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ABSTRACT 
 

This paper is concerned with the natural action (as Möbius transformations) of some subgroups of
1==:,=)3(= 62 yxyxHM  on the elements of quadratic number field over the rational numbers. We 

start with two subgroups, 1==:,= 62
2 ytytM , where xxyt 3=  and 1==:,= 66

3 ytytM , where 

xxyt 5=  and discuss some number theoretic properties of totally positive, totally negative and ambiguous numbers 

belonging to the orbit of these subgroups acting on different subsets of QQ \)( m . We also give a comparison of 

our results obtained from 3M  with the subgroup 1==:,= 66
1 ytytM , xyxt = , and find a new possibility 

for finding the M -orbits of QQ \)( m .  
KEYWORDS: Ambiguous number, Totally positive (negative) number, Möbius transformations, Hecke groups, 

Coset diagram. 
AMS Mathematics subject classification (2000): 05C25, 11E04, 20G15 

 
1 INTRODUCTION 

 

 In 1936 Erich Hecke (see [1]) introduced the groups )(H  generated by two linear-fractional transformations 

z
zx 1=)(   and 




z
zy 1=)( . Hecke showed that )(H  is discrete if and only if )(2==

q
cosq


 , 

Nq , 3q  or 2 . Hecke group )( qH   is isomorphic to the free product of two finite cyclic group of 
order 2 and q , and it has a presentation  

 q
q

q CCyxyxH  2
2 1==:,=)(  

The first few of these groups are )(2,=)( 3 ZPSLH  , the modular group, 

1==:,=)2(=)( 42
4 yxyxHH  , where 

z
zx

2
1=)( 

 and 
1)2(

1=)(



z

zy , 

)
2

51(=)( 5
HH   and  1==:,=)3(=)( 62

6 yxyxHH  . One of the main reasons for )2(H  

and MH =)3(  (say) to be two of the most important Hecke groups is that part of the modular group, they are the 

only Hecke groups )( qH   whose elements can be completely described. A non-empty set   with an action of the 

group G  on it, is said to be a G -set. We say that   is a transitive G -set if, for any qp,  in   there exists a 

g  in G  such that qp g = . In our case the set QQ \)( m  is a G -set and throughout this paper we take m  

as a square free positive integer. Since every element of },0:{=\)( QQQ  wtmwtm  can be 

expressed uniquely as 
c

na  , where mkn 2= , k  is any positive integer and 
c

naa 2

,  and c  are relatively 

prime integers and we denote it by ),,( cba . Then  

 1}=),,(  =0,,:{=)(
2

* cbaand
c

nabca
c

nan ZQ 



  

is the set of all roots of primitive second degree equations 0=22 baxcx   with reduced discriminant 
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bca  2=  equal to n  and QQ \)( m  is a disjoint union of )( 2* mkQ  for all Nk . Thus it reduces 

the study of action on )( mQ  to the study of action on )(* nQ . If )(),,( * ncba Q  and its conjugate 

  have opposite signs then   is called an ambiguous number [2]. If they are both negative, then we call   is 

totally negative number and if  ,   both are positive, then   is called totally positive number. The actual 

number of ambiguous numbers in )(* nQ  has been discussed in [3] as a function of n . The classification of the 

elements of )(* nQ  in the form ],,[ cba  modulo p  has been given in [4]. 

This paper is concerned with the natural action (as Möbius transformations) of some subgroups of )(2 ZPGL  

on the projective line over rationals with emphases on irrationals of the form 
c

na 
 with 1=),,(

2

c
c

naa 
. We 

start with two subgroups- 1==:,= 62
2 ytytM , where xxyt 3=  and 1==:,= 66

3 ytytM , where 

xxyt 5=  of the group of Möbius transformations 1==:,= 62 yxyxM , 
z

zx
3

1=)( 
 and 

1)3(
1=)(



z

zy  (see [1]). We discuss some number theoretic properties of totally positive, totally negative and 

ambiguous numbers belonging to the orbit of these subgroups acting on different subsets of QQ \)( m . Also we 

give comparison of our results obtained from 3M  with subgroup 1==:,= 66
1 ytytM , xyxt = , which 

opens a possibility to look at structure of M -orbits of QQ \)( m .  
2  Preliminaries 

 We quote from, [2], [5] and [6] the following results for later reference. Also we tabulate the actions on 

)(),,( ''' ncba Q  of yx,  in Table 1.  
 

Table  1:  The action of elements of M  on )(),,( ''' ncba Q  

c
na =  

a  b  c  




3
1=)( x  a  

3
c  b3  

33
1=)(





y  
ca  

3
c  )3(2 cba   

23
1)(=)(2





y  cba 235   cba 2  cba 4912   

3)6
2)(3=)(3





y  cba 267   

3
4912 cba 

 
)43(4 cba   

1)(3
1)(2=)(4







y  cba  65  cba  44  cba 96  



3

1)(3=)(5 y  ba 3  

3
96 cba 

 b3  

13
=)(

 
yx  ba 3  b  cba  96  

36
13=)(2





xy  cba 65  

3
96 cba   )443( cba   

23
12=)(3





xy  cba 267   cba  44  cba 4912   

36
23=)(4





xy  cba 235   

3
4912 cba   )23( cba   

1=)(5 xy  cba 235   cba 2  c  
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Theorem 2.1 ([5]) An )(= * n
c

na Q


  is totally positive if and only if either 0>,, cba  or 0<,, cba  

Theorem 2.2 ([5]) An )(= * n
c

na Q


  is totally negative number if and only if either 0>,cb  and 

0<a  or 0<,cb  and 0>a . 

Theorem 2.3 ([5]) An )(= * n
c

na Q


  is an ambiguous number number if and only if either 0>c  and 

0<b  or 0<c  and 0>b . 

Theorem 2.4 ([2]) If )(= * n
c

na Q


  is totally positive number, then iy)( , 51  i , are totally 

negative numbers. 

Theorem 2.5 ([6]) 1,3}= ),(:{=)( *''' tn
t

n QQ 
 is invariant under the action of M .  

3  Action 1==:,= 62
2 ytytM  on )(''' nQ  

 We start this section by defining the coset diagrams (see [2]) for the group M  as follows: the 6-cycles of the 
transformations y  are denoted by six vertices of a hexagon permuted anti-clockwise by y , and the two vertices 
which are interchanged by x  are joined by an edge. Fixed points of x  and y , if they exist, are denoted by heavy 
dots. Thus in the case of M  the diagram consists of a set of small hexagons representing the action of 

1=:= 6
6 yyC  and a set of edges representing the action of 1=:= 2

2 xxC  (see Fig.1b). 

Let )(),,( ''' ncba Q . The transformation xxyt 2=  defined as 
1)23(
23=)(




t  has order two and 

33
1=)(





y  has order six, then for each  , y)( , 2)( y , 3)( y , 4)( y , 5)( y  and  =)( 6y , 

form vertices of a small hexagon. We prove that if   is an ambiguous number, then )(t  is not an ambiguous 
number. Therefore each hexagon having two vertices ambiguous, will not form the closed path in the coset diagram. 
The general fragment of coset diagram for the action of subgroup 2M  will be as shown in Fig. 1b.  
 

 
 

Figure  1: The coset diagram for the action of M  on 
6

371=1 
k  and 2M  

Also we observe that if   is totally negative number, then )(t  is totally positive number and when   is totally 
positive number, then )(t  may or may not be totally negative in general.  

Theorem 3.1 If )(= ''' n
c

na Q


  is totally negative real number, then )(t  is totally positive number. 
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Proof. Let )(= ''' n
c

na Q


  with 
c

nab 2

=  is totally negative real number. We have to show that 

)(t  is totally positive number. For this, we consider 
1

1=
36
23=)(

c
nat 







  where cbaa  67=1

, 
3

4912=1
cbab 

 and )443(=1 cbac  . If ),,( cba  is totally negative number, then either 

0>,cb  and 0<a  or 0<,cb  and 0>a . This implies that either 0>,, 111 cba  (in case of 0>,cb  and 

0<a ) or 0<,, 111 cba  (in case of 0<,cb  and 0>a ). But by Lemma 2.1, )(t  is totally positive number. 
This completes the proof. 

 

Theorem 3.2 Let )(= ''' n
c

na Q


  be an ambiguous number. Then )(t  is not an ambiguous number. 

Proof. Note that if   is an ambiguous number then by definition either 0>c , 0<b  or 0<c , 0>b , that is 

0<bc . Thus 
c

nab 2

=  implies that 0<2 na  . So that 0>a  or 0<a . Since 

1

1=
36
23=)(

c
nat 







  where cbaa 267=1  , 
3

4912=1
cbab 

 and 

)443(=1 cbac  . 

Case 1(a) ( 0<a , 0<b , 0>c ) then 0>27 ca   and 0<6b  given that cbaa 267=1   either 

positive or negative, if 0>1a  we have bca 6>27   implies that bca 12>312   or 

0>31212 cba   implies 0>1c  as cbac 31212=1  . But we are not sure about 1b , whether it is 
positive or negative., we conclude that )(t  is not an ambiguous number. 

For 0<1a , bca 6<27   since 0>312 c  and 0<12b  therefore either 0>31212 cba   or 

0<31212 cb  but we are not sure about 1b  whether it is positive or negative. So we conclude that )(t  is 
not an ambiguous number. 
Case 1(b) ( 0>a , 0<b , 0>c ) We note that 0<67 ba  and 0>2c  This implies that 

0>267 cba   or 0<267 cba  , that is 0>1a , or 0<1a . For 0>1a , we have 0>1c . But we 

are not sure about 1b , whether it is positive or negative. so we conclude that )(t  is not an ambiguous number. 

Similarly for 0<1a  , we have cba 2>67   which implies 0<1a , cba 2>67   implies 

cba 3>1212   that is 0<1c . But this does not implies 0>1b  or 0<1b , therefore we conclude that )(t  
is not an ambiguous number. 
Case 2(a) ( 0<a , 0<c , 0>b ) 0>67 ba  and 0<c  which implies that 0>67 cba   or 

0<67 cba  . that is either 1a  is positive or 1a  is negative. For 0<a cba 3>1212  , that is 0>1c . 

for 0<1a  we have 0>31212 cba   that is 0<1c  or 0>1c . but this does not imply that 0>1b  or 

0<1b . Therefore we conclude that )(t  is not an ambiguous number. 
Case 2(b) ( 0>a , 0>b , 0<c ) 0<27 ca   and 0>6b  which implies that 0>267 cba   or 

0<267 cba  , that is 0>a  or 0<1a  we have cab 312>12   which implies that 

0>31212 cab  , that is 0>1c . for 0<1a , we have 0<3122 caba   or 0>31212 cab   that is 

0<1c  or 0>1c . Therefore we conclude that )(t  is not an ambiguous number. Thus in all the all cases )(t  is 
not an ambiguous number. This completes the proof. 
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Theorem 3.3 Let )(= ''' n
c

na Q


  be totally positive number. 

1. If )(t  is totally positive number, then either acb 7>26  , acb 12>312   or acb 7<26  , 

acb 12<312   . 

2. If )(t  is totally negative number, then either acb 7>26  , acb 12<312   or acb 7<26  , 

acb 12>312   . 

Proof. Let )(= ' n
c

na 
 Q  with 

c
nab 2

=  is totally positive number, then by Lemma 2.1, either 

0>,, cba  or 0<,, cba . Since we know that 
1

1=
36
23=)(

c
nat 







 , where cbaa  67=1 , 

3
4912=1
cbab 

 and )443(=1 cbac  . Suppose )(t  is totally positive number then, by Lemma 

2.1, either 0>1a , 0>1b , 0>1c  or 0<1a , 0<1b , 0<1c . Now suppose that )(t  is totally negative 

then by Lemma 2.2, either 0>1a , 0<1b , 0<1c  or 0<1a , 0>1b , 0>1c . Now for the case 0>a , 
0>b , 0>c  we observe that  

 acbcbaa 7>26  thatimplies 0>267=1   (1) 

 acbcbaa 7<26  thatimplies 0<267=1   (2) 

 acbcbac 12>312  thatimplies 0>31212=1   (3) 

 acbcbac 12<312  thatimplies 0<31212=1   (4) 
 have we 0,<0,<0,< for and cba  

 acbcbaa 7<26  thatimplies 0>267=1   (5) 

 acbcbaa 7>26  thatimplies 0<267=1   (6) 

 acbcbac 12<312  thatimplies 0>31212=1   (7) 

 acbcbac 12>312  thatimplies 0<31212=1   (8) 

 From (1) and (5) we see that 0>1a  only when acba 7<26<7   that is acb 7>26   and (2) and (6) 

implies 0<1a  only when acba 7<26<7   that is acb 7<26  . From (3) and (7) we see that 0>1c  

only when acba 12<312<12   that is acb 12>312   and (4) and (8) gives 0<1c  only when 

acba 12<212<12   that is acb 12<312  . whenever )(t  is totally positive, we have either 

acb 7>26  , acb 12>312   (in case of 0>1a , 0>1b , 0>1c ) or acb 7<26  , acb 12<312   

(in case of 0<1a , 0<1b , 0<1c ). 

whenever )(t  is totally negative, we have either acb 7>26  , acb 12<312   (in case of 0>1a , 

0<1b , 0<1c ) or acb 7<26  , acb 12>312   (in case of 0<1a , 0>1b , 0>1c ).  

4  Action of 1==:,= 66
3 ytytM  on )(''' nQ  

 In this section we discuss some number theoretic properties of totally positive, totally negative and 

ambiguous numbers belonging to the orbit of subgroup 1==:,= 66
3 ytytM  where xxyt 5= , acting on 

)(' nQ . Also we give the comparison of our results obtained from 3M  with subgroup 
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1==:,= 66
1 ytytM , xyxt =  which was discussed by Aslam and Mushtaq in 2006.  

Table  2:  The action of xxyt 5=  on )(),,( ''' ncba Q  

c
na =  a  b  c  

1)3(
1=)(





t  ca  

3
c

 
cba 336   

23
1=)(2







t  cba 235   cba 2  cba 4912   

1)3(2
23=)(3





t

 

cba 267   

3
4912 cba 

 cba 31212   

13
12=)(4





t  cba  65  cba  44  cba  96  



3

13=)(5 t  ba 3  

3
96 cba   b3  

 

Theorem 4.1 Let )(= ''' n
c

na Q
  be totally negative number, then )(it  is totally positive number for 

each }{1,2,3,4,5i . 

Proof. If )(= ''' n
c

na Q
 , then )(it  for each }{1,2,3,4,5i  is given in Table 2. If 

)(= ' n
c

na 
 Q  is totally negative number then by Lemma 2.2, either 0>b , 0>c  and 0<a  or 

0<b , 0<c  and 0>a . When 0>b , 0>c  and 0<a , we see that, by Table 2., for each i , the new values 
of a , b  and c  are positive. Hence by lemma 2.1 )(it  are totally positive. Similarly, for 0<b , 0<c  and 

0>a , the new values of a , b  and c  are negative for each 1,2,3,4=i  or 5. Thus by lemma 2.1 each )(it  is 
totally positive. This completes the proof. 

Theorem 4.2 If )(= ''' n
c

na Q
  is an ambiguous number, then for }{1,2,3,4,5i , one of )(it  is 

an ambiguous number and other four are totally positive. 

Proof. Case 1. Let   is negative number. Then the possibilities for signs of 
c

na = , )(t , )(2 t

, )(3 t , )(4 t  and )(5 t  are given in Table 3. 

Case 2. Let   is positive number. Then the possibilities for signs of 
c

na = , )(t , )(2 t , )(3 t , 

)(4 t  and )(5 t  are given in Table 4. Thus, for 1,2,3,4,5=i , we observe that one of )(it  is an ambiguous 
number and other four are totally positive.  
 

Table  3:  Possibilities for sign of )(it ,   is negative, for 1,2,3,4,5=i  and 6.  
   )(t  )(2 t  )(3 t  )(4 t    )(5 t      )(t  )(2 t  )(3 t  )(4 t  )(5 t  

                                                                      
                            
                            
                            
                            

 
Table  4: Possibilities for sign of )(it ,   is positive, for 1,2,3,4,5=i  and 6  
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    )(t  )(2 t  )(3 t  )(4 t    )(5 t      )(t  )(2 t  )(3 t  )(4 t  )(5 t  

                                                                   
                                 

                                 

                                 

                                 
 

Since 
1)3(

1:






y , (Mushtaq and Aslam, 1998) studied that if }1,,

3
2,

2
1,

3
1{0, 


k  and is a 

vertex of a hexagon in the coset diagram, then 
(i) 1<   then 0>)(  . 

(ii) 0>  then 0<)(<
3
1 

. 

(iii) 0<<
3
1 

 then 
3
1<)(<

2
1  y . 

(iv) 
3
1<<

2
1    then 

2
1<)(<

3
2  y . 

(v) 
2
1<<

3
2    then 

3
2<)(<1 

 y . 

(vi) 
3
2<<1 

   then 1<)( y . 

That is, of the vertices k , ky , 2ky , 3ky , 4ky  and 5ky  one is positive and five are negative. It have been studied 

by Aslam (2006) that if },1,
2
1,

3
1,

3
2{0, k  and is a vertex of a hexagon in the coset diagram, then 

(i) 0<  then 1>)(t . 

(ii) 1>  then 1<)(<
3
2 t . 

(iii) 1<<
3
2   then 

3
2<)(<

2
1 t . 

(iv) 
3
2<<

2
1

  then 
2
1<)(<

3
1

t . 

(v) 
2
1<<

3
1

  then 
3
1<)(<0 t . 

(vi) 
3
1<<0   then 0<)(t . 

That is, of the vertices k , tk , kt 2 , kt 3 , kt 4  and kt 5  one is negative and five are positive. 

In our case, we study that if },1,
2
1,

3
1,

3
2{0, k  and is a vertex of a hexagon in the coset diagram, then 

(i) 0<  then 
3
1<)(<0 t . 

(ii) 
3
1<<0   then 

2
1<)(<

3
1 t . 

(iii) 
2
1<<

3
1

  then 
3
2<)(<

2
1 t . 

(iv) 
3
2<<

2
1   then 1<)(<

3
2

t . 
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(v) 1<)(<
3
2   then 

3
1<)(<1 t . 

(vi) 
3
1<<1   then 0<)(t .  

 
 
 

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

Figure  2: Fragments of coset diagram for the action of 1M  and 3M  

That is, if vertices  , )(t , )(2 t , )(3 t , )(4 t  and )(5 t  of a hexagon are not ,1,
2
1,

3
1,

3
20,  then 

one of six vertices is negative and five are positive. Therefore the number theoretic properties belonging to the orbit of 

subgroup 1==:,= 66
3 tyytM , where xxyt 5= , are same as of the subgroup 1M . The coset diagram (Fig. 

2) concludes the whole discussion. That is, 6-cycles of y  are defined six solid edges and 6-cycles of the 

transformation xxyt 5=  are defined by six broken edges of a small hexagon permuted anti-clockwise by both y  

and t . The vertices of 6-cycles of transformation xxyt 5=  are permuted in the opposite direction to the vertices of 
xyxt = .  
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