
1

m
t
t
a
m
g
r
a
p
t

m
r
s
m
e
�
t
t
C
f
r
d
H
g
a
t
h
c
i

T
1

J

Downloaded From:
S. Akbarzadeh

M. M. Khonsari1

e-mail: Khonsari@me.lsu.edu

Department of Mechanical Engineering,
Louisiana State University,

2508 CEBA,
Baton Rouge, LA 70803

Performance of Spur Gears
Considering Surface Roughness
and Shear Thinning Lubricant
A model is developed for predicting the performance of spur gears with provision for
surface roughness. For each point along the line of action, the contact of pinion and gear
is replaced by that of two cylinders. The radii of cylinders, transmitted load, and contact
stress are calculated, and lubricant film thickness is obtained using the load-sharing
concept of Johnson et al. (1972, “A Simple Theory of Asperity Contact in Elastohydro-
dynamic Lubrication,” Wear, 19, pp. 91–108) To validate the analysis, the predicted film
thickness and the friction coefficient are compared to published theoretical and experi-
mental data. The model is capable of predicting the performance of gears with non-
Newtonian lubricants—such as that of shear thinning lubricants—often used in gears.
For this purpose, a correction factor for shear thinning film thickness introduced by Bair
(2005, “Shear Thinning Correction for Rolling/Sliding Electrohydrodynamic Film Thick-
ness,” Proc. Inst. Mech. Eng., Part J: J. Eng. Tribol., 219, pp. 1–6) has been employed.
The results of a series of simulations presenting the effect of surface roughness on the
friction coefficient are presented and discussed. The results help to establish the lubrica-
tion regime along the line of action of spur gears. �DOI: 10.1115/1.2805431�

Keywords: gear, film thickness, line of action, friction coefficient, surface roughness,
shear thinning lubricant
Introduction
Gears are used to transmit force between two parts of the same
achine or between two devices, often with a mechanical advan-

age that allows increasing or decreasing the rotational speed or
orque from one shaft to another. Study of gears embodies almost
ll aspects of tribology. As is commonly the case in the analysis of
ost tribological components, the key parameters of interest in

ears are the lubricant film thickness, the dimensionless film pa-
ameter �, and the coefficient of friction. The first two parameters
re important in terms of reliability and damage, while the third
arameter is a measure of the efficiency of the gear set in terms of
he required power.

It is well known that lubrication regime in gears is governed by
ixed or partial elastohydrodynamic lubrication �EHL�

egimes—a subject that has captured the attention of many re-
earchers over the past four decades. Gear surfaces are typically
uch rougher than those of shaft/bushing surfaces, making it nec-

ssary to take surface roughness into consideration. Johnson et al.
1� proposed a theory of asperity contact in EHL. They combined
he Greenwood–Williamson model of rough surfaces with EHL
heory and introduced the load-sharing concept. Later, Patir and
heng �2� solved the average Reynolds equation for rough sur-

aces. They studied both isotropic surfaces and surfaces with di-
ectional patterns. Lee �3� proposed an analytical model and con-
ucted some experiments on the scuffing of rollers under EHL.
ua and Khonsari �4� solved the transient EHL equation in spur
ears, assuming that the surfaces are smooth. Chang �5� proposed
model for partial EHL and considered the asperities to be fric-

ionless. Later, Flodin and Andersson �6� studied wear in spur and
elical gears, assuming dry contact. Chapkov et al. �7� have re-
ently proposed a model to predict roughness amplitude reduction
n both Newtonian and non-Newtonian EHL contacts. Their
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model includes the influence of surface roughness wavelength and
contact operating conditions and predicts the deformed shape.
They showed that surfaces with short wavelength will slightly
deform, and therefore there is a high probability of asperity con-
tact. Surfaces with longer wavelength, on the other hand, will be
deformed more, and therefore less asperity contact will occur. The
majority of pure mineral oils of similar molecular size exhibit
Newtonian behavior, where their viscosities are independent of
shear rate. Nevertheless, there are practical applications where the
lubricant’s viscosity varies with the rate of shear. For example, the
so-called shear thinning lubricants experience a drop with increas-
ing shear rate �8�. An excellent experimental application of shear
fluids for lubrication of two cylindrical rollers is reported by
Dyson and Wilson �9�. They showed that their reported measure-
ment of film thickness is significantly lower than what the well-
established EHL film thickness formula predicts. Bair and Khon-
sari �10� showed that some gear oils show a shear thinning
behavior and compared the analytical and experimental flow
curve. Since shear thinning lubricants are becoming more popular
in some industrial applications, their behavior is studied in this
research. To account for shear thinning effect, Bair �11� recently
proposed a correction factor for predicting the film thickness in an
EHL line contact in the form of �=hN /hNN, where hN is the New-
tonian film thickness and hNN is the actual film thickness for the
lubricant. The expression for � is a function of the slide to roll
ratio, lubricant properties, velocity, and power-law exponent.

In this paper, we apply the load-sharing concept of Johnson et
al. to predict the performance of a spur gear. The surface proper-
ties are amongst the inputs to the model, which is capable of
taking shear thinning effect into consideration. Once the values of
film thickness along the line of action �LoA� are obtained, the
fluid friction force and hence the friction coefficient can be easily
predicted.

2 Model
One of the most important issues in gear sets is the friction
coefficient. The aim of this research is to present a model that
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akes into consideration the surface properties �i.e., spectral mo-
ents of profile� and type of lubricant as well as gear geometry

nd the loading condition as the input and predicts the film thick-
ess and the friction coefficient along the LoA.

Surface profiles are described either by spectral moments �m0,
2, and m4� or by determining the asperity density n, the radius of

sperities �, and the rms of the surface �. These parameters are
elated to the spectral moments of the surface through the follow-
ng equations �12�. If z�x� is the profile in an arbitrary direction x
nd E� � denotes the statistical expectations, then the zeroth, sec-
nd, and fourth profile moments are

m0 = E�z2� = �s
2 �1�

m2 = E�� dz

dx
�2� �2�

m4 = E�� d2z

dx2�2� �3�

For an isotropic surface, the asperity density and the average
adius of the spherical caps of the asperity can be calculated from
12�

asperity density = n =
m4

6�	3m2

�4�

asperity radius = � =
3

8
	 �

m4
�5�

surface rms = �s = 	m0 �6�

If the surface is anisotropic, the values of m2 and m4 will vary
ith the direction in which the profile is taken on the surface. The
aximum and minimum values for m2 and m4 occur in two or-

hogonal principal directions. The use of an equivalent isotropic
urface is recommended for which m2 and m4 are computed as a
armonic mean of m2 and m4 along the principal directions.

In this model, the contact of gear teeth at each point along the
oA is represented by the contact of two cylinders having radii Rp
nd Rg. The radii of these cylinders vary along the LoA. Figure 1
hows how two cylinders replace the contact of pinion and gear.
n this figure, � represents the pressure angle and CD is the line
angent to the base circles of the pinion and gear. The points of
ontact in spur gears are always along this line, hence commonly
eferred to as the LoA. The positions of contact points are deter-
ined by their coordinates, and variation of different parameters,

uch as the Hertzian pressure, equivalent curvature, film thick-

Fig. 1 Representation of pinion and gear with rollers
ess, and friction coefficient, is evaluated along LoA.
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Referring to Fig. 1, in order to analyze the pinion and gear
contact, LoA is divided into several segments, and for each point
on this line the radii of curvature of the pinion and gear are cal-
culated using the following relations.

At the pitch line, the radius of curvature for the pinion is

� =
dwp sin �

2
�7�

At any other diameter, such as d1, the radius of curvature of the
pinion is

�1 =
d1 sin �1

2
�8�

The angle �1 can be found from the relation

cos �1 =
d cos �

d1
�9�

The radius of curvature for the gear is

�2 =
dwp + dwg

2
sin � − �1 �10�

In spur gears, the load carried by each tooth varies along LoA
since the number of teeth in contact changes along this line. This
variation of load is shown in Fig. 2. In the derivation of this plot,
it was assumed that the gear tooth stiffness changes along the
tooth profile. Under this condition, it cannot be assumed that the
load is equally shared among the pairs of teeth in contact since it
is a statically indeterminate case �13�. This type of variation, how-
ever, does not include the effect of vibration nor does it have the
effect of tooth modification. The effect of tooth modification on
load distribution in gear tooth has been shown in Ref. �14�. In Fig.
2, from point A—i.e., the beginning of mesh—until point B, there
are two pairs of teeth in contact, so the amount of carried load
changes from one-third to two-thirds of the total load F. From
point B to point C, however, there is only one pair of teeth in
contact, and the transmitted force is equal to F. From point C to
point D, i.e., the end of the contact, the load changes from two-
thirds of F to one-third of F.

The variation of the Hertzian stress along LoA is given by the
following equation:

PHertzian =	 F�1/Rp + 1/Rg�
�B„�1 − v1

2�/E1 + �1 − v2
2�/E2…

�11�

Having calculated the geometry of replacing cylinders and con-
tact stresses, the problem now is to find the film thickness and
coefficient of friction between two rollers with the known geom-
etry and the loading condition. The analysis starts from the first
point of contact and proceeds along LoA. At each point, the ap-

Fig. 2 Variation of load along LoA
propriate cylinder radii and the load are used.
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The calculation of film thickness and friction coefficient for
ach point along LoA is based on the concept of scaling factors of
ohnson et al. for the hydrodynamic part 	1 and the asperity con-
act part 	2. That is, the transmitted force FT is the sum of the load
arried by the asperity FC and the hydrodynamic load FH,

FT = FH + FC �12�

FT =
FT

	1
+

FT

	2
�13�

In a similar fashion, the total friction force is composed of two
omponents: the hydrodynamic friction force �Ff ,H� and the asper-
ty friction force �Ff ,C�,

Ff = Ff ,H + Ff ,C �14�
The asperity friction force is determined as

Ff ,C = 

i=1

N

fCi
pCi

dACi
= fC


i=1

N

pCi
dACi

= fCFC �15�

In Eq. �15�, it has been assumed that all the asperities have the
ame coefficient of friction. Hence, the coefficient of friction is

f =
Ff

FT
=

Ff ,H + fcFC

FT
�16�

he hydrodynamic friction force for the Newtonian lubricant is
alculated as

Ff ,H = 2aB

usliding

hc
�17�

n this equation, a is the Hertzian half-width of contact, B is the
oller width, u is the sliding velocity, hc is the film thickness, and

is the lubricant viscosity at the contact pressure. In this model,
he viscosity of lubricant changes with pressure according to Roe-
and’s equation �15�,

log10 
 + 1.2 = �log10 
0 + 1.2��1 +
P

C
�Z

�18�

In this equation, 
0 and 
 are the viscosities of lubricant at the
mbient pressure and at pressure P, both in mPa s. The parameter
is the viscosity-pressure index and for mineral oils is assumed to

e 0.6, and the value of C is taken equal to 196.1 MPa.
The film thickness calculation is based on Moes’ equation �16�

or central film thickness,

HC = ��HRI
7/3 + HEI

7/3�3s/7 + �HRP
−7/2 + HEP

−7/2�−2s/7�1/s �19�

here

s =
1

5
�7 + 8e�−2HEI/HRI�� �20�

he dimensionless parameters used are defined as follows �17�:

HRI = 3M−1

HEI = 2.621M−1/5

HRP = 1.287L2/3

HEP = 1.311M−1/8L3/4

HC = hc�U�
−1/2 hc� =

hc

R

M = WU−1/2 L = GU1/4

� �
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W =
FT

E�RB
U� =

�0u

E�R
G = �EHLE� �21�

According to load-sharing method of Johnson et al., a portion of
the load equal to �1 /	1� is taken by the fluid film. For calculating
film thickness, the problem will be of two rollers with known
geometry and Young’s modulus of E� /	1 being pressed together
with a force equal to Ftotal /	1. The rest of the load �1 /	2� is taken
by asperities. Therefore, for calculating asperity contact pressure
Pc, the problem will be two rollers with known geometry and
Young’s modulus of E� /	2 being pressed together by a force equal
to Ftotal /	2. Applying the concept of scaling factor of Johnson et
al. and substituting E� /	1 for E� and FT /	1 for FT, Moes’ equa-
tion takes the following form:

HC = �	1
s/2�HRI

7/3 + �	1�14/15HEI
7/3�3s/7

+ 	1
−s/2�HRP

−7/2 + HEP
−7/2�−2s/7�1/s�	1�1/2 �22�

where

s =
1

5
�7 + 8e�−2�	1�−2/5HEI/HRI�� �23�

Equation �22� has two unknowns: 	1 and hc. In order to deter-
mine both of the unknowns, another equation is needed. This
equation comes from making the asperity contact pressure ob-
tained from the Greenwood–Tripp model �Eq. �25�� equal to the
curve fit �Eq. �24�� of Gelinck and Schipper �17�. Gelinck and
Schipper �17� have shown that the central pressure is a good quan-
tity to characterize the pressure distribution of a rough line con-
tact. In order to fit functions to this pressure distribution, they
introduced velocity-independent parameters n�=nR	�R and �s�
=�s /R, where n represents the number of asperities per unit area,
� denotes the radius of asperities, and �s is the rms of surface
roughness. After applying the concept of load sharing of Johnson
et al., which leads to substituting E� /	2 for E� ,FT /	2 for FT, and
n	2 for 	2, the following equation was fitted to the central contact
pressure,

pc =
1

	2
	 FTE�

2�BR�
�1

+ �1.558�n	2R	�R�0.0337��s

R
�−0.442

W0.4757�−1.7�−0.5882

�24�
The Greenwood–Tripp equation for contact pressure is

pc =
8	2

15
��2�1.5�2.5E�F5/2�hc − dd

�s
� �25�

The function F5/2 is basically defined as

F5/2�H� =
1

	2�



H




�s − H�5/2e−s2/2ds �26�

In the EHL formulation, instead of H, the difference between film
thickness hc and the distance between the mean plane through the
summits and the mean plane through the heights of the surface,
dd, is used. That is,

F5/2�hc − dd

�s
� =

1
	2�



�hc−dd�/�s


 �s −
hc − dd

�s
�5/2

e−s2/2ds �27�

In Eq. �27�, dd is approximately 1.15�s. To simplify the inte-
gration in Eq. �27�, we will use the polynomial of Eq. �28�, which
is curve fitted to the F5/2 �18�,

F5/2 = �4.4086 � 10−5�4 − H�6.804 for H � 4

0 for H � 4
� �28�
Therefore, making Eq. �24� equal to Eq. �25�,
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	 FTE�

2�BR�

1

	2

��1 + �1.558�nR	2
	�R�0.0337��s

R
�−0.442

W0.4757�−1.7�−0.5882

=
8	2

15
��2�1.5�2.5E�F5/2�hc − dd

�s
� �29�

quation �24� is a curve fit of Eq. �25�, but the latter is a function
f film thickness also. So, the solution scheme is to choose an
nitial value for 	1 and find the film thickness from Eq. �22�, plug
he film thickness in Eq. �24�, and check if Eqs. �24� and �25� are
lose enough. If not, then a new value is chosen and the loop
ontinues until the convergence criterion is satisfied. Satisfaction
f convergence criterion means that the values chosen for 	1 and,
onsequently, 	2 are such that Eqs. �24� and �25� are close
nough. This procedure is a general method and is independent of
he type of lubricant. Hence, if the lubricant has a shear thinning
ehavior, a similar procedure is used and the calculated film thick-
ess is corrected using the Bair’s correction factor �11�. Since this
orrection factor � is a function of the slide to roll ratio and the
elocity in addition to lubricant properties, its variation along LoA
hould be considered. In Sec. 4, the behavior of a shear thinning
ubricant is investigated.

Numerical Simulations Procedure
The numerical simulation procedure starts with calculating the

urface properties. In other words, asperity radius, asperity den-
ity, and the rms of the surface should be known. If these param-
ters are not provided and instead the spectral moments of the
urface are given, then Eqs. �4�–�6� will be used to calculate the
urface properties from spectral moments. For each point along
oA, the radii of curvature are calculated using Eqs. �7�–�10�.
hese radii are the radii of the replacing cylinders. Equation �11�

s used to calculate the Hertzian stress between contacting cylin-
ers along the LoA. So far, for all the points along LoA, the radii
f cylinders and the contact stress are known. Then, a value for 	1
s chosen and film thickness is calculated using Eq. �22� and non-
imensional parameters of Eq. �21�. Then, both sides of Eq. �29�
re calculated. If the difference between right and left sides of Eq.
29� divided by the right hand side is larger than a specified tol-
rance error � �e.g., 1�10−5�, then a new value for 	1 is assumed,
nd the calculations are repeated until the convergence criteria are
atisfied. Once the film thickness is known, Eq. �17� is used to
alculate the hydrodynamic friction force. Finally, Eq. �16� is em-
loyed to get the value for friction coefficient.

As presented in Sec. 4, the model has the ability to predict the
ear performance when shear thinning lubricant is used. The cor-
ections to the film thickness and hydrodynamic friction force are
iven in Eqs. �31� and �32�.

In our simulation, the LoA is divided to 4000 points, and a
ypical execution time for this number of points is around 1 h on

Pentium 4 computer with a CPU of 1.8 GHz. The convergence
riterion was chosen to be �=1�10−5, meaning that when the
ight hand side of Eq. �29� minus the left hand side divided by the
ight hand side gets smaller than this number, the iteration will
top.

Results and Discussions

4.1 Verification Tests. The model was applied to a set of gear
ata and loading conditions that were obtained from literature �4�
or verification purposes. Table 1 shows the geometrical properties
nd loading conditions of pinion and gear.

In Ref. �4� the lubricant was Newtonian and the surfaces were
ssumed to be smooth. For a comparison of current simulation

nd the original paper �4�, the surface properties shown in Table 4

21503-4 / Vol. 130, APRIL 2008
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were selected to represent a very smooth surface �17�. It should be
noted that surface properties are obtained from spectral moments
of the surface, and they are not independent of each other.

The active length of LoA was divided to 4000 points, and the
aforementioned calculations were done for each point. The varia-
tion of equivalent radius of curvature calculated from Eqs.
�7�–�10� is shown in Fig. 3.

In the following figures, the abscissa is the coordinate along the
LoA, i.e., the coordinate of the point on the pinion tooth that
comes into contact. The negative part of the axis refers to pinion
dedendum and the positive part refers to pinion addendum. Hence,
the largest negative coordinate shows the beginning of mesh and
the largest positive point refers to the end of mesh for the pinion
tooth.

Figure 4 shows the variation of transmitted load along LoA. At
the first point of contact �A�, the transmitted load is shared by two
pairs of teeth in contact until the contact point reaches point C.
Thereafter, until the contact point reaches D, there is only one pair
of tooth in contact. From point D to point B, there will, again, be
two pairs of teeth in contact.

Table 1 Pinion and gear data †4‡

Number of pinion teeth zp=28
Number of gear teeth zg=84
Module m=0.003175 m
Pinion pitch diameter dwp=0.0889 m
Pinion rotational speed �=1637 rpm
Gear width B=0.1 m
Load per unit width F=0.3765 MN /m
Pressure angle �=20 deg
Oil viscosity 
=0.065 Pa s
Viscosity-pressure index Z=0.6

Fig. 3 Variation of equivalent radius of curvature along LoA
Fig. 4 Variation of load along LoA
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The variation of the Hertzian stress along LoA is shown in Fig.
. The lowest point of single tooth contact experiences the largest
ontact stress.

The film thickness from the present simulation and the film
hickness as calculated in Ref. �4� are shown in Fig. 6.

The film thickness comparison shows a good agreement be-
ween this model and the work of Hua and Khonsari �4�, who
olved the EHL problem by a direct solution of the Reynolds
quation. The differences can be related to the fact that in Ref. �4�
he surfaces were assumed to be perfectly smooth, but in our
imulation the surface roughness is considered. Probably, that is
hy in pinion addendum, where the film thickness is larger and

he effect of surface roughness becomes less pronounced, the re-
ults are closer. However, as shown in Table 2, the surface prop-
rties used for this comparison are selected such that the surface
oughness is very small.

Next, we present simulation results corresponding to an experi-
entally measured friction coefficient. For this purpose, the ex-

erimental results of Lee �3� were selected. Lee’s experiment was
one with a twin disk machine. The test rig had a continually
ariable speed motor and a set of gears, which were used to pro-
ide different sets of roll to slide ratio. The experiment was de-
igned for scuffing in heavily loaded EHL contacts, and as part of

Fig. 5 Variation of contact stress along LoA

ig. 6 Comparison of film thickness with results from Ref. †4‡

Table 2 Surface properties †17‡

MS of the surface �s=0.05 
m
ensity of asperity n=1.0�1011 m−2

adius of asperity �=10.0 
m
ournal of Tribology
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his experiment, Lee measured the friction coefficient. The test
conditions of Lee’s experiment are shown in Table 3.

The surface properties that are used in our model are shown in
Table 4. The parameter �s is assumed to be exactly the same as
the rms of surface roughness of the disks used in the experiment.
The density of asperities and radius of asperity tip, however, are
obtained from Ref. �17�. The coefficient of friction between as-
perities is a function of material and surface properties and is
usually determined by experiments being conducted in the bound-
ary lubrication regime between two rollers. For a wide range of
surface properties from pretty smooth to fairly rough surfaces, the
literature gives values from 0.10 to 0.13 for asperity friction co-
efficient. For this case, the variation from 0.1 to 0.13 for asperity
friction coefficient will not influence the friction coefficient con-
siderably, and almost the same accuracy will be maintained. The
reason for this is the large contribution of fluid in taking the load.

Figure 7 shows the comparison between the present model and
experiment for a range of loads.

The differences seen in the plot can be attributed to the manner
in which the experiment was conducted. Initially, the rollers were
pressed together with a force equal to 425 N. The test was run for
5 min, the friction coefficient and surface temperatures of the
disks were collected, and then the normal load was increased, and
the test continued for another 5 min. Our simulation is not a func-
tion of time and does not consider the effect of running in process.

4.2 Shear Thinning Simulations. Having verified the model
for a Newtonian lubricant, next step is to check its validity for
non-Newtonian lubricants such as shear thinning. These lubri-

Table 3 Test conditions †3‡

Smaller roller radius Rp=13.97 mm
Larger roller radius Rg=55.88 mm
Width of the rollers b=25.4 mm
Rolling velocity vroll=3.83 m /s
Sliding velocity vslide=3 m /s
Sliding to rolling ratio �=0.7826
Oil viscosity at operating temperature 
=0.063 Pa s
rms of surface roughness �s=0.274�10−6 m

Table 4 Surface properties †17‡

Density of asperities n=1.25�1010 �1 /m2�
Radius of asperity tip �=10�10−6 m
rms of the surface �s=0.274�10−6 m
Coefficient of friction between asperities f =0.1
Fig. 7 Comparison of model results with experimental data †3‡
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ants, which are sometimes used by some industries, exhibit a
hear thinning behavior, as illustrated in Fig. 8. At very low and
ery high shear rates, the lubricant behavior is the same fashion as
Newtonian fluid, and in the intermediate region it drops linearly
ith increase in shear rates.
In order to be able to predict the gear performance with shear

hinning lubricant, some corrections have to be made. First, the
lm thickness needs to be modified. A correction factor called �
as proposed by Bair �11�, which is the ratio of the Newtonian
lm thickness to the shear thinning film thickness. This factor is a
unction of the sliding to rolling ratio ��� and the Weissenberg
umber ��=
0u /hNGC�, where u represents the rolling velocity,

C denotes the critical stress, hN is the film thickness by the
ewtonian calculation, and 
0 is the low-shear viscosity at ambi-

nt pressure,

� =
hN

hNN
= �1 + 0.79��1 + ����1/1+0.2��3.6�1 − n�1.7

�30�

For a shear thinning lubricant, the hydrodynamic friction force
f ,H is calculated using Carreau’s equation �20�,

Ff ,H = 2Ba	̇��
2 + �
1 − 
2��1 + �u1	̇

GC
�2���m−1�/2� �31�

In this equation, 
1 and 
2 are the first and the second New-
onian viscosities, B is the width of the rollers, a is the half-width
f contact, m is the power-law exponent, and 	̇ is the shear rate
nd is defined as the ratio of the difference in speeds of the two
ollers to the film thickness �hc�,

Fig. 8 Characteristics of shear thinning lubricant
Fig. 9 Variation of film thickness along LoA
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	̇ =
u1 − u2

hc
�32�

Figure 9 shows the film thickness for the shear thinning lubricant.
For comparison, the Newtonian film thickness for the same case is
plotted in the same figure. The geometry and loading conditions
are the same as in Table 1. For this lubricant m=0.4 and Gc=1
�106 Pa, and the surface properties are derived from Table 5.

The results predict that the film thickness tends to increase
along the LoA. In the region of single tooth contact, there is a
higher contact stress, which results in a decrease in the film thick-
ness. Around the pitch point when the effect of sliding becomes
minor, the Newtonian and shear thinning film thicknesses become
closer. Also, at the pitch point, there is a change in the slope of
film thickness. This change is due to the behavior of the correction
factor, which is a function of the slide/rolling ratio and the Weis-
senberg number. Figure 10 shows the variation of the Bair correc-
tion factor along the LoA.

As shown in Fig. 10, as the contact point moves toward the
pitch point, sliding decreases and the value of the Bair correction
factor � decreases. As the contact point moves away from the
pitch point, the correction factor increases.

4.3 Variation of Film Parameter and Surface Roughness.
The dimensionless film parameter, which is the ratio of the film
thickness to the surface roughness ��=hc /�s�, is of great impor-
tance in tribology. The variation of this parameter along the LoA
is plotted in Fig. 11. The film parameter is a useful parameter for
determining the severity of load and the lubrication regime. It is
generally believed that ��1 corresponds to boundary lubrication,
whereas partial or mixed-film lubrication occurs when 1���3
and for full elastohydrodynamic lubrication ��3 �15�. According
to Fig. 11, the lubrication regime for contact points in the pinion
dedendum is boundary, while in pinion addendum it is mixed.

4.4 Friction Coefficient. Friction coefficient is a function of
geometry, loading, and lubricant and determines the required
torque �and power�. Hence, this variable is a key parameter in the
performance of a gear set. Figure 12 plots the variation of friction
coefficient along the LoA for a Newtonian lubricant and a shear
thinning lubricant. The input data, such as lubricant properties,

Table 5 Surface properties †19‡

Density of asperities n=3.31�1010 �1 /m2�
Radius of asperity tip �=6.02�10−6 m
rms of the surface �s=0.7�10−6 m
Coefficient of friction between asperities f =0.12
Fig. 10 Variation of � along LoA
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eometry, and loading, are taken from Table 1. For comparison, it
as assumed that the first Newtonian viscosity for the shear thin-
ing lubricant is the same as the viscosity of the other lubricant
nd that the second Newtonian viscosity is zero. For the Newton-
an lubricant, the friction coefficient is highest at the first point of
ontact and drops as the contact point moves toward the pitch
oint and sliding decreases. At the lowest point of single tooth
ontact, there is a sudden increase in friction coefficient, which is
ue to the shift from two pairs of teeth to one pair of teeth in
ontact. At the pitch point, where there is pure rolling, the hydro-
ynamic friction force is zero and there is only asperity friction
orce. A sudden decrease is seen in the point of shift from one pair
f teeth to two pairs of teeth in contact, and after that the friction
oefficient remains almost constant. The shear thinning lubricant
hows a similar behavior at points when the number of tooth in
ontact changes and also at the pitch point. This lubricant shows a
maller friction coefficient in comparison to the Newtonian
ubricant.

To illustrate the effect of surface roughness on the performance
f gear, the model was simulated for two other surface roughness
arameters of �s=0.4�10−6 m and �=0.7�10−6 m. The results
re shown in Figs. 13 and 14. As shown in Fig. 13, the friction
oefficient for both lubricants has a similar trend as in the
moother case �Fig. 12�, except that there is a slight increase in the
alue of friction coefficient. This increase is due to the use of
ougher surfaces; in this case, more asperities come into contact
nd they carry a larger portion of load.

Figure 14 compares the friction coefficient for even a rougher
urface where �s=0.7�10−6 m. The value of the friction coeffi-
ient compared to the other two smoother cases is higher. For
moother cases, the asperity friction force is negligible, and most

Fig. 11 Variation of film parameter „�… along LoA

ig. 12 Variation of friction coefficient along the LoA and com-
−6
arison with Newtonian lubricant for �=0.1Ã10 m

ournal of Tribology
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of the load is carried by the fluid film. When the surface becomes
rough, the scaling factor for the asperity part becomes smaller,
which means that more asperity contact will occur. Therefore, the
asperity friction force will become the dominant part and the fric-
tion coefficient increases.

One of the outputs of the model is the scaling factors. That is, a
percentage of load is taken by the fluid film and a percentage is
taken by asperities. For the case in Fig. 14, the percentage of load
taken by fluid film and asperities are shown in Fig. 15.

In the dedendum, the asperities take a larger portion of the load.
As the contact point moves along the LoA, the film thickness

Fig. 13 Variation of friction coefficient along the LoA and com-
parison with Newtonian lubricant for �s=0.4Ã10−6 m

Fig. 14 Variation of friction coefficient along the LoA and com-
parison with Newtonian lubricant for �s=0.7Ã10−6 m

−6
Fig. 15 Scaling factors along LoA for �s=0.7Ã10 m
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ncreases and a larger portion of the load is carried by fluid film.
he points of shift from two pairs of teeth to one pair of teeth can
lso be seen in Fig. 15.

Conclusions
In this paper, a useful approach for predicting the film thickness

nd friction coefficient of spur gears with consideration of surface
oughness and provision for lubricant with shear thinning charac-
eristic is reported. Either the asperity density, asperity radius, and
ms of the surface are among the inputs to the model or the model
alculates those using spectral moments of the surface. The model
mploys the concept of load sharing of Johnson et al. and applies
oes’ equation for calculating the Newtonian central film thick-

ess. The model can also be applied for non-Newtonian lubri-
ants, such as shear thinning lubricants. In this case, the film
hickness is corrected by using Bair’s correction factor for shear
hinning lubricants. Having calculated the film thickness, the

odel then uses Carreau’s equation for calculating the hydrody-
amic friction force. The main advantages of the model are that �i�
he model does not require solving the full EHL equations, �ii� it
enerates reasonable results for rough surfaces, and �iii� the re-
ults are in acceptable agreement with experimental data. This
odel can be used as a rapid prediction for the gear performance

ince the code without need to solve the full EHL equations gen-
rates acceptable results.

Using the shear thinning lubricant instead of the Newtonian one
ill result in lower film thickness. At the beginning of contact,
ue to large sliding the film thickness is much smaller than the
ewtonian film thickness. Around the pitch line where there is

mall sliding, the Newtonian and the shear thinning film thick-
esses become closer.

The surface roughness obviously affects the friction coefficient.
s the surface roughness increases, more asperities come into

ontact and a larger portion of the load is taken by asperities.
herefore, the friction coefficient will increase.
Comparing Newtonian and shear thinning lubricants indicates

hat a shear thinning lubricant shows a smaller friction coefficient.
owever, as the surface roughness increases, the difference be-

ween the friction coefficients of the two lubricants decreases.
his decrease is due to the fact that for rougher surfaces, more
sperities come into contact and carry a larger portion of the load.
ence, the asperity friction force becomes the dominant term.
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omenclature
a � half width of Hertzian contact, m
B � gear width, m

dd � distance between mean line of asperities and
mean line of surface, m

dwp � pinion pitch diameter, m
E� � equivalent Young’s modulus, N /m2

FT � transmitted force, N
FH � load carried by fluid, N
FC � load carried by asperity, N

Ff ,H � hydrodynamic friction force, N
Ff ,C � friction force from asperity interaction, N

f � coefficient of friction
fc � friction coefficient between asperities

Gc � critical stress, Pa

hc � central film thickness
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hN � Newtonian film thickness, m
hNN � non-Newtonian film thickness, m

m � power-law exponent
n � density of asperities, 1 /m2

Rp � radius of roller p, m
Rg � radius of roller g, m

uroll � rolling velocity �u1+u2� /2, m/s
usliding � sliding velocity, u2−u1, m/s

v � Poisson’s ratio
zp � number of pinion teeth
zg � number of gear teeth
Z � viscosity-pressure index
� � pressure angle

�EHL � pressure viscosity coefficient
� � average radius of asperities, m

	1 � scaling factor for hydrodynamic part
	2 � scaling factor for asperity contact part
� � film parameter
�s � standard deviation of asperities, m
� � slide to roll ratio, 2�u1−u2� /u1+u2
� � correction factor for shear thinning film

thickness
� � coordinate along the LoA, m
� � radius of curvature of gears, m
� � rotational speed, rpm
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