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Application of lesistance Curies to Residual 
Strength Prediction 
A resistance curve approach to predicting residual strength of thin-skin structures, 
under plane stress type fracture, is discussed. Use is made of material resistance ob­
tained in terms of crack extension as a function of the square root of J (VTs). Prediction 
has been made of (lie residual strength of two types of structures, namely stiffened air­
craft paiwls and thin-wall cylindrical pressure vessels. Elastic-plastic analysis based 
on a Dugdale-type strip plastic zone is used in the residual strength prediction. The 
analytical results are-compared ivith available experimental data. 

Introduction 
In recent years, considerable work has been done in develop­

ing resistance curves of various materials. Standard tests have 
been established by ASTM [l]1 to obtain the resistance curves 
of metallic materials using crackline wedge-loaded (CLWL) speci­
mens. The introduction of the CLWL specimen, first suggested 
by Anderson [2] and developed by Heyer and McCabe [3], 
has made it possible to track the stable crack growth over 
large crack extension ranges. The crack growth data in terms 
of linear elastic fracture mechanics have been discussed in refer­
ences [3 and 4]. The crack growth resistance of materials account­
ing for the elastic-plastic behavior of materials has been re­
cently reported by Ratwani and Wilhem [5, 6]. The crack 
growth resistance has been represented in terms of the / i n ­
tegral [7] in these studies. 

The use of the resistance curve approach to structural appli­
cation has attracted very little attention. Creager and Liu [8] 
used the resistance curve approach to predict the residual 
strength of simple strap reinforced sheet panels. However, the 
use of the resistance curve was restricted due to the lack of a 
suitable elastic-plastic analysis. Ratwani and Wilhem [5, 9] 
carried out a systematic elastic-plastic analysis of aircraft struc­
tures in order to develop a technique to predict residual strength 
for plane stress type fractures. Their investigations showed 
that the J integral represents a very suitable parameter to 
account for the plasticity ahead of a crack tip. J integral values 
in a cracked structure along with the \/JR resistance curve of 
the material represents a very convenient way of predicting 

1Numbers in brackets designate References at end of paper. 

Contributed by the Materials Division for publication in the JOURNAL OP 
ENGINEERING MATERIALS AND TECHNOLOGY. Manuscript received by the 
Materials Division, July 1977; revised manuscript received November 2, 1977. 

failure in a structure. The residual strength prediction tech­
nique and its application to stiffened aircraft panels and thin-
walled pressure vessels are discussed in the following paragraphs. 

Residual Strength Prediction Technique 
A failure criterion based on crack growth resistance was first 

introduced by Irwin [10], and an extensive discussion on this 
has been given by Krafft, et al [11]. They suggested that a 
crack will grow in a stable fashion when the increase in resist­
ance with crack extension is greater than the increase in ap­
plied stress intensity. If these conditions are not met, unstable 
fast fracture will occur. Thus, fast fracture will occur when 

K = R, and ——• > -r-* 
da oa 

This method of employing stress intensity factors along with 
the material KR curve has several disadvantages associated 
with estimates of crack tip plasticity [12]. The concept can be 
extended to incorporate plasticity effects by using the /-Integral 
in place of the stress intensity factor K. The use of / has sev­
eral advantages, as discussed in reference [12]. The residual 
strength prediction procedures involves the following steps: 

1. Obtain the y/Jn curve for the skin material of the struc­
ture using a suitable specimen (e.g., crackline wedge loaded or 
center-crack tension) [5, 6]. 

2. Obtain J values for the structure of interest at various 
crack lengths and applied stress using a suitable model of plas­
ticity at the crack tip [5, 13, 14] (e.g., Dugdale model [15]). 

3. Determine the point of instability from the VJ curves 
of the structure and the VJR curves of the material as shown 
in Fig. 1. 

Curves representing the square root of J versus crack length 
are plotted for various applied stresses. The V / R resistance 
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Fig. 1 Residual strength prediction plot for an ail-aluminum panel 

curve is superimposed on the diagram at some physical crack 
length under consideration, say a0. The corresponding failure 
stress is given by the point of tangency between the \/JR curve 
and the V7 curve at point A, as shown in Fig. 1. The fracture 
is associated with a slow tear of the amount Aa, to point A. 

Application of Resistance Curves to Residual 
Strength Prediction of Aircraft Structures 

In a stiffened aircraft panel, the failure may be due to a 
stringer failure (stringer critical case) or skin failure (skin crit­
ical case). These two types of failure are discussed in references 
[5, 9, 16, and 17]. The failure due to skin critical cases is pre­
dictable by using the technique just discussed. In using this 
technique, an important consideration is the type of elastic-
plastic analysis to be used. Two common types of elastic-
plastic analyses involve 1) the Dugdale-type strip plastic zone 
model (ahead of the crack tip), or 2) the Prandtl-Reuss ma­
terial behavior. It was shown in references [5 and 9] that for 
stiffened panel geometries, the V / values obtained assuming 
the Dugdale-type material behavior approached those obtained 
by the Prandtl-Ileuss behavior at greatly reduced effort and 
cost. 

Residual Strength Prediction of an All-Aluminum 
Panel 

Consider the wing panel geometry shown in Fig. 2, where 
the skin is 1.60 mm (0.064-in.) thick 7075-T73, and the stiff-
eners are 7075-T6 angle extrusions. The elastic-plastic analysis 
of this panel was carried out for various crack lengths, assuming 
a Dugdale type of plastic zone, using the Bueckner-Hayes ap­
proach [5, 14]. For Dugdale-type behavior, the relation be­
tween crack opening displacement and the ./-integral is given by 

J = 8 F,y 

where S is the crack opening at the physical crack tip and F<„, 
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Fig. 3 Square root of J as a function of applied stress for varying 
crack lengths—intact stringer case 

the skin material yield stress. Strictly, Fty is the flow stress of 
an ideally plastic material. The tensile yield strength might be 
considerably lower than the best estimate for a work hardening 
elastoplastic material. 

The values of J are obtained from the computed crack open­
ings for various applied stresses. The plot of VJ versus the 
ratio of applied stress to yield stress (p/Flu) at various crack 
lengths is shown in Fig. 3. In Fig. 1, these valuas are cross-
plotted to show the variation of the square root / with crack 
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length at various applied stresses. To determine the residual 
strength of the panel at any half-crack length (for example 
7.05 cm), the resistance curve of the skin material (7075-T73) 
is overlayed at that crack length, as shown in Fig. 1. From 
this figure, the resistance curve of the material i? tangential to 
the VJ versus the a curve of the panel at an applied stress of 
p/Ftv = 0.545. Thus, the first point of crack instability occurs 
after slow crack growth at this stress, and the crack starts a 
rapid advance. However, from Fig. 1, it is noted that at half-
crack length of 11,3 cm (4.45 in.), the VJ curve for the panel 
drops below the resistance curve of the material. Thus, beyond 
this point, the resistance of the material is higher than the VJ 
developed in the stressed panel, hence the running crack will 
become arrested. The crack would most likely be arrested at 
the fastener hole in the panel where the stringer is connected 
to the skin. The resistance curve of the skin material is now 
replotted at a half-crack length of 13.97 cm (5.5 in., distance 
from the panel center line to the center line of the stringer), 
where the crack became arrested. For this crack length, the 
VJ curve of the panel becomes tangential to the resistance 
curve at an applied stress of p/Fly — 0.645. Hence, the crack 
instability occurs at that stress and the crack starts running 
catastrophically. Beyond this point of instability, the VJ 
values in the panel are higher than the resistance curve of the 
skin material, therefore no possibility exists for crack arrest. 
The VJ curve of the panel will continue to rise under increasing 
load until the influence of the next stringer on panel stress is 
felt 27.94 cm (11 in.) from the center line of the panel and VJ 
value will once again have a decreasing trend and reach a second 
minima at that point. From the trend of the VJ curve in Fig. 1, 
it is evident that at an applied stress of p/Fty = 0.645, the VJ 
value of the panel will be higher than for any half-crack length 
beyond 19.05 cm (7.5 in.). Therefore, no crack arrest is pos­
sible at the second stringer, i.e., 27.94 cm (11 in.) from the center 
line of the crack, under increasing load conditions. 

The panel analyzed above (a0 = 7.05 cm (2.775 in.)) was 
tested to failure. Slow tear in this panel started at a load of 
0.267 MN (60 kips), which corresponds to p/Fly = 0.32 (F,y 

= 424.1 M N / m ! or 61.5 ksi). At this applied load, slow tear 
on each crack tip was about 0.51 mm (0.02 in.). The first point 
of instability (rapid crack extension) occurred after an applied 
load of 0.267 MN (60 kips) and before a load of 0.497 MN 
(111.7 kips). At 0.497 MN (111.7 kips), the crack had already 
reached the angle stiffeners and became arrested. From theory, 
the first point of instability is at an applied stress of 0.545 F,y, 
or a load of 0.463 MN (104 kips) (see Fig. 1). After the crack 
had torn to the angle stiffeners, the panel was able to take a 
load of 0.497 M N (111.7 kips) without any further slow tear. 
At an applied load of 0.497 M N (111.7 kips); i.e., p/Fly = 0.58, 
the slow tear from Fig. 1 is approximately 1.27 mm (0.05 in.). 
This is less than the radius of the rivet hole connecting the 
stringer to the skin in Fig. 2. 

The measured failure load of the panel was 0.516 M N (116.1 

kips). The predicted failure is p/Fty = 0.645, or a panel load 
of 0.549 MN (123.4 kips). This predicted failure load is within 
6.3 percent of the measured failure load for the panel. 

Residual Strength Prediction of an AI!-Titanium 
Panel 

The residual strength prediction technique was applied to 
an all titanium panel similar to the panel of Fig. 2. The skin 
in this case was 1.47 mm (0.058 in.) thick Beta mill annealed 
Ti-6A1-4V. The angles wei e made from annealed Ti-6Al-6V-2Sn. 
The overall skin width was 97.8 cm (38.5 in.), with a panel 
length of approximately 229 cm (90 in.). 

The VJ versus crack length plots for several applied stresses 
similar to those of Fig. 1, were obtained for various crack lengths 
using the procedure discussed previously. The VJR versus 
AapttY resistance curve of the Beta mill annealed Ti-6A1-4V 
skin material plotted at a physical half-crack length of 7.19 cm 
(2.83 in.) is superimposed on the plot. The resistance curve of 
the material is tangential to the VJ curve of the panel at an 
applied stress of p/Ftv = 0.66, where the first point of crack 
instability occurs after an initial period of slow crack growth. 
Immediately after the point of instability, the VJ curve for 
the panel drops below the resistance curve of the material. 
The crack will become arrested where the next stringer (angle) 
is connected to the skin. The resistance curve of the material 
is now replotted at a half-crack length of 13.97 cm (5.5 in., 
distance from center line of the stringer to the panel center line) 
where the crack became arrested. For this crack length, the 
VJ curve of the panel becomes tangent to the resistance curve 
at an applied stress of p/Fty — 0.69. Hence the second point 
of crack instability occurs at this stress and the crack runs 
catastrophically. 

The actual failure stress of the tested panel was 527. M N / m ' 
(76.45 ksi) compared to a predicted failure stress of 543.9 M N / m 2 

(78.86 ksi, corresponding to Fty = 788.3 MN/m 2 , 114.3 ksi). 
The predicted and actual failure stress of various panels tested 
in references [5 and 9] are given in Table 1. I t may be noted 
that most of the predicted values are higher than those observed. 

Application of the Resistance Curve Approach to 
Residual Strength Prediction of Cracked Pressure 
Vessels 

Consider a thin-walled, cylindrical shell with a longitudinal 
crack as shown in Fig. 4(a). The elastic analysis of such a 
structure has been carried out by several investigators [18-20]. 
The analysis of this study was carried out using the eighth-
order shell theory. The solution of the problem was reduced to 
dual integral equations which were solved numerically. The 
stress intensity factors have been obtained for various shell 
parameter values X given by 

Table 1 Comparison of predicted and measured strengths of various pansi geometries 

Type of panel 
Half-crack 
length "a" 

cm (in.) 
Residual strength M N / m 2 (ksi) 
Predicted Measured 

Percentage 
difference 

Riveted zee stiffeners with lands 5.42 (2.126) 276.1 
Bolted zee stiffeners with lands 5.40 (2.126) 276.1 
Adhesively bonded zee stiffeners with lands 5.20 (2.047) 302.0 
Riveted zee stiffeners with lands 11.20 (4.409) 189.6 
Bolted zee stiffeners with lands 11.75 (4.626) 186.2 
Adhesively bonded zee stiffeners with lands 10.70 (4.213) 198.6 
Intact stringer - thin skin 7.05 (2.776) 274.0 
Broken stringer - thin skin 7.00 (2.756) 237.0 
All-titanium panel 7.20 (2.835) 543.7 
Aluminum panel thick skin 11.20 (4.409) 255.3 

(40.05) 
(40.05) 
(43.80) 
(27.50) 
(27.00) 
(28.80) 
(39.73) 
(34.36) 
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(37.02) 

256.8 
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179.1 
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257.7 
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527.1 
267.4 

(37.25) 
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X = [12(1 - « - » ) ] » » - = 
VRh 

where 

v — Poisson's ratio 

a = half-crack length 

R = radius of shell 

/( = wall thickness of the shell. 

The elastic-plastic analysis of the cylindrical shell with an axial 
crack (Fig. 4(6)) was treated by Erdogan and Ratwani [21], 
assuming a Dugdale-type plastic zone ahead of the crack. The 
elastic-plastic analysis is complicated due to the fact that in 
shell structures there are bending, as well as extensional stress 
singularities. I t is assumed that in the plastic zone an unknown 
normal force N, and bending moment M per unit length are 
acting as noted in Fig. 4(6)). The three unknowns, A7, M, and 
the size of the plastic zone are obtained from the conditions 
that extensional and bending stress singularities vanish at the 
fictitious crack tip (ap of Fig. 4(6)). In addition, N and M sat­
isfy the following yield criteria 

N 

hFt„ 
6M 

h'F,, 
= 1, 

where Fty is the yield stress of the shell material. These three 
conditions result in highly nonlinear equations that were solved 
numerically in reference [21]. Plastic zone size and crack 
opening displacement 8 (COD) have been obtained for various 
shell parameters X [21]. A typical plot of 5 (COD) versus 
Nv/hFty (where JV0 is the membrane load perpendicular to the 
crack) for various values of X, is shown in Fig. 5. The relation 
between the J integral and 5 (COD) for the Dugdale-type 
plastic zone is as noted previously, J = 5Fty. From the 5 (COD) 
versus No/hFty curves of Fig. 5, a plot between VJ and crack 
length, a, can be obtained at various applied stresses by cross-
plotting if the shell geometry (R and h) is known. A typical 

H*- 2a *\ 

(a) CYLINDRICAL SHELL GEOMETRY 

f (b) FORCES IN THE PLASTIC ZONE 

Fig . 4 T h r o u g h - c r a c k g e o m e t r y in a p ressu r i zed she l l 
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plot for a 2014-T6 aluminum shell with a radius of 7.14 cm 
(2.81 in.) and a wall thickness of 1.52 mm (0.06 in.), is shown 
in Fig. 6. Note that each t/J versus, a, curve increases mono-
tonically with crack length; there are no extrema in the absence 
of stiffening members, hence there is no possibility of crack 
arrest. To evaluate the residual strength of this pressure vessel, 
the R curve of 1.52 mm (0.06 in.) thick, 2014-T6 aluminum at 
77K ( —320F) given in reference [4], is plotted at the desired 
crack length(s) in Fig. 6. I t is seen that for a = 5.08 mm (0.2 
in.), the point of instability is reached at No/hFtv = 0.5. Sim-
i'arly, points of instability can be obtained for other crack 
lengths, as shown. For example, with a = 17.78 mm (0.7 in.), 
Na/hFty = 0.16. Thus, the load-carrying capacity or residual 
strength of the shell is obtained for various crack lengths, as 

E = YOUNG'S MODULUS d = aF, /E 

0 0,2 0.1 0,6 0 

Vh F t y 

F i g . 5 Crack o p e n i n g d i s p l a c e m e n t (a t X = a) for a p r e s s u r i z e d 
c y l i n d r i c a l she l l w i t h an ax ia l c rack 
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Fig . 6 Fa i lu re p r e d i c t i o n w i t h VJR cu rve fo r p ressu r i zed c y l i n d r i c a l 
she l l w i t h an ax ia l c r a c k 
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plotted in Fig. 7. Also indicated, are the experimental failure 
loads of the pressure vessels obtained from refeience [22]. Cor­
relation between analytical and experimental results is remark­
ably good. 

The stable crack growth prior to the point of instability, can 
also be obtained. Using the data of Fig. 6, a plot of crack ex­
tension versus crack length can be constructed, as shown in 
Fig. 8. The experimental results from reference [22] are also 
noted. It is seen that the trend of experimental data is similar 
to that derived from the analytical predictions. However, the 
magnitude differs significantly. The experimental crack ex­
tension data show a very wide scatter in data, perhaps due to 
lack of suitable techniques to measure crack extension. 

The plots of V7l versus half-crack length, a, similar to Fig. 6, 
for a shell with a geometry of R = 7.14 cm (2.81 in.), and 
h = 1.52 mm (0.06 in.), tested at 20K (-423F) were obtained, 
as described earlier. Assuming the resistance curve at 20K 
(-423F) to be similar to the one at 77K (-320F), the resistance 

curve of the material [4] at 77K ( — 320F) was plotted at various 
crack lengths to obtain the failure load. The load-carrying 
capacity of the shell for various assumed crack lengths is shown 
in Fig. 9, which also indicates the experimental results of refer­
ence [22]. The correlation of analytical and experimental re­
sults is good. 

It may be noted that the shell analysis presented here is 
based on the assumption that the wall thickness-to-radius (h/R) 
ratio is sufficiently small to allow the cylindrical vessel to be 
treated as a shallow shell. The analysis may be used up to a 
h/R equal to about 0.1 [20]. 

Conclusions 
A resistance curve approach can be successfully used to pre­

dict the residual strength of thin-skin structures with consider­
able amounts of crack tip plasticity and slow tear. By the use 
of the \/J and VJR curves, it is also possible to predict stable 
crack growth and crack arrest. 
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