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 Using a phenomenological approach to field quantization, an expression for the Keldysh function of 
photons between two planar interfaces (Casimir geometry) is found for any stationary quantum state of 
the two bodies. The case of one interface sliding against the other is considered in detail.  
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1. Introduction 

 The simplest geometry in the electrodynamics of nanosystems is presumably the Casimir 
system: two half-spaces of different materials separated by a vacuum gap with two parallel 
planar interfaces. The gap has a width in the nano-range and provides the stage for propagating 
and evanescent waves emitted by the materials, thus shaping a rich plethora of Casimir physics: 
Casimir pressure, quantum friction, near-field radiative heat transfer, etc. All of these phenomena 
share a purely electrodynamic origin, and the basic theoretical quantity are the different 
components of Maxwell’s stress tensor. This tensor mirrors the quantum states of the 
electromagnetic field in the gap, and the latter is determined by macroscopic properties of the 
boundaries like their temperature distribution, current density and the relative motion of the 
interfaces. 

 In the case of stationary macroscopic conditions, a general formula for the distribution 
function of photons (Keldysh function) in the gap was recently found in Ref.[1], based on tools 
from nonequilibrium quantum field theory. This function provides a rather general description of 
the system and contains quantities (called fluctuation sources) which are determined by the 
above-mentioned macroscopic conditions of the system boundaries. In Ref.[1], the fluctuation 
sources were expressed by Keldysh functions evaluated on the interfaces which are quite 
difficult to handle. In this paper we find an alternative form for the sources that links them to the 
number of excitations of the compound system electromagnetic field+bulk medium, using the 
phenomenological theory of quantization of the electromagnetic field in a dissipative medium 
[2]. We also give explicit expressions for the Keldysh functions of a single interface system for 
further applications.  
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 To avoid overloading of the paper with formulas, our notation and definitions follow those 
of Ref.[1]. 

2. Preliminaries 

 We consider two half-spaces of different media with parallel and homogeneous boundaries 
(what we know about boundaries are theirs reflection coefficients) located at z ൌνa/2 ሺν ൌ േሻ. 
The boundaries are in stationary conditions: their temperatures are constant in time, and their 
relative motion is uniform and parallel to each other. We can then assume that the 
electromagnetic field (EMF) in the cavity ሾ‐a/2  ൑  z  ൑  ൅a/2ሿ is stationary in time and 
statistically homogenous in the xy-plane. As a consequence, all relevant fields and correlation 
functions can be expanded in Fourier integrals with respect to frequency ω and wave vectors q ൌ 
ሺqx,qyሻ along the interfaces. We use in the following the shorthand Ω  ൌ  ሺω,qሻ. In the 

Dzyaloshinskii gauge where φ ൌ 0, the transversality condition for the electric field can be used 
to eliminate the normal components of the vector potential in favor of the tangential ones (see [1] 
for details) which are conveniently expressed in the basis of s- and p-polarized fields of the lower 
interface (index λ ൌ s,p). The EMF in the gap is not a closed system because of dissipativity of 
the enclosing boundaries, and the straightforward procedure of field quantization in vacuum 
cannot be applied. So, for a quantum description of the EMF in the gap, we have to resort to the 
theories of quantization in dissipative media. There are many such theories [2-5], but we shall 
take the simplest version called phenomenological quantization [2] which recently found its 
justification in the frame of the canonical quantization rules of quantum field theory in the 

dissipative medium [6]. We begin with the splitting of the operator of vector potential ۯ෡ into 
positive and negative parts in Fourier space: 

׬෡ሺr,tሻൌ࡭
ௗࢗ

ሺଶగሻమ
׬

ௗఠ

ଶగ

ାஶ
଴

,ߗ෡ሺ࡭ൣ ன୲ሻିܚܙሻ݁௜ሺݖ ൅ ݄. ܿ. ൧                                  (1) 

and then we postulate for the positive-frequency parts of the vector potential a representation in 
terms of current sources 

A෡஛ሺΩ, zሻ ൌ ∑ D஛஛భ
R ሺΩ; z, νሻIመ஛భሺΩ, νሻ஝஛భ                                        (2) 

at any point z of the gap. The surface currents Iመ஛ሺΩ, νሻ here ‘live’on the two interfaces ν ൌ േ.  

 In Eq.(2), ܦ෡ோ is the retarded Green function (RGF) of the EMF defined as ሺ ђ ൌ 1) 

ఒఒᇲܦ
ோ ሺܚ, ;ݐ ,ᇱܚ tԢሻ ൌ െ݅ߴሺt െ tᇱሻܣൣۃመఒሺܚ, tሻ, ܚመఒᇲሺܣ

ᇱ, tᇱሻ൧(3)                                   .ۄ 

The latter is a solution of an inhomogeneous wave equation with boundary conditions. The 
intensity of the radiation is distributed according to the Keldysh-Green function (KGF) which is 
a quantum expectation value of a symmetrized field correlation 

ఒఒᇲܦ
௄ ሺܚ, t; ,ᇱܚ tԢሻ ൌ െ݅ۃ൛ܣመఒሺܚ, tሻ, ܚመఒᇲሺܣ

ᇱ, tᇱሻൟ(4)                                              .ۄ 
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 To find RGF and KGF in Eqs.(3, 4), we need averages of the commutator and 

anticommutator of A෡஛[Eq.(2)] with its Hermitian conjugate A෡஛
ା, and then we come to compute 

averages of the commutator and anticommutator of the surface currents Iመ஛,Iመ஛
ା introduced in 

Eq.(2). Our key assumption at this point is that we claim locality of the latter, writing 

,Iመ஛ሺΩൣۃ νሻ, Iመ஛ᇲ
ା ሺΩԢ, νԢሻ൧ۄ ൌ ሺΩߜ െ ΩԢሻδ஝஝ᇱc஛஛ᇲሺΩ, νሻ,                                 (5.a) 

,൛Iመ஛ሺΩۃ νሻ, Iመ஛ᇲ
ା ሺΩᇱ, νԢሻൟۄ ൌ ሺΩߜ െ ΩԢሻδ஝஝ᇱa஛஛ᇲሺΩ, νሻ,                                (5.b) 

where we use the short-hand notation δ(Ω) ≡ (2π)3δ(q)δ(ω). Using Eqs.(5.a, 2) and the definition 
(3) of RGF, we come to an expression for the RGF that has the same structure as Eq.(D9) of 
Ref.[1]. Comparison of these two expressions gives the relation 

ԂሺωሻcොሺΩ, νሻ െ ԂሺെωሻcොTሺെΩ, νሻ ൌ iΓ෠஝ሺΩሻ                                         (6) 

between the unknown matrix cො in the r.h.s. of Eq.(5.a) and the matrix Γ෠஝of Eq.(3.26) in Ref.[1]. 

Taking into account the properties of Γ෠஝ሺΩሻ (a symmetric matrix and an odd function of Ω), we 
find for c ෝ in Eq.(6) 

cොሺΩ, νሻ ൌ iΓ෠஝ሺΩሻ                                                                    (7) 

 With respect to the KGF (4), using Eqs.(1, 2), we can express it in the form of Eq.(4.21) of 

Ref.[1], where the photon sources P෡஝ሺΩ, νሻ are expressed by surface current anticommutators 
(5.b) according to 

iP෡ሺΩ, νሻ ൌ ԂሺωሻaොሺΩ, νሻ ൅ ԂሺെωሻaොTሺെΩ, νሻ,                                      (8) 

where −Ω = (-ω,q). Using a quantization procedure, we will show in the coming two sections 

that the photon sources P෡஝ሺΩ, νሻ are proportional to Γ෠஝ሺΩሻ matrices as well: 

P෡ሺΩ, νሻ ൌ ෡ࣨ஝୤ሺΩሻΓ෠஝ሺΩሻ,                                                            (9) 

and the coefficients ෡ࣨ஝୤ (ν = ±) of proportionality are defined by excitation (occupation) numbers 
of the compound system electromagnetic field+body below the interface at ݖ ൌ νa/2. 

3. Quantization on the interface in rest 

 There are two interfaces in the problem: the lower one is in at rest ሺν ൌ െሻ and the other one 
ሺν  ൌ ൅ሻ is in a state of parallel uniform motion in the x-direction, say. We begin our 
consideration with the lower interface which is taken as a reference frame of the problem.  

 We introduce the annihilation operator fመି,஛ of a Bose field which is associated with the 

elementary excitations of the composed system EMF+lower rmedium in the following way: 
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Iመ஛ሺΩ,െሻ ൌ α஛஛భሺΩ,െሻfመି,஛భሺΩሻ.                                                  (10) 

In Eq.(10), α is an as yet unknown matrix, and we suppose the canonical commutation rules for 

fመି,஛ 

ൣfመି,஛ሺΩሻ, fመି,஛ᇲ
ା ሺΩԢሻ൧ ൌ δ஛஛ᇲδ(Ω-Ω')                                              (11.a) 

ൣfመି,஛ሺΩሻ, fመି,஛ᇲሺΩԢሻ൧ = ൣfመି,஛
ା ሺΩሻ, fመି,஛ᇲ

ା ሺΩԢሻ൧ = 0                                    (11.b) 

We restrict our consideration considering a quantum state for the lower surface which is diagonal 

in the chosen basis and characterized by the excitation number Nି,஛
୤ (Ω): 

fመି,஛ۃ
ା ሺΩሻfመି,஛ᇲሺΩԢሻۄ ൌ δ஛,஛ᇲδ(Ω-Ω')Nି,஛

୤ ሺΩሻ                                        (12) 

Then, for the nonzero averages of commutator and anticommutator (5) of the surface currents on 
the lower interface, we have correspondingly 

cොሺΩ,െሻ ൌ αෝሺΩ,െሻαෝାሺΩ,െሻ,                                                (13.a) 

aොሺΩ,െሻ ൌ αෝሺΩ,െሻ൫Iመ ൅ 2N෡ି୤ ൯αෝାሺΩ,െሻ,                                     (13.b) 

where Iመ is a 2 × 2 unit matrix and we introduced the diagonal matrix 

N෡ି୤ ؠ ቆ
Nି,ୱ୤ 0

0 Nି,୮୤
ቇ .                                                          (14) 

Taking into account that Γ෠ି in Eq.(7) is diagonal, we also suggest the diagonality of αෝሺΩ,െሻ in 
(13.a). This provides the anticommutator (13.b) and using Eq.(12), we find 

aොሺΩ,െሻ ൌ iൣIመ ൅ 2N෡ି୤ ሺΩሻ൧Γ෠ିሺΩሻ.                                            (15) 

Insertion of Eqs.(15, 13.b) into Eq.(8) gives us expression (9) for ν ൌ െ where ෡ࣨି ୤ is defined in 
the same way as the photon number in free space [see Eq.(C4) of Ref.[1]]: 

෡ࣨି ୤ሺΩሻ ൌ signωIመ ൅ 2ൣԂሺωሻN෡ି୤ ሺΩሻ െ ԂሺെωሻN෡ି୤ ሺെΩሻ൧.                        (16) 

4. Quantization on the sliding interface 

 Using the transformation law for the surface currents and the properties of Fourier 
transforms under the Lorentz transformation of the space-time coordinates, we find the positive 

frequency part of the surface current operator in the laboratory frame Iመ஛ሺΩ,൅ሻ. It is expressed via 
corresponding operators in the reference frame of the moving interface [see Eq.(D2) of Ref.[1]] 

Iመ஛ሺΩ,൅ሻ ൌ O஛,஛ᇲሺΩሻൣԂሺω
ᇱሻIመ஛ᇲ

ᇱ ሺΩᇱ, ൅ሻ ൅ ԂሺെωԢ ሻIመ஛ᇲ
ᇱାሺെΩᇱ, ൅ሻ൧;   ω ൒ 0 ,           (17) 
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where Ωᇱ ൌ ൫ωᇱ,  q୶ᇱ , q୷൯ is related to the reference frame Kᇱ co-moving with the upper interface; 

it is connected with Ω = (ω, ݍ௫,  ௬ ) via the Lorentz transformation. The transformation matrixݍ 

O෡ሺΩሻ in Eq.(17) is given in Eq.(D4) of Ref.[1].  

 Introducing a Bose field (with annihilation operator fመା,஛
ᇱ  ሻ of excitations in the rest frame of 

the upper body analogous to Eqs.(10, 11) 

Iመ஛
ᇱ ሺΩᇱ; ൅ሻ ൌ α஛஛భ

ᇱ ሺΩᇱ, ൅ሻfመା,஛భ
ᇱ ሺΩԢሻ,                                       (18.a) 

we find for the surface current anticommutator in Kᇱ 

൛Iመ஛భۃ
ᇱ ሺΩଵ

ᇱ , ൅ሻ, Iመ஛మ
ᇱାሺΩଶ

ᇱ , ൅ሻൟۄ ൌ iδሺΩଵ
ᇱ െ Ωଶ

ᇱ ሻൣIመ ൅ 2N෡ାᇱ୤ሺΩଵ
ᇱ ሻ൧Γ෠ାᇱሺΩଵ

ᇱ ሻ.                 (18.b) 

And finally, using expression (17) for the positive-frequency part of the current operator in K, 
we find the anticommutator in the laboratory frame for ω ≥ 0 

aොሺΩ,൅ሻ ൌ iO෡ ෡ࣨା
ᇱ௙ሺΩԢሻΓ෠ᇱାሺΩԢሻO෡T,                                           (19.a) 

where 

෡ࣨାᇱ୤ሺΩԢሻ ൌ signωᇱIመ ൅2ൣԂሺωԢሻN෡ାᇱ୤ሺΩԢሻ െ ԂሺെωԢሻN෡ାᇱ୤ሺെΩԢሻ൧.                          (19.b) 

Using Eq.(8) for ν  ൌ  ൅ we find for the photon sources ෠ܲ(Ω,+) on the moving interface the 
expression 

P෡ሺΩ,൅ሻ ൌ O෡ ෡ࣨା
ᇱ௙ሺΩԢሻΓ෠ᇱାሺΩԢሻO෡T.                                            (20) 

Taking into account the transformation law of Γ෠ା [Eq.(D11) of Ref.[1]], we come to the 
expression (9) for ν = + where the excitation number in the laboratory frame K is given by 

෡ࣨା୤ሺΩሻ ൌ O෡ ෡ࣨାᇱ୤ሺΩԢሻO෡ିଵ.                                               (21) 

Because of the invariance of the trace of the matrix under the similarity transformation in 
Eq.(21), the number of excitations in K and Kᇱare the same, and the relative motion only changes 
their polarization.  

 Obviously Eq.(20) recovers the result (7.3) of Ref.[1] in the case of thermal equilibrium in 
K′ . 

5. Examples of Keldysh Green functions 

 In this paragraph we give expressions for the KGF of Casimir system and for the single 
interface system for further applications. 
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 The expression for KGF of the Casimir system with planar parallel boundaries is already 
written in Ref.[1], Eqs.(6.7–6.11). This is cumbersome enough not to repeat it here. We only 
give explicitly the matrices γොఔdefined in Eq.(6.11) of Ref.[1] which characterize the fluctuation 
sources in KGF of the Casimir system.  

 Insertion of Eq.(9) into the definition of γො஝ , we find after some algebra 

γොି ൌ eିୟI୫୯౰ ෡ࣨି ୤ ෠࣬ିΔ෡଴                                                         (22.a) 

for the sources in the lower interface and 

γොା ൌ eିୟI୫୯౰൫Iመ ൅ R෡ା൯Δ෡଴ ෡ࣨା୤Δ෡଴
ିଵ൫Iመ ൅ R෡ା൯

ିଵ ෠࣬ାΔ෡଴                                   (22.b) 

in the upper, moving one. Here, we have put (22.b) 

෠࣬ ஝ ൌ ቊ
Iመ െ R෡஝R෡஝כ ݏ݁ݒܽݓ ݃݊݅ݐܽ݃ܽ݌݋ݎ݌ ݎ݋݂   
2iImR෡஝   ݂ݏ݁ݒܽݓ ݐ݊݁ܿݏ݁݊ܽݒ݁ ݎ݋,

                                    (23) 

where propagating (evanescent) waves are defined by the observer-independent inequality 
q୸ଶ ൌ ωଶ െ qଶ ൐ 0 ሺq୸ଶ ൏ 0ሻ.  

 We get the KGF for a single, moving body (located in z  ൒  0) by applying a limiting 
procedure where the two points z,z  Ԣ  ൑  0 remain fixed, while the lower interface recedes to 
infinity (limit called (C) in Ref.[1]). This yields 

D෡ାKሺΩ; z, zԢሻ ൌ ൛൫Iመ ൅ R෡ା൯Δ෡଴ ෡ࣨା୤Δ෡଴
ିଵ൫Iመ ൅ R෡ା൯

ିଵ ෠࣬ାeି୧
ሺ୯౰୸ି୯౰כ୸ᇱሻ ൅ 

+Ԃሺݍ௭ଶሻൣܫመ݁௜௤೥௭ ൅ ෠ܴା݁ି௜௤೥௭൧ ෡ࣨି ௙ൣܫመ݁ି௜௤೥௭ᇱ ൅ ෠ܴାכ ݁௜௤೥௭ᇱ൧ൟ߂መ଴,                        (24.a) 

where ෡ࣨି ௙(Ω) is now interpreted as the average number of ‘up-propagating’photons that are 
incident on the moving body. If the upper interface is at rest, all matrices in (24.a) are diagonal, 
and we arrive at 

D෡଴ା
K ሺΩ; z, zԢሻ ൌ ൛ ෡ࣨା୤ ෠࣬ାeି୧

ሺ୯౰୸ି୯౰כ୸ᇱሻ ൅ 

+Ԃሺݍ௭ଶሻൣܫመ݁௜௤೥௭ ൅ ෠ܴା݁ି௜௤೥௭൧ ෡ࣨି ௙ൣܫመ݁ି௜௤೥௭ᇱ ൅ ෠ܴାכ ݁௜௤೥௭ᇱ൧ൟ ߂መ଴.                      (24.b) 

Finally, letting both bodies recede to infinity, with z, z ′ kept finite [limit(A) of Ref.[1]], we find 
the KGF of the EMF in free space of the EMF in free space 

D෡଴
KሺΩ; z, zԢሻ ൌ Ԃሺq୸ଶሻൣ ෡ࣨାeି୧୯౰

ሺ୸ି୸ᇱሻ ൅ ෡ࣨି e୧୯౰ሺ୸ି୸ᇱሻ൧Δ෡଴.                     (24.c) 

In the expressions (24), ෡ࣨേ are defining the number of free photons moving in opposite 
directions, which can be found in free space also by elementary plane wave quantization 
[Eq.(C4) of Ref.[1]]. 
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6. Summary 

 We complete our considerations [1] of the photonic Keldysh function in the Casimir 
geometry of two plates by deriving explicit expressions for the fluctuation sources using 
phenomenological quantization of the electromagnetic field in a dissipative medium. We find, in 
particular, simple expressions for the Keldysh functions for a single interface system in an 
arbitrary stationary non-equilibrium state. 
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