deemed to be a good first approximation for an actual
transmission.

The following paragraphs will be used to describe the efficiency
mapping process for the pump, motor, and transmission as a
whole. These mapping efforts are numerical in nature and will use
the coefficients that have been presented in Tables 1 and 2.

Pump Efficiency Map. Equations (16), (17), and (19) repre-
sent three independent equations that must be solved simultane-
ously in order to map the efficiency of the pump. These equations
are nonlinear and have five unknown parameters within them.
These parameters are the pump efficiency, gp; the fluid pressure,
P̂; the pump flow, Q̂p; the input-shaft torque, T̂ p; and the swash-
plate angle of the pump, â. If two of these five parameters are
assumed to be known, then Eqs. (16), (17), and (19) may be
simultaneously solved for the other three parameters using a
Newton–Raphson numerical method. To generate the efficiency
map for the pump, gp and Qp were prescribed while solving for
the remaining parameters. Figure 4 shows the result of this numer-
ical exercise.

Figure 4 shows the operating regime for the output power of
the hydrostatic pump. Like the torque-speed curve of an internal
combustion engine, this figure demonstrates a pressure–flow
“curve” for the pump. In this figure, the output pressure saturates
when we have achieved a maximum pressure setting for the
pump, which means that P̂ will always remain less than one. On
the far right-hand side of Fig. 4, an angled line is shown where the
swash-plate angle has saturated as noted by â ¼ 1. At this line,
the pump has reached its maximum capacity for generating flow
due to the high Reynolds-number and low Reynolds-number lea-
kages that occur in the pump as a function of pressure, see

Eq. (17). While this angled line looks linear, it is not quite linear
due to the presence of the high Reynolds-number flow.

The constant efficiency lines that are shown in Fig. 4 illustrate
that at low flow rates the efficiency is independent of fluid pres-
sure, while at low pressures the efficiency is independent of flow.
These characteristics are demonstrated by the near vertical and
horizontal efficiency lines in these regimes. It is also interesting to
note that the maximum efficiency for the pump is not necessarily
achieved at the maximum operating pressure. From the results of
Fig. 4, it would appear that the pump is most efficient at a mid-
pressure range and a high volumetric flow rate. The maximum
efficiency for the pump is above 93%.

Motor Efficiency Map. Equations (30), (31), and (33) repre-
sent three independent equations that must be solved simultane-
ously in order to map the efficiency of the motor. Like the pump
equations, these equations are nonlinear and have five unknown
parameters within them. These parameters are the motor effi-
ciency gm, the fluid pressure P̂, the motor shaft speed x̂m, the out-
put shaft torque T̂ m, and the swash-plate angle of the pump â.
Again, if two of these five parameters are assumed to be known,
then Eqs. (30), (31), and (33) may be simultaneously solved for
the other three parameters using a Newton–Raphson numerical
method. To generate the efficiency map for the motor, gm and x̂m

were prescribed while solving for the remaining parameters.
Figure 5 shows the result of this numerical exercise.

Figure 5 shows the operating regime for the output power of
the hydrostatic motor. Again, similar to the torque–speed curve of
an internal combustion engine, this figure demonstrates the
torque–speed “curve” for the motor. In this figure, the output tor-
que saturates when we have achieved a maximum pressure setting
for the transmission, and when other frictional losses subtract
from the output of the machine. Equation (33) shows these losses
as a nonlinear combination of boundary lubrication, hydrody-
namic lubrication, starting torque requirements, and windage
losses from within the machine. This saturation line looks flat
with respect to shaft speed for most of the operating range, but it
is not quite flat due to the nonlinear relationship of these losses. In
particular, for slow-speed operation we see a dip in the maximum
torque line due to the increased effect of boundary lubrication
which becomes significant during high torque (high-pressure/high
load), low-speed motor operation. Note: for higher speed opera-
tion, friction losses create about a 5% decrease in the maximum
torque output of the motor. Once again, on the far right-hand side
of Fig. 5 an angled line is shown where the pump swash-plate
angle has saturated as noted by â ¼ 1. The pump swash-plate
angle comes into play for this figure due to the fact that the pump
supplies the flow to the motor, which in turn turns the motor shaft

Table 1 Pump coefficients for Eqs. (17) and (19)

Physical meaning Symbol Value

Fluid compression K0 0.0204
Low Reynolds-number leakage K1 0.0151
High Reynolds-number leakage K2 0.0109
Static friction Ap 0.1257
Decay rate for boundary lubrication Bp 10
Hydrodynamic lubrication Cp 0.0077
Starting torque Dp 0.0147

Table 2 Motor coefficients for Eqs. (31) and (33)

Physical meaning Symbol Value

Low Reynolds-number leakage K3 0.0151
High Reynolds-number leakage K4 0.0109
Static friction Am 0.1257
Decay rate for boundary lubrication Bm 10
Hydrodynamic lubrication Cm 0.0077
Starting torque Dm 0.0147
Windage losses E 0.0100

Fig. 4 A typical efficiency map for the hydrostatic pump
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at a given speed, see Eq. (31) for this dependence. When the
pump has reached its maximum capacity for generating flow for
the motor, the motor output speed becomes limited and this occurs
at high pressures when the fluid leakage at the pump and motor is
maximum. Again, the angled line in Fig. 5 looks linear, but it is
not quite linear due to the presence of the high Reynolds-number
flow.

The constant efficiency lines that are shown in Fig. 5 illustrate
that at low shaft speeds the efficiency is nearly independent of the
output torque, while at low output torque the efficiency is nearly
independent of the shaft speed. Again, these characteristics are
demonstrated by the near vertical and horizontal efficiency lines
in these regimes. From Fig. 5, it may also be observed that the
maximum efficiency for the motor is typically experienced at high
output torque and high output speed. The maximum efficiency for
the motor is above 94%.

Transmission Efficiency Map. Equations (19), (31), (33),
and (35) represent four independent equations that must be solved
simultaneously in order to map the efficiency of the overall
transmission. These equations are nonlinear and have six
unknown parameters within them. These parameters are the trans-

mission efficiency, g; the fluid pressure, P̂; the motor shaft speed,

x̂m; the output shaft torque, T̂m; the input-shaft torque, T̂ p; and
the swash-plate angle of the pump â. Again, if two of these six
parameters are assumed to be known, then Eqs. (19), (31), (33),
and (35) may be simultaneously solved for the other four parame-
ters using a Newton–Raphson method. To generate the efficiency
map for the transmission, g and x̂m were prescribed while solving
for the remaining parameters. Figure 6 shows the result of this
numerical exercise.

Figure 6 shows the operating regime for the output power of
the hydrostatic transmission. Again, this figure demonstrates the
torque–speed “curve” for the transmission, which was the ultimate
goal for this research. Because the output torque is limited by the
motor, the transmission demonstrates identical saturation charac-
teristics that have already been discussed for the motor. These sat-
uration characteristics are driven by the maximum operating
pressure and swash-plate angle of the pump.

As with the pump and motor efficiency characteristics, Fig. 6
illustrates that at low output shaft speeds the efficiency of the
transmission is independent of the output torque, while at low out-
put torque the efficiency of the transmission is independent of the
output shaft speed. A bit of a visual overlay of Figs. 4 and 5 may
be used to see that the overall transmission efficiency characteris-
tics are a compromise between the efficiency characteristics of the
pump and the motor. In particular, we see that maximum efficien-
cies are observed at the high torque and speed points of the map,

but that there is a “bringing down” of these points on the torque
line due to the operating characteristics of the pump. In other
words, it may be said that the maximum efficiency is observed at
a mid-to-high output torque of the transmission. The maximum
efficiency for the transmission is above 87% with a good share of
the operating points remaining above 50%.

Conclusion

The following conclusions are supported by the “Results and
Discussion” section of this paper:

(1) That the maximum efficiency of the hydrostatic transmis-
sion is above 87%, and is observed near a mid-to-high
output torque of the motor and high shaft speeds.

(2) That the transmission usually operates at an operating effi-
ciency of more than 80%.

(3) That at low output shaft speeds the efficiency of the trans-
mission is independent of the output torque.

(4) That at low output torque the efficiency of the transmission
is independent of the output shaft speed.

While this paper does not claim to represent the performance
characteristics of all hydrostatic transmissions, as these will vary
among manufacturers and machine designs, the paper does illus-
trate a method for creating efficiency maps for these machines
that may be used to evaluate the overall efficiency of a system in
which they are applied. This evaluation is important for applica-
tions where CVT characteristics are being used to increase the
efficiency of other components within the system (e.g., the inter-
nal combustion engine of an automobile). If the efficiency of the
hydrostatic transmission is too low, it may not benefit the overall
system to use a device of this sort. On the other hand, if the effi-
ciency gains throughout the system are large, due to the CVT abil-
ities of the hydrostatic transmission, then the use of such a
transmission may be viable. This is the decision that a systems
engineer must make when considering the use of a hydrostatic
transmission for CVT applications. The efficiency maps presented
in this research should be helpful toward that end.

Nomenclature

Ap;m ¼ the experimental coefficient for modeling static friction
for the pump or motor

Bp;m ¼ the exponential decay rate for modeling mixed lubrica-
tion for the pump or motor

Cp;m ¼ the experimental coefficient for modeling hydrodynamic
lubrication for the pump or motor

Dp;m ¼ experimental coefficient for modeling the starting torque
for the pump or motor

Fig. 5 A typical efficiency map for the hydrostatic motor Fig. 6 A typical efficiency map for the hydrostatic
transmission
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_md ¼ mass flow rate on the discharge side of the pump
_mi ¼ mass flow rate on the inlet side of the pump

_mld ¼ mass flow rate due to leakage on the discharge side of the
pump

_mli ¼ mass flow rate due to leakage on the inlet side of the
pump

P ¼ fluid pressure on the high-pressure side of the
transmission

Pi ¼ fluid pressure on the inlet side of the pump
Qm ¼ volumetric flow rate across the motor
Qp ¼ volumetric flow rate on the discharge side of the pump
Qi ¼ volumetric flow rate on the inlet side of the pump

Qld ¼ volumetric flow rate due to leakage on the discharge side
of the pump

Qli ¼ volumetric flow rate due to leakage on the inlet side of
the pump

Tp;m ¼ torque on the input shaft of the pump or motor
U ¼ linear sliding-velocity

Vm ¼ fixed volumetric-displacement of the motor
Vp ¼ maximum volumetric-displacement of the pump
W ¼ load per unit width
â ¼ normalized swash-plate angle of the pump
b ¼ fluid bulk modulus-of-elasticity
g ¼ overall efficiency of the transmission

gp;m ¼ overall efficiency of the pump or motor
Kn ¼ the nth experimental coefficient for modeling leakage

within the transmission
l ¼ absolute fluid–viscosity

lsp;sm ¼ the coefficient-of-friction for the pump or motor as
modeled by the Stribeck curve

qd ¼ fluid density on the discharge side of the pump
qi ¼ fluid density on the inlet side of the pump

qo ¼ fluid density at zero gauge-pressure
xp;m ¼ angular velocity of the pump or motor shaft
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