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We establish some unique fixed point theorems in complete partial metric spaces for generalized weakly S-contractive mappings,
containing two altering distance functions under certain assumptions. Also, we discuss some examples in support of our main

results.

1. Introduction and Preliminaries

An abstract metric space was first introduced and studied
by the French mathematician Frechet [1] in 1906. Many
researchers have generalized the concept of metric space
as cone metric space, semimetric space, quasimetric space,
and so forth, along with the generalization of contraction
mappings with applications (see [2-7]). The best approxima-
tions of functions in locally convex spaces were discussed by
Mishra et al. [8] and Mishra [9]. The degree of approximation
of signals in Lp-space is established in [10].

Matthews [11, 12] initiated the concept of partial metric
space as another generalization of metric space to study the
denotational semantics of dataflow networks. Also, Matthews
[11] generalized the Banach contraction principle to the class
of partial metric spaces as follows: let (X, p) be a complete
partial metric space, and then a self-mapping T on X,
satisfying

p(Tx,Ty) <kp(x,y) Vx,y€X, )

where 0 < k < 1, has a unique fixed point.

After the Matthews [11] historical contribution, several
researchers have established some more fixed point theorems
in partial metric spaces and also discussed its topological
properties (see [13-15] and references therein).

First, we recall some useful definitions and results, which
is useful throughout the paper.

Definition 1 (see [11, 12]). Let X be a nonempty set, and a
mapping p : X x X — [0,00) satisfying the following
conditions is called a partial metric space on X:

(Py) p(x, y) = p(y,x),

(Py) p(x,x) = p(x, ) = p(y, y) & x =y,

(P5) p(x,x) < p(x, y),

(Py) p(x, y) < plx,2) + p(z, y) = p(z, 2),

for all x,y,z € X, and the pair (X, p) is called a partial
metric space. In the rest of the paper, (X, p) represents a
partial metric space equipped with a partial metric p, unless



otherwise stated. Let (X, p) be a partial metric space and then
let a function d” : X x X — [0, 00) be defined as

d? (x,y)=2p(xy) - p(»y) - p(x.x) )

which is a metric on X. Consider the functiond™ : X x X —
[0, 00) such that

d" (x,y) = max{p (x,y) - p(x,x), p(x, y) = p (¥, )}

= p(xy)-min{p(x,x),p(»¥)};
(3)

then d” is a metric on X, and both of the above metrics d?
and d" are equivalent [16].

Remark 2 (see [17]). In a partial metric space (X, p),

(1) p(x,y) =0 = x = ybutif x = y, then p(x, y) may
not be zero,

(2) p(x,y) > 0forall x # y,
forall x, y € X.

Example 3 (see [16]). Consider a mapping p : [0,00) X
[0,00) — [0,00) such that p(x,y) = max{x, y} for all
x,y € [0,00). Then p will satisfy all the property of partial
metric, and hence ([0, 00), p) is a partial metric space but fails
to be the condition of p(x, x) = 0 for all nonzero x € [0, c0).
Therefore ([0, 00), p) is not a metric space.

Example 4 (see [16,18]). Let p; : XxX — [0,00) (i =1,2,3)
be three mappings and for any arbitrary mapping f : X —
[0, 00) such that

pl(x> y) = d(x’ J/) + P(x) }’):
pa(x, ¥) = d(x, y) + max{f(x), f(y)},
il y) =d(x, y) +r,

for all » > 0, where (X, d) and (X, p) are a metric space and a
partial metric space, respectively. Then each p; is the partial
metric on X.

Definition 5 (see [19]). In a partial metric space (X, p), (1) a
sequence {x,,} is said to be convergent to a point x € X if and
only iflim, ,  p(x,, x) = p(x, x).

(2) A sequence {x,} is called Cauchy sequence if and only
iflim, ,,, , ., p(x,, x,,) is finite.

(3) If every Cauchy sequence {x,} converges to a point
x € X such that

n,;lligoop (xn’ xm) = p (X, x) 2 (4)
then (X, p) is known as complete partial metric space.

Definition 6 (see [20, 21]). A self-mapping y on a positive real
number is said to be an altering distance function, if it holds
for all t € [0, 00) such that
(1) v is continuous and nondecreasing,
Qyt)=0et=0.
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The generalization of contractive mappings into C-
contractive mappings has been introduced by Chatterjea [6].

Definition 7 (see [2, 21]). A self-mapping T on a metric space
(X, d), satistying

d(Tx, Ty) < % [d (x, Ty) + d (Tx, y)] 5

- ¢(d(x,Ty),d(Tx, y)),
forall x,y € X and ¢ : [0, 00)> — [0,00) is a continuous

mapping with ¢(x, y) = Oifand only if x = y = 0 is called
weakly C-contractive mapping or a weak C-contraction.

Shukla and Tiwari [3] have introduced the concept of
weakly S-contractive mappings.

Definition 8 (see [3]). A self-mapping T on a complete metric
space (X, d) is said to be weakly S-contractive mapping or a
weak S-contraction, if the following inequality holds:

d(Tx,Ty) < = [d(x,Ty) +d(Tx,y) +d (x, )]

—¢(d(xTy).d(Tx y).d(x y)),

forall x,y € X and ¢ : [0, )’ — [0,00) is a continuous
function with ¢(x, y,z) =0ifand onlyifx = y =z = 0.

W | =

(6)

Lemma 9 (see [7, 14]). In a partial metric space (X, p),
if a sequence {x,} is convergent to a point x € X, then
lim, ,  p(x,,x) < p(x,2) forall z € X. Also, if p(x,x) = 0,
then

Jim p(x,,2) = p(x,z) VzeX (7)

Lemma 10 (see [13]). If {x,,} is not a Cauchy sequence in
(X, p) and two sequences {m(k)} and {n(k)} of positive integers
such that n(k) > m(k) > k, then the four sequences

p (x2m(k)’ x2n(k)+1) > P (x2m(k)’ x2n(k)) >

(8)

p (me(k)—P x2n(k)+1) » P (me(k)—D x2n(k))

tend to e > 0, whenk — oo.

Lemma 11 (see [13, 16]). In a partial metric space (X, p):

(1) a sequence {x,} is a Cauchy if and only if it is a Cauchy
in (X, dP),

(2) X is complete if and only if it is complete in (X, dP).
In addition, lim,, _, . d?(x,,, x) = 0 if and only if
im p(x,,x,) = lim p(x,x)=p(xx).  (9)
If {x,} is a Cauchy sequence in the metric space (X, d¥),
we have

lim d” (x,,x,,) =0 (10)

n,m — 00

and therefore, by definition of d”, we have

lim_p (x,,x,) = 0. (11)

nm—
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2. Main Results

Theorem 12. Let (X, p) be a complete partial metric space
and v and ¢ be two altering distance functions such that
y(t)—@(t) = 0 Vt > 0. Then the self-continuous nondecreasing
mapping T on X, satisfying the condition

p(x,Ty) + p(Tx, y) + p (x, y))
3

v (p(TxTy) < ¢(

~¢(p(xTy), p(Tx ), p(x¥)),
(12)

forall x,y € X and ¢ : [0,00)° — [0,00) is a continuous
function such that ¢(x, y,z) = 0 ifand only if x = y =z = 0,
has a unique fixed point in X.

Proof. First we prove that if fixed point of T' exists, then it
will be unique. On the contrary, we consider two fixed points
z,u € X of T such that z # u. Then by (12), we have

v (p(zw) =y (p(Tz, Tw))
(P<p(z,Tu)+p(Tz,u)+p(z,u)>

<

3

—b(p@Tw, pTzuw), pw) B

= 0<(y-¢)(p(zw)

<—¢(pzu),plzu),plzu).
By the property of ¢, we obtain

b (pzu), pzu), p(zu)) =0 = p(z,u) =0. (14)

Using Remark 2, we obtain z = u, which is a contradiction
with respect to z # u. Thus, we conclude that T has a unique
fixed point in X.

Next, we show that the mappings T, satisfying (12), have a
fixed point. We choose an arbitrary point x,, in X. If x, = Tx,,
then the theorem follows trivially. Now, we suppose that x, <
Tx, and we choose x; € X such that Tx, = x,. Since T is a
nondecreasing function, then we have x;, < x; = Tx, < Tx,.
Again, let x, = Tx,. Then we get

Xg < xy =Txy <Tx, = x, < Tx,. 15)

Proceeding with this work, we obtained a sequence {x,} in X
such that x,,,; = T'x,, and

Xg <X SXySx3< <X, S Xpyq e (16)

Supposing that p(x, ,x, ;) = 0 for some n, > 0, then by
Remark 2 we have

xng = xn0+1 = Txng’

that is, x,, is a fixed point of T.
17)

Again, we suppose that p(x,,,x,,,;) > 0Vn > 0. Firstly,
we prove that the sequence {p(x,,,, X,,,1)} is nonincreasing.
Suppose this is not true, and then

P (%2 X3n1) = P (Xgp15X2,) VR 20. (18)

Putting x = x,,_; and y = x,, in (12) and using (P,), we have
14 (P (xZn’ Xon+1 ))
=y (P (TxZn—l’ TxZn))

<o ( P (%215 Tx0) + P (TX50 1 %3,) + P (X215 X5,) >
B 3

— ¢ (P (%2515 Tx) » P (TXp 15 X2) > P (X315 X21)) -
(19)

Using (P,) above, we get
¥ (P (%2 X3041))
< ( 2 (%15 %) + P (X0 X241 )
¢

3

= ¢ (P (Xan-15 Xani1) s P (Ko X3) > P (%2015 X2)) -
(20)

Using (18) above, we have
0 < (v =) (p (%20 Xop01))
< = (P (%21 %2ne1) » P (%20 X20) » P (X215 X2)) -
= ¢ (P (Xan-1> X2n41) » P (X2 X2) » P (X221, X2)) = 0
= P (%an1X2001) = 00 P (X2 %30) = 0,
P (%an-15%,) = 0
VYn>0

= P ('x2n"x2n+l) =0 Vnz 0,
(21)

which contradicts our assumption that p(x,, ;,%,,,;) > 0
for all n > 0. Thus, we deduce that {p(x,,,x,,.;)} is a
nonincreasing sequence. Therefore

P (%o X341) < P (X315 %5,) Y20 (22)

Since {p(xy,>%,,,1)} is a monotonically decreasing and
bounded below sequence in X, then there exists v > 0 such
that

Jim p (X2 Xopa1) =T (23)
Using (23) and lettingn — oo in (20), we get

0<(y-9))

<-¢ ( im p (%315 %301) » Jim p (X2 X2) 7’)

n— 00

= ¢ (nlgrolop (‘x2n—1’x2n+1) > lim p(‘x2n’ xZn) ,1") =0

n— 00
= lim p (Xan-1%2041) = 0,

nh_)ngop (xZn’xZn) = 0’ r=0.
(24)



Then (23) reduces to
lim p (X X3ps1) =0 ¥ > 0. (25)

Now, we have required proving that the sequence {x,} is a
Cauchy sequence in the metric space (X, d¥) and so in (X, p)
by Lemma 11. On the contrary, that is, the sequence {x,,} not
being a Cauchy sequence in (X, d”), sequences in Lemma 10
tend to &, when k — 0. Now, we put x = x,,,4),; and y =
Xom(k) in (12). We have

v(p (xZn(k)+1’ me(k)))
= ¥ (P (Txu00> TXomo)-1))
¢ ((P (%2> TXomiy-1) + P (TXgn(k)> Xamy-1)
+P (X200 Xam(k)-1)) (3)_1)
= ¢ (P (X2n0» TXom@-1) » P (T% 20000 X2m(io-1) »
(26)
P (%2000 X2m(i-1))
=9 ((P (x2n(k)’ x2m(k)) +p (xZn(k)Jrl’ me(k)fl)
+P (X200 Xam()-1)) (3)_1)
= ¢ (2 (X2 X2mity) » P (Xamiiye1> Xomi-1) »

p (in(k)) me(k)fl)) .

Taking k — 00 and applying Lemma 10 in the above
inequality, we have

0<(y-9)(© < -¢ece

= ¢ (5,68 =0=¢e=0,

(27)

which is a contradiction with respect to ¢ > 0. Thus {x,,}
is a Cauchy sequence in (X,d?) and so in (X, p). Since
(X, p) is complete, (X, dF) is also complete (by Lemma 11).
Therefore, the Cauchy sequence {x,} converges in (X, d?);
that is, lim,, _, . .d” (x,,, z) = 0; then by Lemma 11, we have

P = Jimp(x,2) = Jim p(opx,).  (s)
By Lemmall, we get lim,,, . d?(x,,x,) = 0. So, by

definition of d?, we get

dp (xn’ xm) = 2p (xn’xm) -p (xn’ xn) -p (xm’ xm) . (29)

Using (24) and taking n,m — 00 in the above inequality, we
obtain

jAmp (%) = 0. (30)
From (28) and (30), we get
p(z.2) = lim p(x,.2) = 0. 31)
By (P,), we obtain
p(&T2) < p(z,x,) + p(x,, T2) = p(xpx,) . (32)
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Taking n — o0 and using (31), (24), and Lemma 9 in the
above inequality, we have

p(z,Tz) < p(Tz,Tz). (33)
From (P,), we have

p(Tz,Tz) < p(z,Tz). (34)
By (33) and (34), we get

p(z,Tz) = p(Tz,Tz). (35)

From (35) and (12), we obtain
v (p(2,T2) = v (p(Tz,T2))

S(P(p(z,Tz)+p(§z,z)+p(z,z)) 36)

-¢(p(z,Tz),p(Tz,2),p(2,2)).
Using (31) and property of ¢ in the above inequality, we obtain
0<(y-9)p(zTz) <-¢(p(2T2),p(Tz2),0)
= ¢(p(2,T2),p(Tz,2),0) =0 = p(z,Tz) =0 (37)
= Tz==z

Thus, z is a unique fixed point of T in X. O
Example 13. Let ([0, 1], p) be a complete partial metric space
defined by p(x, y) = max{x, y} Vx,y € [0,1]. Consider a
self-map T on [0, 1] such that Tx = 3x% +2x°. Also, we define
¥, : [0,00) — [0,00) such that y(¢) =t + /2, o(t) =
3t2 + 12, respectively, and ¢ : [0, )’ = [0,00) such that
¢(p,q,7) = (p+q+7)°/54.

If x > y, then
p(Tx,Ty) = max {Tx, Ty} = Tx = 3x° +2x°,

v (p(Tx,Ty)) = 3x* + 2x° + §x4 +6x° +2x°,

p(x,y)+p(Tx, y) + p(x,Ty)
o )
3

= (2x+ 367 426 ) (34 20+ 3x 4217,

(2x +3x% + 2x3)2
54 '

¢(p(xy),p(Txy), p(x.Ty)) =
(38)

We observe that, for all x, y € [0, 1],
p(xy)+p(Tx, y) + p(xTy) )

vorn 1) <o ‘

~¢(p (%), p(Tx,y), p (%, Ty)).
(39)
Similarly, we can show the result for y > x. Thus, (12) holds

for all x,y € [0,1] and satisfies all the requirements of
Theorem 12. So, 0 is the unique fixed point of T
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Corollary 14. Let (X, p) be a complete partial metric space.
Then the self-continuous nondecreasing mapping T on X,
satisfying the condition

v (p(Tx,Ty)) < 1,,(P("’Ty) +P(7;x,y) +p(x,y))
-¢(p(xTy),p(Tx,y),p(x,5))
(40)

for all x,y € X and v and ¢ which are the same as in
Theorem 12, has a unique fixed point in X.

Corollary 15. In Corollary 14, if partial metric space (X, p) is
replaced by usual metric space (X, d), then it reduces to the
result of [21].

Corollary 16. In Theorem 12, if we take y(t) = ¢(t) = t and
partial metric space (X, p) is replaced by usual metric space
(X, d), then we obtain the main result of [3], which unifies the
main result of [2].

Corollary 17. If we put p(x, y) = 0in (12) and let ¢ : [0, 00) x
[0,00) — [0,00) be a function, such that ¢(x, y) = 0 if and
only if x = y = 0, then Theorem 12 reduces to Theorem 2.1 of
[13].

Theorem 18. Let (X, p) be a complete partial metric space and
y and ¢ be two altering distance functions such that y(t) —
@(t) = 0Vt > 0. Then the two self-continuous nondecreasing
mappings S and T on X, satisfying the condition

v(p (T 8y)) < sv(

p(x8y)+p(Tx, y) + p(x,y) )
3 (41)

~¢(P (%), p(Tx, ), p(x. 7))

forall x,y € X and ¢ : [0, 00)® — [0,00) is a continuous
function such that ¢(x, y,z) = Oifandonly if x = y =z = 0,
having a unique common fixed point in X.

Proof. First, we show that the common fixed point of T and
S is unique, if it exists. On the contrary, we assume two
common fixed points z,u € X of T and S such that z # u.
Then by (41), we get

v (p(zw) =y (p(Tz Su))
gD(p(z,Su) + p(Tzu) +p(z,u)>

<

3
~p(p(zSu),p(Tzu), paw) 4
= 0<(y-9)(p(zuw)
<-¢(pzu),p(zu),p(zu).
Property of ¢ implies that

(/)(P(Z’”)’P(Z’”)’P(Z’”)) =0 :’P(Z:U) =0=>z=u,
(43)

which contradicts our assumption that u # z. Therefore, we
conclude that T and S have a unique common fixed point in
X.

Now, we prove that the mappings S and T, satistying (41),
have a common fixed point in X. We choose an arbitrary
point x, in X. If x, = Sx; and x, = Tx,, then theorem
follows trivially. So, we suppose that x, # Sx, and x, # Tx,.
Then we construct a sequence {x,} in X, in such a way that
SXoni1 = Xopip and Ty, = X5,y V1 2 0.

Let us assume that p(x,,, x,,,;) > 0 and p(x,,, X5,.,) >
0 Vn > 0. Then, we can prove that S and T" have a common
fixed point in X. Firstly, we show that {p(x,,, X,,,1)} is
nonincreasing sequence. Suppose this is not true, and then

P (X Xop11) 2 P (%2515 %) V20, (44)

Putting x = x,, and y = x,,,,, in (41) and using (P,), we get
¥ (P (Xone1> X2n12))

=¥ (P (T Sx301))

< < P (%2 Sxan41) + P (Txos Xan11) + P (X0 X311) )

3

= O (P (%25 S%2041) > P (x> X241 > P (X2 X311 -
(45)

Using (P,) above, we get
¥ (P (Xane1 Xomi2))

< < 2 (%2 X311) + P (Xapr15 Xo42) )
<¢ 3

= ¢ (P (%o X2m42) > P (X215 Xai1) > P (X X3041)) -
(46)

By (44) and (46), we obtain
0= (v =) (P (%2041> Xos2))
< =@ (p (xom X2n12) » P (Xans1> Xone1) » P (X2 X))
= ¢ (P (%20 X2n12) » P (Ko Xane1) » P (X2 Xn11)) = 0
P (%2 Xu11) = 0,

= P (X115 X2041) = 0,

P (%0 X242) = 0
Vn >0,
(47)

which is a contradiction with respect to p(x,,, X,,,1) > 0
and p(x,,, X5,,5) > 0 Vn > 0. Therefore {p(x,,, x,,,,)} is a
nonincreasing sequence in X. Thus, we have

P (%o Xaui1) < P (Xpp10%00) VN 20. (48)

Since {p(x,,,, X5,,1)} is @ monotonically decreasing sequence
in X, then there exists r > 0 such that

Jm p (X2m Xopa1) = T (49)



Lettingn — o0 in (46) and using (49), consequently we get
0<(y-9)r

< _¢ (nlgréop (xZn’ x2n+2) > HILHgOP (x2n+1’ X2n+1) > 7')

= ¢ (nILHgOP (%2 X2p42) » Jim p (%2415 X2ns1) » ") =0

= lim p (X2 Xop42) = 0, lim p (%2415 X3ni1) = 0,7 = 0.

(50)
Then (49) will get reduced to
Jim p (%3 Xaps1) =7 =0 Vn=0. (51)

Now, we have to show that {x,} is a Cauchy sequence in
the partial metric space (X, p). By similar arguments as used
in case of proving Theorem 12 we find that the sequence {x,, }
is a Cauchy sequence. Putting x = x,,) and y = x,,,,4)-; in
(41), we have

v (p (xZn(k)+l> x2m(k)))
=y(p (TxZn(k)’ Sme(k)—l))

¢ ((P (%20 SXamiay—1) + P (TXy> X2m(i-1) (
52

+ (X200 Xam(iy-1)) (3)71)

-¢(p (xZn(k)’ Sme(k)—l) P (TxZn(k)’ x2m(k)—1) >
p (xZn(k)’ Xom(k)-1 ).

Taking k — o0 and using Lemma 10 in the above inequality,
we obtain

0<(y-9)(e) <—d(eee) = ¢p(e,e,6)=0=¢=0,
(53)

which contradicts our assumption that ¢ > 0. Thus {x,,} is

a Cauchy sequence in (X,d?) and so in (X, p). Further, by
similar arguments of Theorem 12, we obtain

p(z.2) = lim p(x,2) = lim p(x,x,)=0. (54)
By substituting x = z, y = x,,,4)_; in (41), we obtain
v (P (T2, Xp))
=y (p (T2 Sxyp(i-1))
¢ ((P (z, szm(kH) +p(Tz, x2m(k)—1)
+p (2 Xam19-1)) (3)_1)

-¢(p(z Sme(k)—l) ,p(Tz, x2m(k)—1) >
r(z x2m(k)—1)) .
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Lettingk — oo and using (54) with property of nondecreas-
ing function ¢ in the above inequality, we obtain

0<(y-9)p(Tz,2) < ¢ (p(0,p(Tz2),0))
= ¢(0,p(Tz,2),0) =0= p(z,Tz) =0 (56)

=Tz =z.

Hence z is a fixed point of T. Similarly, if we take x = x,,4),1
and y = z in (41) and use (54), we obtain Sz = z. By
uniqueness of the fixed point, z is a unique common fixed
point of Sand T.

Again, if p(x,,, X5,,1) = 0 0r p(xy,, X5,,,) = 0Vn > 0,
then we will show that the mappings S and T have a common
fixed point in X.

Here, we suppose that p(x,,, X5,,,) = 0 Vn > 0. Then by
Remark 2, x,, = x,,,,, foralln > 0. Let n = k, and then

Xop = Xopps Yk >0, (57)
From (41), we get
¥ (P (%2ke1> %2142))
=y (P (T Sx3p01))
< ¢ (((p (% Sx211)) + (P (T X31e01))
+(p (%0 X2e1))) 3)7)
= ¢ ((p (eapo Sx3411)) » (P (Tope X3p01)) »
(p (2 X3141))) -

Using (P,), (P,), and (57) above, we obtain

(58)

0= (v =) p (X115 Xok2)
< = (p (%2 Xaks2) » P (Xar1> Xake1) » P (X Xii1))
= ¢ (P (%210 Xac12) » P (X212 Xokr1)»
P (%20 X11)) = 0
P (%aki1> X241) = 0,

= p (Xgp Xops2) = 0

P (%21 X141) = 0

= X = Xyt = Xppsy VK20
(59)
Similarly, we can show that
Xok = Xogp1 = Xopa = Xoppz =+ Yk 20, (60)

Thus {x,} becomes a constant sequence. So x,, = Tx, = Sx,,

for all n > 0. Hence x,, is a common fixed point of T"and S.
Finally, we assume that p(x,,,, X,,,;) = 0 Vn > 0. Then by

Remark 2, we have x,, = x,,,; Vn > 0. Letn = k, and then

Xok = Xok+1 vk > 0. (61)
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Using (58), (61), and (P,) with property of nondecreasing
function ¢, we have

0< (¥ =) p(%apr1> Xok42)

< = (P (%o Xak42) s P (Ko 1> Xaks1) > P (Xge> X141 -
(62)

Using similar property of ¢, as used in first case, we have

Xok = Xopp1 = Xopsy = Xppy =0 Vk2 0. (63)
Thus, {x,} becomes a constant sequence. So x,, = Tx,, = Sx,,.
Hence x,, is a common fixed point of T'and S. O

Example 19. Let T, p, v, ¢, and ¢ all be the same as in
Example 13 and a self-mapping S on [0, 1] defined as Sx =
x%/2 + x°/3. Then 0 is a unique common fixed point of S
and T. One can compute the solution similarly as done in
Example 13.

Corollary 20. Two self-continuous nondecreasing mappings S
and T on a complete partial metric space (X, p), satisfying the
condition

3

(1) <y L1 2T 1) y

~¢(p(%8),p(Tx, 7). p(x. 7))

forall x,y € X and v and ¢, are the same as in Theorem I8,
having a unique common fixed point in X.

Corollary 21. In Corollary 20, if partial metric space (X, p) is
replaced by usual metric space (X, d), then one gets Theorem
2.3 of [21].

Corollary 22. If one puts p(x,y) = 0 in (41) and lets ¢ :
[0, 00) x[0,00) — [0, 00) be a function, such that ¢(x, y) = 0
if and only if x = y = 0, then Theorem 18 reduces to Theorem
2.3 0f [13].
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