Dimensional Stability in Truncated Moment
Problems

F.-H. Vasilescu

Abstract

An approach to truncated moment problems is developed, via the Riesz
functional and an assumed dimensional stability of its associated Hilbert
spaces. Although equivalent to a concept of “flatness” introduced by R. Curto
and L. Fialkow, the dimensional stability discussed in this paper has a differ-
ent geometric aspect and leads to statements parallel to those of Curto and
Fialkow, as well as to some newer ones, obtained by simpler arguments. A
stability equation, giving a local characterization of the dimensional stability,
is also presented.

1 Introduction

The study of truncated moment problems is a subject of predilection in many
works by R. E. Curto and L. A. Fialkow (see [4]-|7] and their references).
Roughly speaking, this means that giving a finite multi-sequence of real num-
bers v = (Va)jaj<2m With 7o > 0, where o’s are multi-indices of a given length
n > 1 and m > 0 is an integer, one looks for a positive measure g on R"”
such that v, = [ ¢*dp for all monomials t* with |a| < 2m. Associating the
sequence 7 with the Hankel matrix M, = (Ya48)|al,j5)<m, Which is supposed
to be nonnegative when acting on a corresponding Euclidean space, Curto
and Fialkow show that the existence of the measure p, having a number of
atoms equal to the rank of M, is characterized by the existence of a rank
preserving nonnegative extension M., of the matrix M., associated to a larger
finite multi-sequence ¥ = (Va)|a|<2m+2, Which is said to be a flat extension
of M, (see [4], Definition 5.1 and Theorem 7.10; see also our Remark 2.16).
The flatness introduced by Curto and Fialkow can be extended and used in
a more general framework, as done for instance in [3].
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Unlike in the works by Curto and Fialkow quoted above, where the centrel
object is the matrix M., in this paper we mainly deal with the linear func-
tional, often called the Riesz functional, induced by the assignment ¢t — 7,
on the space of polynomials of total degree less or equal to 2m, which, in
addition, is supposed to be nonnegative on the cone of sums of squares of real-
valued polynomials. Our approach, based on different techniques (consisting
mainly of the Cauchy-Schwarz inequality and elements of spectral theory for
commuting tuples of self-adjoint operators), leads to important shortcuts of
the proofs of several basic results in [4], [5] and [8], restated in our terms
(see for instance Theorem 2.6), as well as to some more general results (see
Theorem 2.10).

The use of the Riesz functional to solve various moment problems and re-
lated topics (as for instance the cubature formulas) appears in several works.
In this respect, we cite the papers [9], [12], [13], [15]-[17] etc.

As mentioned before, the flatness introduced by Curto and Fialkow can
be interpreted as a property of stability of the dimension of some associated
Hilbert spaces, and therefore it has another geometric description, which will
be exploited in the present work. This stability will be thoroughly analysed
in the third section, via a quadratic equation, whose resolution leads to quite
explicit solutions to truncated moment problems (see Theorem 3.3). Finally,
in the last chapter, we study some connections between the finite moment
sequences and their atomic representing measures.

In the rest of this section, we introduce the terminology used in the paper
and recall some elementary facts, most of them well known, presented here
in a more general context than the usual one (see also [23]).

Throughout this paper, n > 1 will be a fixed integer. Let S be a vector
space consisting of complex-valued Borel functions, defined on R" (we restrict
ourselves to R™ but other joint domains of definitions may be considered).
We assume that 1 € S and if f € S, then f € S. For convenience, let us say
that S, having these properties, is a function space.

Let also S be the vector space spanned by all products of the form
fg with f, g € S, which is itself a function space. We have S ¢ SU, and
S = S when S is an algebra.

Let S be a function space and let A : S — C be a linear map with the
following properties:

(1) A(f) = A(f) for all f e SW;

(2) A(Jf]?*) = 0for all f€S.




(3) A(1) = 1.
Adapting some terminology from [13] to our context, a linear map A with
the properties (1)-(3) is said to be a unital square positive functional, briefly

a uspf.

When S is an algebra, conditions (2) and (3) imply condition (1). In
this case, a map A with the property (2) is usually said to be positive
(semi)definite.

Condition (3) may be replaced by A(1) > 1 but (looking for probability
measures representing such a functional) we always assume (3) in the stated
form, without loss of generality.

If A:SW - C is a uspf, we have the Cauchy-Schwarz inequality

(1.1) Af9)I* < AFP)A(9P), pa € S.

Putting Zy = {f € S; A(|f]?) = 0}, the Cauchy-Schwarz inequality shows
that Z, is a vector subspace of S and that S > f — A(|f|>)Y/? € R, is a
seminorm. Moreover, the quotient S/Z, is an inner product space, with the
inner product given by

(1.2) (f+In,g+TIn) =A(f7).

Note that, in fact, Zy = {f € S;A(fg) =0Vg € S} and Zp - S C ker(A).
If S is finite dimensional, then S/Z, is actually a Hilbert space.

Now, let 7 C S be a function subspace. If A : SO — C is a uspf, then
AT is also a uspf, and setting Zy 7 = {f € T;A(|f|*) =0} = I, N T,
there is a natural map

(1.3) JT,S : T/IA’T — S/IA, Jfg(f +IA77') = f +IA, f cT.
The equality
(f+ZIag, f+Ing) = MIfIP) = (f +Ta, [+ Ta)

shows that the map Jr s is an isometry, in particular it is injective.

The dimensional stability suggested by the title of this work is related to
the equality Jr s(Q/Zx 1) = S/Z). Formally, we have the following:
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Definition We say that the uspf A : SO — C it stable at 7, where 7 C S
is a function subspace, if we have the equality Jr s(7 /Zp 1) = S/Z,.

The equality Jr s(7 /Zns) = S/Z, is equivalent to the property 7 +Z) =
S; in other words, for every f € S we can find a g € 7 such that f — g € Z,.
In particular, the spaces 7 /Zy 7 and S§/Z, have the same dimension.

This concept is an version of that of flatness, defined in [4], Definition 5.1
(see also Remark 2.16).

An important problem in this framework is to find representing measures
for a uspf A : S — C on the whole space S®) or only on a part of it. If 7
is a function subspace of S, a representing measure of A|7 is a probability
measure p with support in R”, such that A(f) = [ fdp for all f € 7. When
such a measure p exists, we say that A|7 has an integral representation.

To present the most significant examples (from our point of view) of func-
tion spaces, we freely use multi-indices from Z” and the standard notation
related to them.

The symbol P will designate the algebra of all polynomials in ¢ =
(t1,...,t,) € R" with complex coefficients. (Although the polynomials with
real coefficients seem to be more appropriate for these problems, we prefer
polynomials with complex coefficients because of the systematic use of some
associated complex Hilbert spaces.)

For every integer m > 1, let P,, be the subspace of P consisting of all
polynomials p with deg(p) < m, where deg(p) is the total degree of p. Note
that P = Py and PU) = P, the latter being an algebra.

Giving a finite multi-sequence of real numbers v = (74)|aj<2m, Y0 = 1, we
associate it with a map A, : Py, +— C given by A,(t%) = 7, extended to
Paorm by linearity. The map A, is called the Riesz functional associated to .

We clearly have A,(1) = 1 and A,(p) = A,(p) for all p € Py,,. If,
moreover, A, (|p|*) > 0 for all p € P,,, then A, is a uspf. In this case, we say
that v itself is square positive.

Conversely, if A : Py, — C is a uspf, setting v, = A(t%), |a| < 2m, we
have A = A, as above. The multi-sequence 7 is said to be the multi-sequence
associated to the uspf A.

To find an integral representation for the map A, means to solve a trun-
cated moment problem (see [4]-[8] for other details).

To solve the full (or the multidimensional Hamburger) moment problem
means to find an integral representation for the map A, : P — C, similarly



defined for a multi-sequence v = (74 )a>0, Y0 = 1 (see [2] for other details).
Various results concerning the integral representations for truncated and full
moment problems will be given throughout this text.

The author would like to express his gratitude to Raul Curto (Iowa City),
Lawrence Fialkow (New Paltz) and Mihai Putinar (Santa Barbara) for useful
comments on a first draft of this work.

2 Dimensional Stability and Consequences

In this section, we present an extension theorem for some unital square pos-
itive functionals A : Py, — C to unital square positive functionals on whole
algebra P, and exhibit some of its consequences.

Remark 2.1 Let A : P, — C be a uspf, and let 0 < k& < m. As in the
Introduction (see (1.2) and (1.3)), if we put Z, = Zpy p, = {p € Pr; A(]p|?) =
0} = {p € Pr; A(pqg) = 0¥q € Py}, then

(2.1) Hy. = Pi /Iy,
is a finite dimensional Hilbert space, with the scalar product given by
(2.2) P+ Zi, g+ Ti) = AMpa), p.q € Pr.

Recall also that the map Py > p — A(|p|?)"/? is a semi-norm.

Now, if [ < m is another integer with k£ < [, since Z, C Z;, we have a
natural map Jy; : Hy — H,; given by Jy (p+Zy) = p+I1, p € Pp, which is
an isometry because ||p + Z¢||* = A(]p|*) = ||p + Z;||?, whenever p € Py. In
particular, Jj i, is the identity on Hj.

For a given uspf A : Py, — C | each of the spaces Hy = Pr/Z;,,0 < k <
m, will be referred to as a Hilbert space built via the uspf A, while every map
Jeg t Hi = Hy, 0 < k <1 <m, is designated as an associated isometry.

Similar constructions and a similar terminology will be used for a uspf
A : P—C

As mentioned in the Introduction, equalities of the form Jy,(Hi) =
H,; (k < 1) play an important role in this paper. We note that Ji;(Hy) = H;
if and only if P, = Py, + Z;. In this case, Ji; is a unitary transformation.

When [ = k + 1, we write sometimes J;, instead of Jy j41.



Definition 2.2 Let A : Py, — C(m > 1) be a uspf, let (H;)o<i<m be the
Hilbert spaces built via A, and let J, : H; — H;41 (0 < 1 < m — 1) be the
associated isometries. If for some k € {0, ..., m—1} one has Jy(Hy) = Hy1,
we say that A is dimensionally stable (or simply stable) at k.

The uspf A : P +— C is said to be dimensionally stable if there exist
integers m, k, with m > k > 0, such that A, |Ps,, is stable at k. The number
sd(As) = dim Hy, will be called the stable dimension of Ay

We shall see later (see Corollary 2.8) that the stable dimension is unam-
biguously defined.

Lemma 2.3 Let A : Py, — C(m > 1) be a uspf. If A is stable at m—1, then
(X721 tZm) N Py C L. In particular, t;Z,, 1 C Ly for all j=1,...,m

Proof. Let p =" t;p; € Pp, with p; € Z,,, for all j =1,...,m, and let
q € Pp_1. Then

m m

<> |A(tp9)| E: (Ipi1)*AE gl ? = 0

by the Cauchy-Schwarz inequality.
Now, let ¢ € P,,—1 be such that p — g € Z,,, via the hypothesis on A.
Then

A(pp) = Apg) + Alp(p — q)) =0,

by the previous computation and the inclusion Z,, - P,,, C ker(A). Therefore
pEL,.
The last assertion is obvious.

Remark 2.4 Let A : Py, — C(m > 1) be a uspf, stable at m — 1. Lemma
2.3 allows us to define correctly the map M; : ‘H,,—1 — H,, by the equality
M;p+Zn-1) = tjp+ I, for all j = 1,...,m. Setting J = J,,—1 (see
Remark 2.2), we may consider on the Hilbert space H,, the linear operators
Aj = M;J ! for all j =1,...,m. With this notation, we have the following.

Proposition 2.5 The linear maps A;, j = 1,...,m, are self-adjoint opera-
tors, and A = (Ay, ..., A,) is a commuting tuple on H,,.



Proof. Let px € P, and qx € P,,—1 be such that p, — qx € Z,,, (k = 1, 2).
Then

(AZ(p1 4 Zon, 02 + Lin) = (p1 + Lon, tjq2 + L) = A(prtiqo)

= Aaqitjp2) = (Aj(p1 + Iin), p2 + L),

because A;(py + L) = tjqr + I (k= 1,2, =1,...,m), as one can easily
see. Hence Ay, ..., A, are self-adjoint.

We prove now that Ai,..., A, mutually commute. It suffices to show
that M;J "M, = MJ'M; for all j,k = 1,...,n. To show this, fix a
polynomial p € P,,_1. Thus M;(p + Z,,—1) = t;p + Z,,. We can choose
¢j € Pm-1 such that ¢;p — q; € L,,. Therefore, J " (t;p+ZL,) = ¢j + L1,
and My (q; +Zm—1) = trq; + L.

Similarly, My(p+Z,,—1) = txp+ L, and we can choose a g € P,,_1 such
that typ — qx € L, and M;(qx + Zy—1) = tjqx + L.

Let us show that t,q; — t;qr € Z,,. We note that t;iyp — t;q; € t;2,, and
titjp — trqj € i1, Consequently,

te@; — tjqe € (teLm + t,Zm) NPy C Iy,

via Lemma 2.4. This shows that A;,..., A, mutually commute.
The next result is a substitute for Theorem 7.8 and Corollary 7.9 from
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Theorem 2.6 Let A : Py, — C(m > 1) be a uspf, stable at m — 1. Then
there ezists a unique extension Ao : P +— C of A, which is a uspf.

Proof. We keep the notation from Remark 2.4 and Proposition 2.5. Let
us define the map A, : P — C by the equality

(2.3) Aoo(p) = P(A)(1 + Tpn), 1+ L), p € P.

Using elementary properties of the (polynomial) functional calculus for tuples
of self-adjoint operators (see for instance [22]), it follows easily that A is a
uspf on P.

Next we remark that if o, § are multi-indices with o # 0 and |a+ 5| < m,
then A*(t° + Z,,) = t*™P + T, obtained from formula (2.4) (whose proof is
given in Remark 2.9).



Taking an arbitrary polynomial p € Ps,,, and considering a (finite) rep-
resentation of p of the form p = 7. - cut®t?, with |oyl, |Bx| < m, we
have:

Aso(p) = Z Ci({AY AP (1 + T,), 1+ T,) =

J,k=>0

Z Cjk(taj +Im,tﬁk +Im> = Z CjkA(taJtﬁk) = A(p)a

J,k=>0 3,k>0

showing that A, is an extension of A.

In the last part of the proof, we show the uniqueness of the uspf A,.

Let A',A” : P — C be extensions of A, which are uspf. Let H} =
Pr/I;., Hy = Pr/Z; be the Hilbert spaces built via A’, A", respectively.

Fixing an integer [ > 1, we prove by recurrence that for every multi-
index o with || < 2m + 2[ there exists a polynomial p, € P,,_1, such that
£ = Pa € Tjg N Ijg)-

The assertion is obvious for |a| = m. Assume the property true for all
multi-indices of length m + k& — 1 and let us prove it for multi-indices of
length m + k, where 1 < k < m+ 2l. If |a] = m + k, then there exists a
j€{l,...,n} and a multi-index 3 with |3] = m + k — 1 such that ¢t~ = ¢;¢°,
By the induction hypothesis, we can find a polynomial pg € P,,—; such that
P —ps €Tl o NIV, 1. Therefore, t*—t;pg € I/ ., NI/ .. by applying
the Cauchy-Schwarz inequality succesively to A’ and A”. Further, ¢;p3 € P,
and so we can find a polynomial p; 3 € P,,—1 such that t;pg — p; s € I, via
the equality J,,,—1(Hm-1) = Hm. Consequently,

t* —pa =t —tips +tips —0ip € Lk VLo + Lo = 1, NIy,

where p, = p; 3.

Extending the property from above to arbitrary polynomials, we deduce
that for every polynomial p € Py, 19 we can find a polynomial ¢ € P,
such that p —q € 73, . o, N I35, . o;. Moreover,

A’(p) = (p +I§m+2la 1 +I§m+2z> = (q +Zm-1,1 +Im—1> =

Aq) = 0+ Ty o L+ Ty ) = N(p),

ShOWiIlg that A/|,P2m+25 = A//|7J2m+gl.
As the integer [ > 1 is arbitrary, we have, in fact, that A’ = A”.



Let A : Py, — C(m > 1) be a uspf, stable at m — 1. The unique
extension Ay : P +— C of A which is a uspf (existing by Theorem 2.6) will
be designated as the sp-extension of A.

Proposition 2.7 Let A : Py, — C(m > 1) be a uspf, stable at m — 1, and
let Aoo : P +— C be the sp-extension of A. Then A, is stable at anyl > m—1.

Proof. Let (H;)i>o be the Hilbert spaces built via A, and let J; : H; —
H;.1 (I > 0) be the associated isometries. We prove, by induction, that
Ji(H;) = Hypq for all 1 > m — 1.

The assertion is obvious for [ = m — 1. Assume the assertion true for
some [ > m — 1 and let us get it for [ + 1.

Fix a monomial t* € Py o with |a| = [ + 2. Then there exists a j €
{1,...,n} and a multi-index 3 with |3| = 41 such that t* = ¢;1. Moreover,
we can find a polynomial pg € P; such that A (|t°—ps|?) = 0, via the equality
P+ Zii1 = Pry1. Therefore

Moo ([t = 15p5[*)* < Aso (17 = psI*) Moo (£ = psl?) = 0
by the Cauchy-Schwarz inequality, showing that Py + Z; 10 = Prio.

Corollary 2.8 Let A : Py, — C(m > 1) be a uspf, and let k € {0,...,
m — 1}, If A is stable at k, then A is stable at any l € {k,...,m — 1}.

Let Ay : P — C be a uspf, stable at k > 0. Then Ay, is stable at any
> k.

Proof. Tt suffices to apply the previous proposition to the uspf Ay, =
A|Pay 42, using the uniqueness of its sp-extension.
The second part follows easily from the first one.

Remark 2.9 Let A : Py, — C(m > 1) be a uspf, stable at m — 1, and let
A : P +— C be the sp-extension of A. Let also (H;);>o be the Hilbert spaces
built via A, and let J;; : H; — H; (7 > 1) be the associated isometries (with
Jii+1 = Ji) . As Ay is stable at any | > m —1, by Corollary 2.8, we may con-
struct the n-tuple of commuting self-adjoint operators A; = (A;1,..., Ain)
on the space H;, for all [ > m, as in Proposition 2.5. Defining, as in Remark
24, My_1; : Hi—1 — H; by the equality M;_ j(p + Z;—1) = t;p + I, we



have A;; = Ml_1,le_,11 forall j =1,...,nand [ > m. It is also clear that
JMi_1j =M, ;J_y forall j =1,...,n and [ > m. Therefore

My M1 ;(p+Ti—1) = titjp + Lia

forall k,7 =1,...,n,1 > m, and p € P,_;. Using these remarks, we infer
that
A ALi(p+1) = My J M I (0 + 1) =

T A Mg M (p+ 1) = Jis(tktip + Tiga),

forall k,j=1,...,n,1>m, and p € P,.
A recurrence argument leads to the formula

(2.4) Al(p+1) = Jlﬁik(tap + L),
for all I > m, p € P, and |af < k.

Theorem 2.10 Let m > 1 be an integer, and let A : Py, — C be a uspf. If
A is stable at m — 1, then, endowed with an equivalent norm, the space H,,
has the structure of a unital commutative C*-algebra.

Proof. Let Ay : P — C be the sp-extension of A given by Theorem 2.6.
In particular, considering the Hilbert spaces H; for all £ > m bilt via A,
the associated isometries Jy; : Hj — H; are unitary operators for all integres
k,l withm <k <.

We identify the space H,, with a commutative sub-C*-algebra A of the
C*-algebra B(H,,) of all linear (automatically bounded) operators on H,,.
We use the notation from Proposition 2.5.

First of all we define a map 7 : ‘H,,, — B(H,,) by the equation p — p(A),
where p = p+ Z,,, p € P,,. To check the correctness of this definition, we
note that

PANG+Tn) = T,k (00 + Do),

for all integers £ > 1 and polynomials p € Pk, ¢ € P,,, which is a direct
consequence of Remark 2.9. If p € Z,,, then pg € Z,,, for all ¢ € P,,, and so
p(A) = 0.

The map 7 is injective since p(A) = 0 for some p € P, implies p(A)(1 +
Z,)=p+Z, =0, and hence p € Z,,.
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Now, let p € P be arbitrary, so p € P, for some integer £ > 0. If
k > m 4+ 1, we can find a polynomial r» € P,, such that p — r € Z,.. Thus

p(A) g+ L) = J, 5 (pa + Ti) = T, (ra + Ii,) = r(A)(q + L)

for all ¢ € P,,. This shows that the map 7 : H,, — {p(A);p € P} is
surjective.

Let A = {p(A);p € P}, which is a commutative sub-C*-algebra A of
B(H,,). The previous discussion shows that the map 7 : H,, — A is a linear
isomorphism. Identifying the algebra 4 with the space H,,, we obtain the
desired structure of the latter.

The next result is a substitute for Corollary 7.11 from [4]

Theorem 2.11 Let m > 1 be an integer, and let A : Py, — C be a uspf.
If A is stable at m — 1, then there exists a d-atomic measure p on R,
where d = dim 'H,,,, such that

Alp) = / p()du(t), p € Pom.

Proof. We use the n-tuple A = (A;,..., A,) consisting of commuting
self-adjoint operators, generating the commutative unital C*-subalgebra A
(in the C*-algebra L(H.,,)), considered in the previous theorem. The C*-
algebra A must have precisely d characters, say ¢1,...,¢4. Therefore, the
joint spectrum (for the necessary information concerning the multi-parameter
spectral theory, we refer to [22]) of the n-tuple A = (Aq,..., A,) equals the
set

S = {(@x(A),.. ., 6e(Aa) ER™ k= 1,...,d}.

We use now an idea which goes back to [10]. Let E be the joint spectral
measure of A, which is concentrated on its joint spectrum 4. If u(x) =
(E(x)(1 + Z,,),1 + Z,,), which is clearly a positive atomic measure with
support in X 4, we have:

Apg) = P+ T, g+ L) = (p(A) 1+ Tn), q(A) (1 + T,)) =

(DA +T) 1+ L)1+ T) = [ plt)a@dute)

YA
f01(f )all polynomials p, ¢ € P,,, leading to the stated formula, via the equality
P’ = Pam.
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Finally, the support of the measure p is precisely the set 4. Indeed,
denoting by x¢ the characteristic function on ¥4 of an arbitrary point £ € X4,
the element y¢(A), built via the functional calculus of A, is a nontrivial
idempotent of A (in fact, a self-adjoint projection on H,,), satisfying

(e (A)(1+ L), 1+ T,) = / Ye((t) = p({€}).

3a

Assuming p({£}) = 0, we derive that x¢(A)(p+Zn) = p(A)xe(A)(1+Z,,) =0
for all p € P,,,, and so x¢(A) = 0, which is a contradiction.

The next result is an assertion in the spirit of Corollary 2.6 of [6].

Theorem 2.12 Let A, : P — C be a uspf.

If Ay is dimensionally stable, then A has a unique representing measure,
which is d-atomic, where d = sd(Ay).

Conversely, if Ao has a d-atomic representing measure, then Ny is di-
mensionally stable and d = sd(A).

Proof Let m > 1 be an integer with the property that A|Pay, is stable at
— 1. Therefore, J,,— 1(7’( 1) = Hm, and there exists a d-atomic measure

@ on R™ such that A(p fp p E Paom, by Theorem 2.11, where
d = sd(A). Settlng A’ fp ) for all p € P, we get a sp-
extension of A,, = Ay |732m As A is also a sp-extension of A,,, we must

have AL = A, by Theorem 2.6, and so A, has a representing measure.

The uniqueness of p follows from Theorem 3.4 in [24]. For the sake
of completeness, we sketch the argument from [24] (see also [18] or [22]
for the background). Let v be another representing measure for A, and
let Bif(t) = 4;/(1), f € {g € *(W)itig € L*w)},j = 1,...,n. Then
B, are (not necessarily bounded) commuting self-adjoint operators. Since
[ IpPPdp = [|p|*dv for all polynomials p € P, the space H,, may be re-
garded as a closed subspace of L?(r), and B; extends A; for all j, where A;
is defined as in Theorem 2.11. Therefore, if Ep is the spectral measure of
B = (By,...,By,), then the spectral measure F of A = (Ay,..., A,) equals
Eg|H,,, and therefore

v(x) = (Bp(x)1,1) = (E(x) (1 + Tp), 1+ Tn) = u(%):

Conversely, assume that A, has a d-atomic representing measure. If
d = 1, then there exists a point £ € R™ such that A (p) = p(§) for all p € P.
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Then, for all £ > 1, I, = {p € Pr; p(§) = 0}, the space Hy is isomorphic to
C, and so A is dimensionally stable with sd(A) = 1.

Assume now that d > 2. Let = = {¢W) ... ¢@} c R" be distinct points
and let p be an atomic measure concentrated on Z, such that A (p) = [ pdu
for all p € P.

Consider the polynomials

[ i — €9
(25) wlt) = [ e — o

(see also [4], (7.7)). Clearly, xx € Pogo, k = 1,...,d, and xx(£V) =
(the Kronecker symbol) for all k,l =1,...,d. In fact, the set (xx)1<k<q is an
orthonormal basis of L?(u).

Since each polynomial p € P, can be written on the set = as p(t) =

S p(€9)x;(¢), and so

teR" k=1,....d

/ p(t) = 3 pED) s (D) Pdu(t) =0,

Jj=1

it follows that, for every [ > 2d — 2, we have Z; = {p € P;; p|= = 0}, and so
(Xt + Z1)1<k<a is an orthonormal basis of H,;. Therefore, all spaces H;, [ >
2d — 2, have the same dimension equal to dim L?(p) = d. In particular, A,
is dimensionally stable and sd(A.) = d.

Corollary 2.13 The uspf A : Py, — C(m > 1) has a uniquely determined
d-atomic representing measure, where d = dimH,,, if and only if A is stable
at m— 1.
Corollary 2.13 a direct consequence of Theorem 2.12, via Theorem 2.6.
The next result is a subsitute of Theorem 7.10 from [4]
Corollary 2.14 The uspf A : Poy, — C(m > 0) has a d-atomic representing

measure, where d = dim H,,, if and only if A has a sp-extension N : Pop o —
C, which s stable at m.

Proof. If A has a sp-extension A’ which is stable at m, the assertion
follows from Corollary 2.13.

13



Conversely, if A has a d-atomic representing measure y, we define A (p) =
[ pdu, p € P. Then Ay is dimensionally stable and d = sd(A), by Theorem
2.12. As dim L*(u) = d = dim H,,,, we must have that A’ = A, |Papyo is a
sp-extension of A, stable at m.

With our terminology, a consequence for the full moment problem of the
previous results is the following (see also Proposition 5.9 from [5]).

Corollary 2.15 Ify = (’ya)aezz (70 = 1) is a positive definite multi-sequence,
then v has a representing measure if and only if there are a sequence (m;);>1
of integers with m; > j for all j, and a sequence of uspf Aj : Popyq0 — C
that are stable at m;, such that A;|P; is the Riesz functional associated to
the finite multi-sequence (Va)ja|<j for all j > 1.

Proof. Assume that v is a moment sequence and let A, be the asso-
ciated uspf (see the Introduction). According to Tchakaloff’s theorem (see
[1]; see also [21], [14] etc.), for each integer j > 1 we can find an atomic
measure f; on R™ such that A(p) = [p(t)du,(t) for all p € P;. Let

= {¢GD, . ¢Ud)Y c R™ be the support of ;. We fix integers m;
With mj > max{j, 2d; — 2}, and define the uspf

Aj(p) = /_ ‘p(t)duj(th P € Pom,42-

As noticed in the proof of Theorem 2.12 , the uspf A; is stable at m;. More-
over, A;|P; is actually the Riesz functional associated to (7Va)a<; for all
Jj=>1

Conversely, assuming that there are a sequence (m;);>1 of integers with
my; > j for all j, and a sequence of uspf A; : Py, 42 — C that are stable
at m;, such that A;|P; is the Riesz functional associated to (Va)ja|<; for
all j > 1, we derive the existence of a representing measure for the finite
multi-sequence (74 )ja|<; for all j > 1, by Theorem 2.11. The existence of a
representing measure for the sequence v is then a consequence of the main
result from [20] (see also [25]).

Remark 2.16 Let m > 0 be an integer. The finite dimensional space P,
may be given a Hilbert space structure with the scalar product defined by

(plg) = D Cada,

laj<m
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where p = ngm Cat®, q = ngm dnt®. In other words, the family of
monomials (t*)|<m is an orthonormal basis of P,,.

Let A : Py, — C be a uspf, and let {H = Pr/Zx, 0 < k < m} be the
Hilbert spaces built via A. The sesquilinear form (p, q) — A(pq) implies the
existence of a positive operator Ay on Py such that (Axp|q) = A(pqg) for all
p,q € Py, where 0 < k < m. Note that p € Z, if and only if Ayp = 0. This
implies that dim H,, equals the rank of A;. The concept of flatness for the
finite multi-sequence associated to A (see [4], Definition 5.1) means precisely
that A is stable at m — 1, and it is equivalent to the fact that the rank of
A,,_1 is equal to the rank of A,,. The latter property is directly used to
‘extend’ A,, (‘extension’ in the sense of |19]) to a rank preserving uniquely
determined matrix A,,;; (associated to a uspf A’ : Py,,40 — C which extends
A)), which is the main tool of Curto and Fialkow (see [4], Theorem 7.8.).

Although implying statements parallel to those of Curto and Fialkow, our
approach, completely different from that of Curto and Fialkow, leads more
quickly to the essential results of this theory.

3 The Stability Equation

As we have seen in the previous section, if A : Py, +— C is a uspf, (Hx)o<k<m
are the Hilbert spaces bilt via A and Ji;(Hi) = H; (0 < k <1 < m) are the
associared isometries (see Remark 2.1), equalities of the form Jy ,(Hi) = H;
are of particular interest for us. In fact, the equality Ji,(Hi) = Hpy1 (that
is, A is stable at k) implies all equalities Ji;(Hx) = H; (0 < k < 1 < m),
as shown by Corollary 2.8. This is a dimensional stability which will be
analysed in this section.

Remark 3.1 Let A : Py, — C be a uspf with m > 1 and let k& be an integer
such that 0 < k < m. It is easily checked that the uspf A is stable at k if
and only if for each multi-index § with |§| = k + 1 the equation

Z VetnCeCn — 2 Z Vet6Cg + V25 = 0
€l Inl<k [€1<k

has a solution (c¢)¢|<k consisting of real numbers, where v = (7¢)¢j<2m is the
finite multi-sequence associated to A.

To study the existence of solutions for such an equation, it is convenient
to use an abstract framework.
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Let N > 1 be an arbitrary integer, let A = (a;z)},_, be a matrix with real
entries, that is positive on CV (endowed with the standard scalar product
denoted by (*|x), and associated norm || * ||), let b = (by,...,by) € RY,
and let ¢ € R. We look for necessary and sufficient conditions insuring the
existence of a solution x = (xq,...,2x) € RY of the equation

(3.1) (Az|z) — 2(b|z) + ¢ = 0,

This is a quadratic equation which will be solved in detail in the following.
The range and the kernel of A, regarded as an operator on CV, will be denoted
by R(A), N(A), respectively.

Proposition 3.2 We have the following alternative:

1) If b ¢ R(A), equation (3.1) always has solutions.

2) If b € R(A), equation (3.1) has solutions if and only if for some (and
therefore for all) d € A~1({b}) we have ¢ < (d|b).

In particular, if N(A) = {0}, then A is invertible and the equation (3.1)
has solutions if and only if ¢ < (A1b|b).

Proof. Let C : CV — C» be the conjugation z = (21,...,2y) — z =
(Z1,...,2n). The space RY will be identified with the space {z € CV; 2z = z}.
Moreover, A(RY) C RY, because the entries of A are real.

1) Assume first that b ¢ R(A). Then we must have N(A) # {0}, because
otherwise R(A) would be the whole space. Let Py be the orthogonal projec-
tion of CV onto N(A), and let P; be the orthogonal projection of CV onto
the space N(A)*, which is precisely R(A).

Assuming that x € RY is a solution of the equation (3.1), we set 2\ =
Pjz, j = 0,1. Put also b¥) = P;b, j = 0,1. Then from (3.1) we derive the
equality

(3.2) (AzW|z0) = 20|20 = 2@ |2 4 ¢ = 0,

where A; = A|R(A), which is positive and invertible.

As we clearly have AC = C'A, implying CN(A) = N(A) and CR(A) =
R(A), we must have Cz® = z(V and CbV) = b™. Therefore, (bM|z1)) =
(zM[bM) and equation (3.2) can be written as

(3:3) 1Biz® — By oV = | By oV + 2062 ) — e,
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where By = A}, with B;'b® € R(A) NRY. Indeed, if C; = C|R(A), the
equality A,C; = C1A; implies the equality B,C, = C, B, and so By 'b() €
R(A)NRY,

A necessary condition to have a solution (") of (3.3) is that

1
(3-4) (O@1e®) = Se = BIYI?).

This condition is also sufficient and valid for such a choice of b. Indeed,
because b ¢ R(A), then b(® # 0 and we can fix a vector (¥ € N(A) N
RN 2 £ 0, such that 2(b@|z(®)) > c—||B; '™ ||2, which is possible because
N(A) # {0}. Putting

r? = 20020) — ¢ + || By bW |2,

we choose a vector 5 € R(A) NRY such that ||y — ByeM |2 = 2. If
2 = By 'yW, then x = 2@ + 2 is a solution of (3.1).

2) If b € R(A), then b© = 0 and b = bV). Setting d; = B; b, condition
(3.4) becomes ¢ < (dy|b) = (d|b), where d is an arbitrary solution of the
equation b = Ad, which is a necessary and sufficient condition to determine
a solution of (3.1).

Let A : Py = C(m > 1) be a uspf and let v = (74)jaj<2m the multi-
sequence associated to A. Then A,,_1 = (Y¢4n)je|,lnj<m—1 IS & positive matrix
with real entries, acting as an operator on CV, where N is the cardinal of the
set {€ € Z1;1¢] < m — 1}. In fact, by identifying the space P,,_; with CV,
A,,_1 is the operator with the property (A,,_1p|q) = A(pq) for all p,q € P, 1
(see Remark 2.16).

For each multi-index ¢ with [0] = m, we put bs = (Vets)jg<m—1 € RY and
cs = Y25. With this notation, equation (3.1) becomes

(3.5) (Am—1z|z) — 2(bs|z) + ¢5 = 0,
which may be called the stability equation of the uspf A.

Theorem 3.3 Let v = (Va)|aj<2m (70 = 1,m > 1) be a square positive finite
multi-sequence and let Ap—1 = (Ve i), lnj<m—1, Gcling on CN, where N is the
cardinal of the set {§ € Z7; |§| < m—1}. For each multi-index 6 with 0] = m,
set bs = (’}/£+5)‘£|§m_1 € RY and cs = vo5. The multi-sequence v has a unique
r-atomic representing measure if and anly if, whenever by € R(A,,_1), we
have cs = (ds|bs) for some (and therefore for all) ds € A ' ({bs}), where r
s the rank of the matriz A,,_1.
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Proof. Let A : Py, — C(m > 1) be the uspf associated to v. Assuming
the equality c; = (ds|bs) for some ds € A1 ({bs}) whenever b; € R(A,,_1)
and |6|] = m, we infer that A is stable at m — 1, via Proposition 3.2 and
Remark 3.1.

Conversely, if the multi-sequence + has a unique r-atomic representing
measure, in virtue of Corollary 2.13, the uspf A should be stable at m — 1.
Then the matrix A, is a flat extension of the matrix A,,_; (see Remark
2.16). Writting P, = Pm_1 ® R, there exists a linear map W : R, —
Pm—1 such that A,|R,, = Ap W + W*A,, 1 W (see for instance [4] for
details). Particularly, for a fixed index 0 with |§|] = m, as the monomial
t° € Ry, we have A,,t0 = A, _Wt> @ W*A,,_ W, Therefore, (A,,t°|t°) =
(A W |W1). But A, Wt = P,A,t° = Z‘§|<m_1 Yeystt = bs, where
P, is the orthogonal projection of P,, onto P,,_1, and the vector b; € R is
identified with the corresponding polynomial from P,,_;. Putting ds = Wt°,
the equation c5 = (ds|bs) is fulfilled.

Corollary 3.4 Assume the matrix A,,_1 invertible. There exists a d-atomic
representing measure on R™ for the uspf A : Poy, — C if and only if for each
§ with || = m we have cs = (A} \bs|bs), where d = dim P,,_;.

Remark 3.5 Related to the previous result, a natural question arises (see
Conjecture 6.6 from [4]): Given a usps Ay,—1 @ Popm—2 — C such that A,,_;
is invertible, is it true that A,,_; has an extension A : Py, — C which is
stable at m? For n = m = 2, it is shown in [4], Section 6.1 (in the context
of complex moment problems), that such extensions do exist. Note that, in
general, a necessary condition is that

dimH,,_; = dimP,,_; = dimP,,, — dimZ,,.

As we have dimP,, = ("*™) (see for instance [13]), the necessary condition
mentioned above is equivalent to

-1
dimZ,, = (n —i—m)‘

n—1

Corollary 3.4 offers, in particular, a numerical test to decide whether a
uspf A : Py, — C, which extends A,,_1, is stable at m — 1.
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4 Representing Measures for Unital
Square Positive Functionals

It is well known, and already discussed in the second section of this work,
that the representing measures for truncated moment problems may always
be supposed to be atomic, via Tchakaloff’s theorem. In this section, we
present some properties of square positive functionals having representing
measure with prescribed atoms.

For every integer m > 0 we set

(4.1) Som = {Z Ip;|%; pj € Pm,card J < oo},
jeJ
which is a positive cone in Psy,,.
If == {cW .. 9D} is a finite set of distinct points in R™, we put

(4.2) Jomz = {p € Pam, p|= = 0}.

We start with a Riesz-Haviland type result (see [11]) for truncated mo-
ment problems. A more general result appears in [7], Proposition 3.6 (see
also [21]), which addresses to arbitrary compact sets. For further use, we
state the result, and give a different proof, in the context of finite sets.

Theorem 4.1 Let A : Py, — C(m > 1) be a uspf, and let = be a finite set
of distinct points in R™. The uspf A has a representing measure with support
in Z if and only if A(p) > 0 whenever p|= > 0.

Proof. The condition is clearly necessary.
To prove the sufficiency, we fix an integer k& > max{m, 2d — 2}, where d
is the cardinal of =. To continue the proof, we need the following.

Remark 4.2 Let C(Z) be the space of all complex-valued (continuous) func-
tions of =, endowed with its natural norm | f||z = max;<;<q4|f(£Y], f €
C(Z). Then the kernel of the restriction Py, > p — p|= € C(E) is precisely
Jorz (given by (4.2)). Therefore, there exists an injective maps, say Jz,
defined on Payi/Jor =, with values in C(Z), induced by the restriction. The
choice of k insure the surjectivity of this map Jz. Indeed, using the (squares
of) polynomials (2.5), and defining the linear map

d

EE(p) = ZP(SO))X?, p € Poy,

J=1
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we clearly have p — l=(p) € Jox=. Taking an arbitrary f € C(Z), the

polynomial p; = ijl f(f(j))xg has the property J=(py) = f. In fact, Jz :
Pay — C(Z) is an isomorphism.

We return to the proof of Theorem 4.1. We show first that p|= > 0 if
and only if p € Pay, N (Sok + Jorz). Indeed, if p € Pop, N (Sak + Jor =),
the property p|= > 0 is obvious. Reciprocally, if p|= > 0, the polynomial
l=(p) = 20, p(ED)x? (see Remark 4.2) belongs to Sy, and p—(=(p) € Jox =

Consequently, the hypothesis implies that for all p € Pay, N (Sax + Jor.2),
we have A(p) > 0.

For every integer [ > 0, the symbol RS will stands for the subspace of
P;, consisting of all real parts of functions from the subspace S C P; .

Let the R-linear functional ® : RPs,, — R be given by ®(p) = 27 1(A(p)+
A(p)) for all p € RPs,,. We want to extend the functional ® to a functional
U : RPyr — R, with \I/|D2k > 0, where Dy, = Sop + Rjgk’g.

We show now that RPor. = Dor, + RPan. Indeed, if p € RPy is a given
polynomial, then the polynomial ¢ = p + ||p||z is positive, when restricted
to Z. Therefore, as above, (=(q) € Sox, ¢ — l=(q) € RJT 2=, showing that
D € Doy, + RPaop,.

As we clearly have RPoy, N (Sor + RT 2k2) C Pom N (Sax + Jor =), and
so ®(p) > 0if p € RPay N (Sor + RPak =), we may apply Corollary 1.2.7
from [2|, which asserts the existence of an extension ¥ of ® such that ¥
is nonnegative on Sg, + RJ 2k =. As RJ 2x= is a nonnull vector space, the
restriction of ¥ to RJ ax,= should be zero.

Let now Aq(p) = U(p;) +i¥(ps) for all p = py + ipy € Poy, with p1,ps €
RPs.. Then A; is an extension of A to P, whose restriction to Sy is
nonnegative and the restriction to Ja = is zero.

According to Remark 4.2, the map Jz : Poy/Jorz — C(Z) is an isomor-
phism. Moreover, as A;|Jorz = 0, there exists a unique functional Ay on
C(Z) such that A; = Ay o J=. The functional A, is also positive. Indeed, as
before, if h € C(Z) is a positive function, as p, = Z?Zl hEW)x3 € Sy and
J=(pr) = h, we have Ay(h) = Ay(pr) > 0.

Taking into account the structure of a positive linear functional on C(=),
we infer the existence of nonnegative real numbers ay,...,aq such that

MAo(f) = X0, aif(€D), f € C(E). Consequently, A(p) = Asx(Jz(p)) =
S0 ap(ED), p € Pam.

The next result is an approach to the existence of representing measures
for truncated moment problems in the spirit of |25].
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Corollary 4.3 Let A : Py, — C be a uspf. Let also = = {£W), .. @D} pe
a subset of R™. The uspf A has a representing measure with support in = if
and only if

(4.3) sup{|A(p)|;p € Pom, |Ipllz < 1} = 1.

Proof. Assume first that A(p) = ijl a;p(€9)), p € Py, for some non-
negative scalars aq,...,aq. Putting O(f) = 2?21 a; f(EY)), f € O(F), we
have the equality O(p|Z) = A(p) for all p € Ps,,. Therefore,

sup{|A(P)];p € Pom, lpllz <1} =

sup{|O(f)]; f € C(E), Ifl= <1} =[Ol =1,

because © is positive on C'(Z) and A(1) = O(1) = 1.

Conversely, assume that (4.3) holds. This implies that A|Jo,z = 0.
Hence A induces a functional Az on Pay,,/Jom =, which is identified with a
subspace of C(Z). Moreover, we clearly have A=z(1+J2,z) = 1 and ||Az|| = 1.
The Hahn-Banach theorem implies the existence of an extension © of Az to
C(Z), with the properties ©(1) = 1 and ||©| = 1, insuring the positivity of
O. The existence of a representing measure for A follows as in the last part
of the previous theorem.

Remark With A and = as in Corollary 4.3, the uspf A has a representing
measure with support in = if and only if there exists a polynomial p= € RPs,,
such that |[p=|lz =1 and 1 = A(p=) > A(p) for all p € RP, with ||p|z < 1.

The proof is based on the fact that the upper bound in (4.3) may be
computed only on RPy,, and it is attained.

Let A : Py, — C be a uspf. Following [5], we define the algebraic variety
of A by Vs = Nyez,, Z(p), where Z(p) is the set of zeros of p, and Z,, has the
meaning from (2.1).

An important assertion related to the extremal truncated moment prob-
lem (see |8], Lemma 2.5) can be also obtained in our context.

Corollary 4.4 Let A : Py, — C be a uspf, and let = = {€W ... D} be q
finite subset of V. Assume that there are complex numbers o, ..., aq such
that A(p) = Z?Zl a;p(EW)) for every p € Pay,. If dim H,, = d, then a; > 0
forallj=1,...,d.
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Proof. Note the equality J,,= = Z,, (for notation, see (2.1) and (4.2)).
Indeed, the inclusion Z,, C J,, = follows from the definition of V,, while the
inclusion J,, = C 7, follows from the representation of A. This implies that
the restriction H,,, = Pp/Zm 2 p+ L — p|E € C(2) is well defined and
injective. It is also surjective because of the equality dim H,, = d.

Let x; € C(Z) be the function equal to 1 in £¥) and equal to 0 in ¢®)
it k # 7,75,k =1...,d. Then we can find polynomials p; € P,, such that
pil2 = x; for all j = 1...,d. Consequently, A(prpr) = o > 0 for all
k=1...,d. If a = 0 for some k, then p, € Z,,, which is impossible.
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