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Abstract Commercial packages for transient circuit simulation are often based on
the modified nodal analysis (MNA) which allows an automatic setup of model equa-
tions and requires a nearly minimal number of variables. However, it may lead to
differential-algebraic equations (DAESs) with higher index. Here, we present a hy-
brid analysis for nonlinear time-varying circuits leading to DAEs with index at most
one. This hybrid analysis is based merely on the network topology, which possi-
bly leads to an automatic setup of the hybrid equations from netlists. Moreover, we
prove that the minimum index of the DAE arising from the hybrid analysis never ex-
ceeds the index from MNA. As a positive side effect, the number of equations from
the hybrid analysis is always no greater than that one from MNA. This suggests that
the hybrid analysis is superior to MNA in numerical accuracy and computational
effort.

1 Introduction

When modelling electric circuits for transient simulation, one has to regard Kirch-
hoff's laws for the network and the constitutive equations for the different types of
network elements. They are originally based on the branch voltages and the branch
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currents existing in the network. They form the basis for all modelling approaches
as for instance the popular modified nodal analysis (MNA).

Concerning the huge number of variables involved (all branch voltages and
branch currents), one is interested in a reduced system reflecting the complete circuit
behaviour that can be generated automatically. Whereas MNA focuses on a descrip-
tion depending mainly on nodal potentials, the hybrid analysis approach [1] here
employs certain branch voltages and branch currents obtained from a construction
of a particulamormal tree

A normal tree is a tree containing all independent voltage sources, no indepen-
dent current sources, a maximal number of capacitive branches, and a minimal num-
ber of inductive branches. Normal trees have already been used in [2] for state ap-
proaches for linear RLC networks. The results have been extended in [3] for linear
circuits containing ideal transformers, nullors, independent/dependent sources, re-
sistors, inductors, capacitors, and, under a topological restriction, gyrators.

The hybrid analysis is a common generalization of the loop analysis and the
cutset analysis. Kron [4] proposed the hybrid analysis in 1939, and Amari [5] and
Branin [6] developed it further in 1960s. In contrast to MNA, the hybrid analysis
retains flexibility in the selection of a normal tree, which can be exploited to find a
model description that reduces the numerical difficulties.

The differential-algebraic equations (DAESs) arising from the hybrid analysis are
called thehybrid equationsRecently, the analysis of thedexof the hybrid equa-
tions has been developed. For linear time-invariant RLC circuits, it is shown in [7]
that the index of the hybrid equations never exceeds one, while MNA often results
in a DAE with index two. Moreover, [7] gives a structural characterization of cir-
cuits with index zero. For linear time-invariant electric circuits which may contain
dependent voltage/current sources, an algorithm for finding an optimal hybrid anal-
ysis which minimizes the index of the hybrid equations was proposed in [8].

For nonlinear time-varying circuits, this paper shows that the index of the hybrid
equations is at most one, and gives a structural characterization for the index being
zero, which is an extension of the results in [7]. By this structural characterization,
we prove that the minimum index of the hybrid equations does not exceed the index
of the DAE arising from MNA (cf. [9-11]). Here, we follow the hybrid analysis
approach in [8] but use projection techniques (cf. [10]) in order to prove the index
results for general nonlinear time-varying circuit systems.

The organization of this paper is as follows. In Section 2, we describe nonlinear
time-varying circuits. We present the procedure of the hybrid analysis in Section 3.
We analyze the hybrid equation system in Section 4, and characterize its index in
Section 5. All the technical proofs omitted in this paper can be found in [12].

2 Nonlinear Time-Varying Circuits

Here, we consider nonlinear time-varying circuits composed of resistors, conduc-
tors, inductors, capacitors, and voltage/current sources.
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We denote the vector of branch currentd land the vector of branch voltages by
u. The vector of currents through independent voltage sources, independent current
sources, capacitors, inductors, resistors, conductors, controlled current sources, and
controlled voltage sources are denoted\byiy, ic, iL, ir, ic, is;, andig,. Similarly,
the vector of voltages are denoted by, uj, uc, UL, UR, Ug, Us,, andus,. The
physical characteristics of elements determinastitutive equationdndependent
voltage and current sources simply read as

uy =vs(t) and iy=js(t). 1)

Capacitors and inductors can be modelled by

. d d .
|C=aq(uc,t) and u._:awﬂbt). (2

Moreover, we assume that conductors and resistors are descritigd=by(ug,t)
andugr = r(ir,t). Finally, let the controlled sources be given in the formgf=
y(is,,Us),t) andus, = p(is,,Us;,t).

A square matriXJ is calledpositive definitdéf x "Ux > 0 for all x # 0. In this
paper, we assume the following conditions.

Assumption 1 The capacitance matrig, the conductance matri®, the resistance
matrix R, the inductance matrik, and the controlled source matr&given by

9p 9p
_99 G_99 p_9r | _99 _ | 9is dus,
“=ou ®Tauwe Far “Ta ™ ST oy oy
0i3, dUSJ

are all positive definité.

Introducinguy := (:G> Uz:
S

]

< 9(uc,t) )), andh(iz, uy,t) :

(5;)& — (ii;)’iz - (ii;>,f(iz,uv,t) -

( r(ir,t) ),We find

y(is,,Us),t p(is,,Us;,t)
iy =f(iz,uy,t), uz="h(iz,uy,t) 3)
oh oh
and the matri "dj ddi to be positive definite because of Assumption 1.

3iz 0UY
LetI” = (W,E) be the connected network graph with vertex\&eand edge set
E. An edge inl" corresponds to a branch that contains one element in the circuit.
For a consistent model descriptidn,contains no cycles consisting of independent

1 Assuming the controlled source matfo be positive definite is very restrictive and usually not
fulfilled when controlled sources are considered alone. However, controlled sources are often used
to describe certain transistor behaviour. Considering the whole static behavior of a transistor (e.qg.
including bulk resistances) as a controlled source may lead to a positive definite &atrix
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voltage sources only and no cutsets consisting of independent current sources only.
We splitE into Ey andE;, i.e.,E,UE, = E andEyNE, = 0. A partition (Ey,E;) is

called anadmissible partitionif Ey includes all the independent voltage sources, all
the capacitors, all the conductors as well as all the controlled current sources, and
E; includes all the independent current sources, all the inductors, all the resistors as
well as all the controlled voltage sources.

We call a spanning tre€ of I' areference treéf T contains all the edges of the
independent voltage sources, no edges of the independent current sources, and as
many edges ity as possible. Note that a reference ffemay contain some edges
in E;. A reference tree is callegormalif it contains as many edges corresponding
to capacitors and as few edges corresponding to inductors as possible. The cotree of
T is denoted byl = E\ T. The hybrid equations are determined by an admissible
partition (Ey, E;) and a reference trek, which is not necessarily normal. For the
sake of simplicity, we adopt a normal reference tree throughout this paper.

With respect to a normal reference tieewe further split andu into
i = (iv,i&,i%,i%,if,id,id,id i} is)" andu=(uy,u&,ud,ul,uf,ud ud,ud, ud us)’,
where the superscriptsandA designate the tre€ and the cotred. With respect
to a normal reference tréig the vector valued functiohis also split intof T andf” .

This meansy = f7(iz,uy,t) andid = A (iz,uy,t). Similarly, we splith, g, ande.

By the definition of a normal reference tree, faedamental cutset matrix is

given by

iv i& iy i il ié i<\( ié iﬂ i3
| 0 0 0 0 AVC A\/Y AVZ AVL AVJ
0 I 0 0 0 Acc Acy Acz Acl Acs
K= 0O 0O 1 0 O 0 Ayvy Avz AL Ayyg
0O 0 o1 o 0 0 Azz Azl Az
0O 0O 0O O 1 0 0 0 AL Ay

ThenKirchhoff’s current lam(KCL) may be written a¥i = 0. Kirchhoff’s voltage
law (KVL) providesKu = 0 with K- being thefundamental loop matrix

Uy ug ul e ouf uwd wouw ut
“Aec A, 0 0 0 1 0 0 0 0
o |-Ay AL Ay 0 0 0 1 0 0 0
T 1 T T
R T RN
AL Ao AL A A
Ay A Ay Ay Ay 00 0 0

3 Hybrid Analysis

In this section, we describe the procedure of the hybrid analysis. The idea is to use
all constitutive equations such that the equatigms= 0 and K-u = 0 provide a
system depending anf, uy, i%, andiﬂ only. The details are described in [12]. The
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second and third line oKi = 0 as well as the third and fourth line &f-u =0
provide us thédybrid equationgor hybrid equation system

—ACUE — AP UG — AZ-hT DY = AG(t),
—AGLUE — Ay Uy —Ag hT — ALLa(pT + &(PA = AJLVs(t),

A, d d .
Aoyt +Acziz +Actil + A" +Acc @ = —Aciis(t),

T+ Arvf? + Avzid + Aviil = —Aviis(b),
where
g = q(ul, Avevs(t) +ALcuE t), @ = @(—ALLit — ALjs(t),if 1),
f = f(—Azzi% — Azil — Azajs(t), 2, Uy, AJyVs(t) + AlyUE + Afyuy ),
h = h(=Azzi} — Azi} — Azajs(t), i3, Uy, AJyVs(t) + ALyUE + Apyud, ).

The procedure of the hybrid analysis is as follows.

1. The values ofiy andij are obvious from (1).

2. Compute the values @4, i andug, u? by solving the hybrid equations.

3. Compute the values 6§, i from the fourth and fifth line oKi = 0 (KCL) and
ud, u from the first and second line d¢f-u = 0 (KVL) by substituting the
values obtained in Steps 1-2.

4. Compute the values af, ud, uf, uf, andig, i3, il, i} by substituting the values
obtained in Steps 1-3 into (2) and (3).

5. Compute the values @f anduj by substituting the values obtained in Steps 1-4
into the first line of KCL and the fifth line of KVL.

All operations in Steps 3-5 are substitutions and differentiations of the obtained
solutions. Consequently, the numerical difficulty is determined by the index of the
hybrid equation system. Higher index variables as known from MNA do not appear
in the hybrid equation system. In this paper, we prove that the hybrid equation sys-
tem has index at most one. The proof relies ontthetability indexconcept for
DAEs with the use of a projector based analysis.

4 Hybrid Equations with Properly Stated Leading Term

Consider a DAE in the form of

A%d(x(t),t)—kb(x(t),t) =0. 4)
Let A be anm x n matrix. We defineD(x,t) := 0d(x,t)1 B(x,t) := M and

X
M(x,t) := AD(x,t). A matrix P satisfyingP? = P is called aprojector.

Jx
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Definition 1 ( [13, Definition 2.1]). The equation (4) is ®AE with properly stated
leading termif the size ofD(x,t) is n x m, kerAg¢ imD(x,t) = R" holds for all
x andt from the definition domain, and there is anx n projector functionP(t)
continuously differentiable with respect tasuch thatkerP(t) = kerA, imP(t) =
imD(x,t), andd(x,t) = P(t)d(x,t).

A DAE with properly stated leading term (4) arises in circuit simulation via anal-
ysis methods such as MNA [14]. A DAE with properly stated leading term was first
introduced in [15]. The analysis of such DAEs has been developed in [14,16-19].

Obviously, the DAE (4) represents a regular ODE if and only if the mairix;t)
is nonsingular for alk andt of the definition domain. In this case we say that the
DAE (4) has index 0. In the case of a singular malfigx,t) for all x andt, the DAE
(4) contains algebraic equations. Furthermore, one may have to differentiate certain
part of the system to get a solution. A simple criteria for the absence of this problem
is given by the tractability index 1 condition (see [13], Theorem 4.3).

Definition 2 ( [13, Definition 3.3]). The DAE (4) isregular with index 1lon
their definition domain ifM(x,t) is singular anckerD(x,t) N {z € R™| B(x,t)z €
imM(x,t)} = {0} for all (x,t) of the definition domain.

Remark 1( [20, Remark 4.6]) A DAE (4) is regular with index 1 if and only if the
matrix M(x,t) 4+ B(x,t)Q(x,t) is nonsingular for alk andt with a projectorQ(x,t)
satisfyingim Q(x,t) = kerM(x,t).

We rewrite the hybrid equation system as a DAE with properly stated leading
term. Areflexive generalized inversd a matrix A is a matrixA~ which satisfies
AA"A=AandA”"AA" = A". Let us define

0 000 @ (—ALLIP — ALjs(),id 1)
“AL 10 0 | @ (AL — ALs(), iR )

A= LL dix,t) =A"A L st 1L,

0 01Ac | 4V A (UE, A vs(t) +ALUL, 1) |

0 00 O q’ (uE, AJevs(t) + Alcul,t)

i% *Mz‘#s(t)*Agng: *TA\IZL&*TA;zQTthA

i —Ay Vs(t) —Ac Ul — Ay ul — Az h
X(t) — Lr ) b(X,t) — A\/Lf)?( ) A_C}\L C A.‘XL Y o TZL

ug Acyf? +Aczif + Actii +Acis(t)

u\T( fT+AyyfA —I—Ayzi’z\ +AYLiﬁ +AYJjS(t)

This gives the hybrid equation system in the form of (4). Under Assumption 1, the
hybrid equation system (4) is shown to be a DAE with properly stated leading term.

5 Index of Hybrid Equations

In this section, we show that the index of the hybrid equations is at most one, and
give a structural criteria for hybrid equations with index zero. We now introduce the
Resistor-Acyclic conditiofor admissible partitioEy, E,).
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[Resistor-Acyclic condition]

e Each conductor and controlled current sourcBjitvelongs to a cycle consist-
ing of independent voltage sources, capacitors, and itself.

e Eachresistor and controlled voltage sourcEjbelongs to a cutset consisting
of inductors, independent current sources, and itself.

Consider the graph obtained from™ = (W,E) by contracting all edges of inde-
pendent voltage sources and capacitors and deleting all edges of inductors and inde-
pendent current sources. The Resistor-Acyclic condition means tisaicyclic [7].

Theorem 1.Under Assumption 1, the index of the hybrid equations is at most one
for any admissible partitior{Ey,E;) and normal reference tre&. Moreover, the
index is zero if and only if an admissible partiti¢ky, E;) satisfies the Resistor-
Acyclic condition.

Here we present only a sketch of the proof. Details are given in [12]. Computation
of the matrixM(x,t) + B(x,t)Q(x,t) leads to (omitting the arguments)

Bz 0 0 -AJ,+By |
« ML O * | o
« 0 Mc =« for Q= 0

Avyz+B 0 O By |

M+BQ=

. B, —Al,+Bu 0 -A)
Here,M_ andMc are nonsingular an Z = YZ
L c g éAYZ"i'BF By Avz O *

(gi gt) is a sum of a positive semidefinite and a positive definite matrix. These
LO

properties implyM + BQ to be nonsingular. Sinc&D(x,t) = A (0 c

) AT holds,

also the second statement of Theorem 1 is clear.

By Theorem 1, we can prove that the minimum index of the hybrid equations
never exceeds the index of the DAE arising from MNA for nonlinear time-varying
circuits without controlled voltage/current sources.

Remark 2 A simple algorithm for finding the optimal admissible partition is given
in [7]. See [7, Examples 4.13-4.14] for circuit examples, which trace the procedure
of the hybrid analysis and make comparisons between the hybrid analysis and MNA.

Remark 3For nonlinear time-varying circuits composed of resistors (all modelled

as conductances), inductors, capacitors, and voltage/current sources, the dimension
of the hybrid equation system is no greater than that one for the MNA system. This
is becauselim(ug,uy) < n for n being the number of nodes of the circudim i}

is not greater than the number of inductors in the systemda'mdi% is not greater

than the number of (controlled) voltage sources of the system.
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