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ABSTRACT — We generalize the first and second kind Chebyshev polynomials by
using the concepts and the operational formalism of the Hermite polynomials of the
Kampé de Fériet type. We will see how it is possible to derive integral representations
for these generalized Chebyshev polynomials. Finally we will use these results to state

several relations for Gegenbauer polynomials.
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1 Introduction

It is well known that the explicit form of the second kind Chebyshev polynomials

[1] reads

—1)*(n — k)!(22)" 2
k=0

In a previous paper [2] we have stated for these polynomials an integral
representation of the type:
1 [t
Un(x) = —'/ e ""H, <2x —> dt , (1.2)
n! Jo

where:
k " 2k

=n! Z Hn 2 (1.3)

are the two-variable Hermite polynomlals of Kampé de Fériet [3], [4] type, with
generating function given by the formula
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exp :ct+yt2 Z H (z,9)
n= O



It is also possible to state a different representation for the second kind
Chebyshev polynomials U, (z) by rearranging the argument of the H,(x,y)
polynomials. In fact, by noting that

(3]
1 -1 k 92 n—2k
t"H, | 2x,—= ) =n!t" —( )" (22) =
t thkl(n — 2k)!
k=0
(3]
= ’[’L'
k=0
and, from the fact that

(—1)ktk(2]}t)n_2k
kl(n — 2k)!

= H,(2xt, —t)

“+oo
(n—k)! = / et kat,
0
we can immediately conclude with

1 [tee
Un(z) = 7'/ e 'H, (2xt, —t)dt . (1.4)

n.Jo
The use of the above integral representations for the second kind Chebyshev
polynomials can be used to introduce further generalized polynomial sets, in-
cluding the two-variable Chebyshev polynomials [5] and the two-variable Gegen-

bauer polynomials.

2 Two-variable generalized Chebyshev polyno-

mials

Before to proceed, we premise some relevant operational relations involving the

generalized Hermite polynomials.

Proposition 1 — The polynomials H,,(x,y) solve the following partial differ-

ential equation:

O ) = L Hooy) (2.1)
Ox2 "N oy "™
Proof — By deriving, separately with respect to  and to y, in the (1.3), we
obtain:
2Hm(:t,y) = mH,_1(z,y), (2.2)
ox
O%Hm(x,y) = Hpa(z,9).



From the first of the above relations, by deriving again with respect to x
and by noting the second relation in (2.2), we end up with the (2.1).

The above results help us to derive the important operational rule.

In fact, by considering the differential equation (2.1) as a linear ordinary one
in the variable y and by noting that H,(z,0) = 2™, we can immediately state
that f

Hy(z,y) = eya(%xn . (2.3)

Proposition 2 — The two-variable Hermite polynomials satisfy the following
relation
o2 2) W= 3 e (") Hale) ) (2.4)
yax - g y s n 7y axs . .
Proof — By multiplying the L.h.s. of the above equation by % and then summing

up, we find:

+oo

3 % (:g + 2yai> = et(m+2u85) (1) . (2.5)

n=0
To develop the exponential in the r.h.s. of the (2.5) we need to apply the
Weyl identity and then we have to calculate the commutator of the two opera-

tors: 9
[tx, t2y} = —2t%y
ox

which help us to write:

= t" a\" 2 oy 2
> (m + 2%) IO

n=0 "
After expanding and manipulating the r.h.s. of the previous relation and by
equating the like ¢ powers we find immediately the (2.4).
The above result gives us another important operational rule for the gen-

eralized Hermite polynomials. By using in fact the identity stated in equation
(2.3), we have

ara =3 (2y)° (Z) Hy(x,y) 38; (1) (2.6)

s=0
and by noting that the r.h.s. of the above relation is not zero only for s = 0, we

can immediately obtain

2 a n
Yz pn — w— ] . 2.
e’o:2 g (x—f— Y x) (2.7)



Finally, we can state

Proposition 3 — The Hermite polynomials Hy,(z,y) solve the following differ-
ential equation:

02 )
2y@Hn(m,y) + x%Hn(%y) = an(xvy) (2.8)

Proof — By using the results derived from the Proposition 2, we can easily find

that 5
(2 2052 ) Hulo) = Huia(220) (2.9)

and from the first of the recurrence relations stated in (2.2):

0
%Hn(xvy) = anfl(xay)

we have:

(:g + Qyéi) (i) Ho(z,y) = nH(z,y) (2.10)

which is the thesis.
From this statement can be also derived an important recurrence relation.

By exploiting, in fact, the relation (2.9), we obtain:

0
Hn+1(m7y> = an(x,y) + 2:‘/%Hn(l‘7y) (2'11)
and then we can conclude with
Hn+1(x7y) = an(x7y) + 2nyHn71(x,y) (212)

Definition 1 — Let z,y real variables and let a a real parameter, we say
generalized Chebyshev polynomials of second kind, the polynomials defined by

the following relation:

1 oftee
Un(z,y; ) = —'/ e ' H,, (2xt, —yt)dt. (2.13)
n! Jo
By using the recurrence relations relevant to the two-variable Hermite poly-

nomials, proved above, we can state the following

Proposition 4 — The generalized Chebyshev polynomials U, (x,y; «) satisfy

the following recurrence relations

0 1o}

gyUn(xﬂJva) - %Un_g(:r,y,a) (214)
0 0

%Un(z,y,a) = 72%%_1(1@%&)-



Proof — By deriving respect to y in the relation (2.13), we get:

0 1 [t~ .0
g cq) = — —at & (9t —
SeUsgsa) = o [ e S, ot~y
and since: 5
a—yHn(Qact, —yt) = (—=t)n(n — 1)H,—2(2t, —yt)
we obtain:
0 Uy ) 1/%0 0l _fyn(n — 1)H,y_o(2at, —yt)dt
—U,(z,y;0) = — e~ (=t)n(n — 1)H,_o(2at, —
Oy Y n! Jy 2 4

which gives the first of the (2.14).

The second relation can be obtained in the same way, by noting that:

a%CHn(Zact7 —yt) = (—=2t)nH,_1(2xt, —yt).

Proposition 5 — The generalized Chebyshev polynomials U, (x,y;a) satisfy
the follow Cauchy problem:

82 82
(2.15)
' (2z)™
Un(z,0;) = S

Proof — By deriving with respect to z in the second identity of (2.14), we find:

02 o (0
@Un(xayya) = - aia (aaUn—2<x7y7a)>

and then, since:

0
Upn—a(z,y;0) = —Up(z,y; )

da dy
we obtain:
2 2
@Un(m,y; ) = —4mUn(:r,y; Q). (2.16)

By setting y = 0 in the relation (2.13), we have:

1

Un(z,0;a) = —
n!

+o0o
/ e H,(2xt,0)dt
0

and since
H,(2zt,0) = (2zt)"



we find

22)" “+oo
Un(z,0;0) = ( x') / e dt
n! Jo

that is
(2z)"

The partial differential equation, stated in (2.16), can be viewed as a first
order ordinary differential equation for the variable y; and then by using the

initial condition founded through the (2.17), we can state the solution:

y 102 (2z)"
Un(z,y; ) — b 2 (20) (2.18)

which completely prove the proposition.

The symbol ﬁ; 1 denotes the inverse of the derivative, defined by

Do fla) = /O " pe) de.

We have introduced the generalized Chebyshev polynomials U, (z,y; «) by
using a different integral form of the standard second kind Chebyshev polyno-
mials, defined in the equation (2.13).

By using the same procedure, it is possible to obtain similar integral repre-
sentations for the first kind Chebyshev polynomials. In fact, since their explicit

form is:
(3] k n—2k
n -1)*(n—-k—-1)!(2z
Ta(z) =5 Sl o 2]1)(! ., (2.19)
k=0

we can immediately derive that
T, (z) = 1/+OO e, (20— ) ar (2.20)
T 2(n = 1) ATt ' '

We have also introduced [1] a Chebyshev-like polynomials by using the

method of integral representation:
Wo(x) 2 /H>o g (op — 1) ar (2.21)
() = ——— e T, —— . .
(n+D!J, " t

We can now generalize the above Chebyshev polynomials.
Definition 2 — Let x, y real variables and let o a real parameter, we define the
following three polynomials sets:

1 oo —atyn )
Un(z,y; ) = e “"t"H, (2m, —Z) dt , (2.22)
0

!



1 too Y
To(z,y;0) = ———— el (20, -2 ) dt (2.23)
! Jo t

2(n—1)!
and:

“+o0
Wy (z,y; o) = _ e vt (235 —f) dt . (2.24)
n ) b (n + 1)! 0 n .

Proposition 6 — The generalized Chebyshev polynomials satisfy the following

recurrence relations

0 1
%Un(x7y7a) - —§(Tl+ 1)Wn(~rayaa) (225)
0 n

a—aTn(ac,y,oz) = —EUn(a:,y,oz).

Proof — By deriving with respect to « in the relation (2.13), we find:

1 [t

(9 . _ —atyn+1
aUn(x,y,a) = u e """ H, (2.’11 —f) dt

and then the first of equations (2.25), immediately, follows.
In the same way by following a similar procedure by using the identity (2.23),
we have:

o 1 +o0 y
—1T, Q) = ———— ol (22, -2 ) dt
da (z,950) 2(n —1)! /0 ¢ ( o t)

and then the thesis.

3 Generalized Gegenbauer polynomials

It is worth noting that the Chebyshev polynomials can be viewed as a particular
case of the Gegenbauer polynomials.
Definition 3 — Let = and p real variables, we say n — th order Gegenbauer

polynomials, the polynomials defined by the follow relation:

By 2k
)P2RT (o — K+ p)
( )
e Z k:' (n — 2k)! (3-1)

where T'(¢) is the Euler function.

By recalling the integral representation of the above Euler function:

+oo
I(p) = /0 ettt (3.2)



and by using the same arguments exploited for the Chebyshev case, we can state

the integral representation for the Gegenbauer polynomials

1 oo 1
CW () = T /0 et trlH, <2m, —t> dt. (3.3)

We can also generalized the Gegenbauer polynomials by using their integral

representation.
Definition 4 — Let x, y real variables and let « a real parameter, we say general-

ized Gegenbauer polynomials, the polynomials defined by the following relation:

1 oo
CY (@, y; ) = n'F(u)/o eotntrlH, (Qx, —%) dt. (3.4)

The above integral representation is a very flexible tool; in fact it can be
exploited to derive interesting relations regarding the Gegenbauer polynomials

and also the Chebyshev polynomials [6].

Proposition 7 — Let £ € R, such that |[¢] < 1, u # 0. The generating function
of the polynomials C,(f ) (z,y; «) is given by:

1

o2+ e o

+oo
Y (@, ya) =
n=0

Proof — By multiplying both sides of the identity (3.4), by £” and by summing

up over n, we get:

+oo
> Py = [
n=0 0

and by noting that:

+oo +00 nyn
t
3 e 1 H, (2:1:, —%) dt

= nll(p)

+oo n
Z (575) H, (233) _%> = exp [f (2$t) + §2(_yt)]

— n!
we can write:
= too )
Zf”C,(L")(x,y;a) = / me*o‘teg(z””t)+€ (yn=lqg, (3.6)
ne0 0 H

Finally, by integrating over t , by using the integral representation of the

Euler function, we obtain the thesis.

Proposition 8 — The generalized second kind Chebyshev polynomials and the

generalized Gegenbauer polynomials satisfy the following recurrence relation:



m

0
(*1)m8(7nUn(%y;a) = mlC™ ) (2, y; ). (3.7)

Proof — By deriving with respect to « in the relation (2.22), m-times, we get:

am . (71)m e —atin+m Yy
aa—mUn(x,%a) = /0 e 't H, (233, —E) dt.

The r.h.s. of the above identity can be written in the form:

—_1)m +oo —1)™m! +oo
(1) / et (233, —g) dt = 7( )"m / e~ ot (2:0, 7%) dt

and then the thesis follows.
By using the recurrence relations related to the Hermite polynomials stated

in Proposition 3, it is easy to note that:

{(293) + (—%) aﬂ H, (295, —%) — Hppr (295, —%) (3.8)

which can be used to derive the following results:
Theorem 1 — The generalized Gegenbauer polynomials oy )(z, y; o) satisfy the

recurrence relations:

n+1 .
Wcﬁ‘fd%y; a) = 2C¥ ) (2, y; @) — yCV Y (2, y; ) (3.9)
and: 5
ch}ﬁ (z,y;0) = —puCP ) (2, y; ). (3.10)

Proof — By using the relation (3.8), we can write the generalized Gegenbauer

polynomial of order n + 1, in the form:

CH, (2, y50) = (3.11)

+o0
= (n—l—ll)'F(u)/O e bt {(2%) + (f%) aax} H, (2:0, 7%) dt.

After exploiting the r.h.s of the above identity, we get:
CH, (2 y50) = (3.12)

400
_ m UO e~ (20) H,, <2x, f%) dt

+oo y
_ / T R TICY : A (2:v, 7) dt}
0



and then:

C, (z,y;0) = (3.13)

n

2 oo
= s [ e, (20, ) a
(n+ )T () Jo t

2yn oo - n— 7
EESI] iy T / ey & <2x, —%) dt.
K)Jo

We can rearrange the above relation in the form:

n+1
5 Ol (a.yi0) =

1 Foo

= xi/ e MR, (256, _Q) dt

n!l'() Jo t
1 e t 1 Y
P Y e A o
Y- 1)!F(H)/o ‘ T
and finally:

n+1

2 Corta(a, i) =

1 oo —atyn+ Y
= r—— e “Y%"TrH, (Qx, —7> dt
nlT(p+1) Jo t

1 e t 1+ Yy
U —atyn—ltup (2 ,—7) dt
y(n—l)!r(ﬂ-i-l)/o ¢ A

which proves the (3.9).

To show the recurrence relation in the (3.10), it is important to note that:

a%H” (20.-Y) = —@anz (20,-2). (3.14)

t
In fact, by deriving respect to y in equation (3.4), we get:

8 1 “+oo a
Z o) co) — —atyntu—1 Y (9 Yy

and by using the (3.14), we can write:

o nin—1) [T _ _ Y
diyg 107 . e S otyn=24ppr o (22, —2 ) dt
ay n (377?/704) n'F(u) /0 € n—2 ( z, t>

which immediately gives the thesis.

10
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