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profiles represented by an eighi-term Fourier series and with oscilluting-type followers.
Two kinds of cam follower systems, viz., voller follower and flat-face follower systems,

are used.  In general the method applies to any cam whose profile can be expressed in
terms of its radius betng a function of the rolation angle [r = f(8)].

Introduction

THE analysis of eam follower motion directly from
the cam profile is usually done graphically, the numerical analysis
being so complex that it has been rejected as generally useless ex-
cept for a few special cases. However, difficulty in incorporating
the effects of elasticity and inertia in follower response with the
indirect methods provides some incentive for the development
of & method for performing the analysis directly from cam profile
specifications. :

The usual way of doing this is by assuming the displacement-
time diagram. This diagram is either constructed numerically
or with the help of standard mathematical curves. The shape
of the eam profile, velocity, and acceleration curves are then ob-
tained from this diagram. The classical way of doing this utilizes
graphical analysis, which is cumbersome as well as time consum-
ing. A more direct method, preferably programmable on a digital
computer, is therefore a worthwhile goal.

A number of authors have investigated the graphical analysis
method. The more notable of these are Franklin de Ronde
Furman [1],1 J. Hirschhorn [2], and S. Molian [3]. In the field
of analytical methods Harold A. Rothbart [4], S. Lindroth [5],
and R. R. Griffin [6] have done significant work:.

The method of analysis presented here consists of representing
the rise and fall curves of a dwell-rise-dwell cam by r = f(@),
where 7 is the magnitude of the radius vector, measured from the
cam center to the profile, and 6 is the cam rotation angle. For
the purpose of this presentation, f(#) has been taken to be an
eight-term Fourier series in 8. The constants for the two curves
are obtained by applying the boundary conditions and solving
the resulting equations simultaneously. Once the profile has
been defined, the cam is rotated at small intervals, the point of
cam follower contact determined iteratively, and the displace-
ment, velocity, and acceleration computed. Two types of oscil-
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lating followers have been used, i.e., roller follower and the flat-face
follower. The knife-edge case, though included in the original
work [7], has not been dealt with here. Two reasons justify for
this. First, the knife-edge has more of an academic value than
its usefulness in a practical application. Secondly, the roller
follower case ean be reduced to the knife-edge case by reducing
the roller radius to zero. A computer program, written sepa~
rately for each case, was interfaced with a digital plotter routine.
The final output consists of graphs of displacement, velocity, and
acceleration against cam rotation angle.

Development of Cam Profile

Consider the cam radius vector at the beginning of the lower
dwell period (Fig. 1). Let this be the rotating reference line to
measure cam rotation angles from the fixed reference line OX.
Let r be the magnitude of the radius vector at any cam angle 6.

Fig. 1 Cam profile showing radii at various cam angles
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As 0 varies from 0 to 04 the radius vector describes the following
four portions of the cam profile:

0to 6y, r = R, (Lower Dwell) (1)

O to O r = f(0) = a1 + a2 cos § -+ as cos 20
a4 cos 30 + as cos 40 +

ag sin @ 4+ a; sin 20 +- )
as sin 36 (Rise)
0 to 05, r = R, (Upper Dwell) 3)
05 to 0y, v = f(8) = by + by cos § -+ b3 cos 20
bs cos 30 - b; cos 40 + @

bg sin @ -}~ by sin 260 4~
besin 30  (Fall)

To find the values of constants for the rise curve, the following
boundary conditions are applied to equation (2):

At 0 = 015
o= R1
g
o
der
d3r
— =0
dgs

At 9 = (921

r = Rz

dr
=0
df
d2r
agn = °
d3r
— =0
dg?

The resulting eight equations are solved simultaneously by the
matrix inversion method to give the values of constants @i, as, a3,
t, s, g, a1, 3. The values of constants for the fall curve are ob~
tained in the same manner. Once these constants are known,
equations (1), (2), (3), and (4) fully describe the cam profile.
Having defined the cam profile, it is now intended to find the

equations of motion for the roller and the flat-face type of oscil-
lating followers. It is assumed that the cam rotates with a con-
stant angular velocity, ie., § = wand § = 0.

Roller Follower. Consider the cam and the roller follower system
at the beginning of the lower dwell period. Let 0.X and O\’
be the fixed and the rotating axes, respectively, coincident at this
starting position. Let the cam rotate through an angle 6 (Fig.
2). The roller center O, swings in an arc centered on 0. The
point of contact no longer lies on the fixed axis 0, X. It moves in
such a way that the contact angle o leads the cam rotation angle
0 in the earlier part of the rise period and lags behind in the latter
part. This lead or lag is dependent on the radius of the roller
follower. In fact, if the roller has zero radius there will be no
lead and o will always lag behind 8. The difference is maximum
during the upper dwell period, and is referred to as the forward
shift of upper dwell period.

Shift = ¢ — b
where
R E2+(R1+R,>2—1121|
¢ = cos 1[ SR + R)) )
B @Bt R - D2:|
¢2 = cos 1[ 2B + &) (8)

The angles of rotation at which the upper dwell period begins
and ends must, therefore, be corrected for this shift. The cor-
rected upper dwell angles will thus be:

0, + Shift
and

0; + Shift.

The values of shift for intermediate positions of the follower
on rise and fall curves must be determined to define the point of
contact. This is accomplished by computing « with the help of
an iterative process. Consider T' to be the point of contact for
amoment. Construct a roller follower at 7. Draw a tangent AB
to the cam profile at 7. Angle 8 is successively decreased or in-
creased by very small amounts, depending on whether o lags
behind or leads 8, and the value of distance & is computed. This
value is compared with the known follower arm length D. The
iterative process ceases as the value of z equals D, of course
within a specified tolerance.

z = (B2 + OT* — 2R,0T cos \)'/*

where

Nomenclature

a1, Oz, A3, (g

as, As, A7, ag}

= constants in Fourier se-

ries for period of rise T
Yoy, Tay Ta

by, by, b, bs
bs, bg, ba, bs

= constants in Fourier se-
ries for period of fall

D = length of follower arm, in.
E = distance between cam 77
center and follower
arm pivot, in.
» = ‘magnitude of radius vec-
tor to cam profile at
cam rotation angle 8 R
rq = magnitude of radius vee- R;
tor to point of cam fol- R
lower contact oi
;', ’1(, '+ = first, second, and third
derivatives, respec- B8

i

tively, of r with respect

lower case)

to 8 v = angle between the tan-
first, second, and third gent at 7' and radius
derivatives, respec- vector
tively, of ro, with re- 8 = angle LO,P (roller fol-
spect to « lower case)
first and second deriva-~ f = cam rotation angle
tives of r with respect A = angle 070, (roller fol-
to time. (In general, lower case)
dot over letters implies Y = angle between follower
derivatives with re- arm and center to cen-
spect to time.) . ter line
radius of base circle Y = angular velocity of the
radius of nose circle follower arm
radius of roller follower Y = angular acceleration of
angle from rotating axis the follower arm
to the point of contact w = input angular velocity of

angle 070, (roller fol-

cam

Downloaded From:-ll'mfsyn}_agLﬁzcﬂ;g‘n'g%cieqcs.9S{nedigitalcollection.asme.org on 06/30/2019 Terms of Use: http://www.asme.org/about—asmTﬁmﬁ“ﬁﬂs 0[ the ASME



Fig. 2 Cam and roller follower system

OT = (* + B2 — 2rE cos ¢y)"/?

<g+v> -8

\2 T2 e 2
B8 = cos! [iL]
2roT

A =

From differential calculus,

v = tan—! LA tan ! [L,]
& r
do
The cam profile is expressed by
r = f()
and
P = 1(0).

It may be kept in mind that the values of » and # change with
cach successive iteration until at the end @ becomes «, r becomes
7o = f(e), and 7 beeomes 74 = j'(a). Once ac is computed, angular
displacement, velocity, and acceleration can be calculated. (See
Appendix.)

Analysis of Follower Motion

Fiat-Face Follower. The flat-face follower system differs from
the voller follower system in that the leigth of its follower arm is
not fixed. The point of contact is the tangent point between the
cam curve and the follower arm. In this case the contact angle o
leads the cam rotation angle @ in the earlier part of the rise period
and lags behind in the latter part. The reverse is true for the
fall period. The shift is not necessarily maximum during the
upper dwell period. However, the dwell period does shift for-
ward in this case also. It is now a function of cam radii B; and R»
and distance ¥ only.

Shift = ¢ — ¢
where
¢1 = cos™! {%] 9)
b2 = cos™? [%] (10)

The contact angle is again determined by an iterative process.
Let P be the contact point (Fig. 3). Point T is on the profile at

Fig. 3 Cam and flal-face follower system
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0 angle of rotation, and’ AR is a tangent to profile curve at 7"
Angle y(0,TA) and (0, T0) have different values at this
point. However, as 8 approaches «, their difference tends to
diminish. Thus @ is increased or decreased, depending on
whether <y is less than or greater than y,until they have the same
value, again within a specified tolerance. The two angles are

expressed as
r
v = tan—! I:T]

. T[r+0T - B
¥ = cos Mzrﬁ

and

where
OT = (E* + r* — 2Er cos ¢,)'/

and ¢, is defined by equation (9).
Onece @ is computed, 7 is given by 7, = f(a) where f(a) is the
eight-term Fourier series in ce. Equations of motion can now be

Results and Gonclusion

Equations of angular displacement, velocity, and acceleration
were programmed in the computer with parameters R; = 27,
By=27"D=7,E=7,¢ = 60deg, 6, = 180 deg, 5 = 210
deg, 0 = 360 deg, and cam angular velocity of 10 radians per
second. This program was interfaced with a digital plotter
which gave graphs of each drawn against the cam rotation angle
(Figs. 4 and 5). Values of displacement, velocity, and accelera-
tion are different in each case of follower system. However, the
results obtained do not greatly differ from those obtained by
Stoddart [8] and Duddley [9] for their 3-4-5 polynomial or cy-
cloidal cams, respectively.

The values of contact angles during the rise and the fall period
were approximated within 0.00005 radian, thus assuring a very
high degree of accuracy for all practical purposes. Any number
of cams with different parameters may be analyzed by writing
only one program. A digital computer is a “must”’ to use this
method. The calculations involved would be impossible to
handle manually. However, if such a facility is readily accessible,
the method would certainly prove superior to conventional
graphical methods in areas of accuracy, economy, and conve-
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Fig. 5 Follower motion curves—Aflat-fuce follower
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The method may be readily adapted to the design of cams for
which the profile can be expressed as » = f(6). Since the shift
in upper dwell period Is a function of initially known parameters,
cams for actual dwell periods may be designed by allowing for
this shift at the very start. To manufacture a cam, data may be
obtained directly by computing the values of » at sufficiently
small intervals of rotation angle. When transferred to a punched
tape milling machine, these data can produce a profile of the de-
sired accuracy.

The author recommends that eams, whose profiles can be ex-
pressed in terms of radius, a function of cam rotation angle, be
analyzed for functions other than Fourier series.  This may open
an’entirely new avenue to cam design. In conclusion, the method
presented here is sufficiently general to apply to most cam design
problems and has definite advantages over the conventional
graphical methods.

APPENDIX

Development of Equations of Motion for Roller Follower Case
and Flat-Face Follower Case

Roller Follower Case. Consider Fig. 6.

R;sind + rqcosp = E — D cos ¢ (11)
R;cos0 + rosin¢g = Dsin ¢ (12)
b+od=m—7 (13)

Squaring and adding equations (11) and (12), substituting for
@ + ¢), and solving for ¥ yields

2 2 2 op 2o . &l
Y = cos-! [E + D? — B2 — ry? — 2Rr, sin 7} (14)

2ED

Thus displacement = ¥ — ¥, where
B+ D — (B + R,
¢1=cos—l[ + D — (I + ,)]

2ED

Differentiating this expression with respect to time once yields
angular velocity, and differentiating again gives angular accelera-
tion.

rofq + Bi(fq sin y 4 74 cos vY)

V= ED sin (15)
. singU 4+ R, +FE+L) - M
oA B LR w

h—————————

Fig. 6 Roller follower case showing angles 3, v, §, N at the contact point

where
I = rafq + 72
= fy COS ¥y + ¥o sin 7y
K = ro(cos yy — sin yy?)
L = 74 cos yy
and

M = cos Y [rafe + R(7q sin y + rq cos yy)]

In equations (15) and (16) v, ¥, 4, and ¥, were undefined. They
are now defined as follows:
Angle v at point P (Fig. 6) is given by

yzmm{?] an
Ter
Y = Q& (18)
where
o — 7oTa) COS®
= el rare) costy (19)
Por
and
§ = Q& + &Q (20)
where
Q=a
v 2(7',,L7"0w¢'7f2 - 7'0"1/"04 - 7"«3'7:0‘) cos Y — Q(?"(,,2 - 7'a'15a) sin 2 'y]
,;.az
(21)

7 1r 17 . . .
where 74, 74, and 7, are first, second, and third derivatives, re-
spectively, of r, with respect to a.
& and & are determined as follows:

D = R2 4+ OP? — 2R,0P cos A (22)
where
OP? = E? -+ v, — 2Br, cos O
O = ¢, — (8 — @) where ¢ has been defined in
equation (7).

- ™
Ne T —p

and

mu@ﬁ—w]

= _1 i
8 = cos [ 90D

Differentiating equation (22) with respect to time results in a
linear equation in ¢ which yields

OP B: — Ry(B, cos \ — K, OP sin })

y o= — — 23
@ OP F, — Ry[F, cos A\ — OP sin A(Q — N,)] @3)
where
B = Ergf sin 6
T OP
roate — Bty cos © — 14 sin O)
F,. = s
’ OP
K = E0(E — 1y cos ©) sin O

OP3sin 3
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and

0P ro(l — 4r,2) + Era(re cos © — rysin 0)(20P% — 1)
2r,20P3 sin 8

N, =

Differentiating equation (23) with respect to time yields é& di-
rectly.

Having computed & and &, 7, and ¥, can now be obtained
from
(24)

(25)

Fa = Tal
Ta = Tl + Fod?

Thus in equations (15) and (16) every variable has been de-
fined. Therefore angular velocity and acceleration can be com-
puted.

Flat-Face Follower Casa.

shifted to point P.

Consider Fig. 3 again, with angle v now

OP sin ¢ = r,sin ¢ (26)
OP cos f = E — 74 cos ¢ (27)
and
p=m—(y+¥)

Dividing equation (26) by (27) and substituting the value of ¢
and simplifying, gives

| Tasiny
1//—51111[71? :l

Thus displacement = y — i, where ¥, = sin—! <%> and v

is as defined in equation (17).
Differentiating equation (28) with respect to time gives

(28)

To'Y COS Y + T sin y

v = E cos ¢

(29)

and

where
- Ere 0sin ©
W, = Y
(o2 + E? — 2Er, cos 0)'/2
R Elrg c0s © — 74 5in 0] — rgr
X, =

(ra® + E* — 2Er, cos ©)'/
Y, = 1q 008 Y — 7o sin y

where @ is as defined in equation (19),

and

Tafe CO8 27 — 12Q sin 29 — r4ig
2rg? cost ¥ — 12 -+ K2)'/2

7, =

& is directly obtained by taking the time derivative of equation
(34). Using these values of & and & in equations (24) and (25),
7 and 7, are defined for this case. Thus all variables in equations
(29) and (30) are defined. Hence values of angular velocity and
acceleration can be computed.
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J = cos Y (ratt + 27qdr) cos ¥ — (red? — ¥,) sin v} 4 sin Y(rad cos ¥ + 7 sin )

E cos®

In equations (29) and (30), v and ¥ are the same as defined in
equations (18) and (19). However, & and & acquire different
values in this case. These are obtained as follows:

In triangle OO P (Fig. 3),

E? = OP? + 1,2 — 20Pry cos vy

This is a quadratic in OP.

OP =14 co8y + [ra? cos? v — (ra® — E?)]'/* (31)

Only the positive sign is considered since negative OP does not
signify anything.
Also
OP = (ry® + E2 — 2r,E cos ©)'/: (32)
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— 34
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& =
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