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The effects of rarefaction on convective heat transfer and 
pressure drop characteristics are numerically evaluated for uniform 
wall heat flux rectangular microchannels. Results are obtained by 
numerically solving the momentum and energy equations with 
both first- and second-order slip velocity and temperature jump 
boundary conditions. The resulting velocity and temperature fields 
are then evaluated to obtain the microchannel Poiseuille and 
Nusselt numbers. In addition to the effects of rarefaction, the 
effects of aspect ratio, thermal creep flow, and viscous dissipation 
are investigated for locally fully developed Poiseuille and Nusselt 
numbers. The constant wall heat flux results obtained in this study 
are compared to constant wall temperature results obtained 
previously, using the same numerical algorithm, at various aspect 
ratios including the limiting case of parallel plate microchannels. 
In addition to supplying previously unreported data on slip flow 
convective heat transfer and pressure drop characteristics, these 
results verify the numerical algorithm for more complex future slip 
flow analyses.  
 
NOMENCLATURE 
AR aspect ratio, hb  
b one-half the channel width 
Br Brinkman number,  
 h

"
wmH DquBr 2

2 µ= , ( )wimT TTkuBr −= 2µ  
cp specific heat at constant pressure 

Dh hydraulic diameter, ( )bhhb +4  

f friction factor, 28 mavg,w uρτ  
h one-half the channel height 
k thermal conductivity 
L channel length 
Kn Knudsen number, hDλ  

Ma Mach number, ( ) πγ2PrKnPe ⋅  

Nu Nusselt number, ( )mwh
"

avg,w TTkDq −  
Pe Peclet number, RePr⋅  
Po Poiseuille number, Ref ⋅  
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"
w  heat flux normal to the wall 
 gas constant 
e Reynolds number, µρ hmDu  
 fluid temperature 
i inlet temperature 
m mixed mean temperature 
w wall temperature 
 streamwise velocity 

c creep velocity, ( )( )( )
0

43
=

∂∂
y

xTTρµ  

m mean velocity 
 wall normal velocity 
, y, z Cartesian coordinates 

reek Symbols 
 gas/wall interaction parameter, vt ββ  
t first-order temperature jump coefficient,  

( )( )( )Prtt 1122 γγσσ +−  

v first-order velocity slip coefficient, ( ) vv σσ−2  
vKn rarefaction parameter 
 ratio of specific heat capacities 
 molecular mean free path, ( )πρµ RT2  
 dynamic viscosity 
 density 
t thermal accommodation coefficient 
v momentum accommodation coefficient 
w wall shear stress 

ubscripts 
2 constant wall heat flux thermal boundary condition 
 nominal continuum value 
 constant wall temperature thermal boundary condition 
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INTRODUCTION  
Many technological advances in computation speed, power 

supply requirements, diagnostics, and control issues are contingent 
on the reduction of thermal fluid systems to the microscale. 
However, as thermal fluid system sizes are reduced, effects that are 
negligible at a macroscale may become significant, and thus 
change the predicted behavior of these systems at a microscale. For 
gaseous flows, some of these effects include compressibility, 
rarefaction, and viscous dissipation. Fundamental to the design of 
many thermal fluid systems is the accurate evaluation of pressure 
losses and convective heat transfer rates. As such, the assessment 
of these characteristics in microchannels has been an active area of 
research.  

The most common means of analytically or numerically 
modeling a rarified flow within the slip regime is through the 
use of slip velocity and temperature jump boundary conditions 
applied to the conventional continuum momentum and energy 
equations. The original slip velocity boundary condition, given 
in Eq. (1), and temperature jump boundary condition, given in 
Eq. (2), were derived by Maxwell [1] and Smoluchowski [2], 
respectively.  
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The first term in Eq. (1) is the velocity slip due to the shear 
stress at the wall, and the second term is the thermal creep 
velocity, uc, due to a temperature gradient tangential to the wall. 
Equations (1) and (2), as well as subsequent equations, are 
presented in a format assuming a Cartesian coordinate system, 
a wall normal direction (y), and a streamwise direction (x). To 
reduce the number of variables involved, the nondimensional 
parameters βv, βt, βvKn, and β, as defined in the nomenclature, 
are used hereafter, rather than the coefficients of Eqs. (1) and 
(2). βvKn is representative of the level of rarefaction, where 
βvKn = 0, corresponds to continuum conditions, and βvKn ≈ 
0.10, corresponds to the approximate upper limit of the slip 
regime. β is representative of the gas/wall interactions, where β 
= 0 corresponds to the artificial condition of zero temperature 
jump with nonzero slip velocity, β ≈ 1.667 corresponds to 
typical values for air (γ = 1.4, Pr = 0.7) when σv = σt = 1, and β 
values as high as 100 are possible. 

The boundary conditions given in Eqs. (1) and (2) are first-
order approximations, in Kn, and only applicable in the slip 
flow regime. In an attempt to improve the accuracy of the first-
order slip model given in Eqs. (1) and (2), and extend the 
continuum equations’ range of applicability into the lower 
transition regime numerous modifications and second-order slip 
models have been proposed. The boundary conditions derived 
by Deissler [3], given in Eqs. (3) and (4), and the boundary 
conditions suggested by Karniadakis and Beskok [4], given in 
Eqs. (5) and (6), are two of the more common second-order slip 
boundary condition models. 
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Previous studies have shown second-order boundary 

onditions to be useful in some cases with respect to evaluating 
icrochannel velocity profiles [4], mass flow rates, and/or 

ressure distributions [5,6]. However, before any conclusions 
egarding the usefulness or accuracy of any particular second-
rder slip boundary condition model is made, its ability to 
ccurately predict convective heat transfer must also be 
ssessed. Currently, experimental data on convective heat 
ransfer rates within the slip flow regime do not exist. The 
ajority of previous microchannel studies have analytically or 

umerically evaluated the effects of rarefaction using first-order 
elocity slip and temperature jump boundary conditions. 
lthough, several recent studies have used second-order slip 
oundary conditions to evaluated pressure loss and convective 
eat transfer rates [4,7-12], the particular case of a rectangular 
icrochannel geometry with constant axial and peripheral heat 

lux (H2 thermal boundary condition) has not yet been 
eported.  

While creep flow is typically negligible for a fully developed, 
onstant wall temperature flow, creep effects may become 
ignificant for constant wall heat flux flows within the slip regime. 
or a parallel plate geometry with constant wall heat flux boundary 
onditions, the effect of creep flow has been shown to significantly 
lter the pressure losses and convective heat transfer rates from 
hat predicted when creep flow is neglected [9,10]. However, the 
ffect of creep flow on fully developed, constant wall heat flux, 
ectangular microchannel pressure losses and convective heat 
ransfer rates has been neglected in previous studies. 

Because the function of many microfluidic systems is 
ooling, viscous dissipation becomes a limiting factor that must 
e accurately represented. The Brinkman number is typically 
sed to characterize the magnitude of viscous dissipation and 
low work for a gaseous flow. In macroscale systems, viscous 
issipation effects are only significant for high velocity or 
ighly viscous flows. However, in microscale flows viscous 
issipation effects may also become significant due to small 
emperature gradients and very large ratios of channel length to 
ydraulic diameter, which result in large velocity and pressure 
radients. Recently, several studies have focused specifically 
n viscous dissipation effects for slip flow convective heat 
ransfer [11-19]. However, the effect of viscous dissipation on 
ectangular microchannels with H2 thermal boundary 
onditions has not yet been reported. 
2 Copyright © 2007 by ASME 
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The objectives of this study are to numerically evaluate the 
effects of rarefaction on convective heat transfer and pressure 
drop characteristics for rectangular microchannels with uniform 
wall heat flux (H2 thermal boundary conditions). First- and 
second-order slip velocity and temperature jump boundary 
conditions are used with the continuum momentum and energy 
equations to numerically obtain the local thermally and 
hydrodynamically fully developed microchannel velocities and 
temperatures. The effects of aspect ratio, rarefaction, gas/wall 
interactions, creep flow, and viscous dissipation with flow work 
on convective heat transfer rates and friction loads are then 
evaluated through the Nusselt number, Nu, and Poiseuille 
number, Po, respectively.  Additionally, the constant wall heat 
flux results are compared to previously obtained constant wall 
temperature results [12]. 

COMPUTATIONAL MODEL 
The computational fluid dynamics (CFD) algorithm used for 

this study has been described, and verified for previous 
microchannel investigations [10-12]. The algorithm is based on 
ICE (Implicit, Continuous-fluid Eulerian), which is a finite 
volume, multi-material CFD method. The ICE implementation 
used in this study is well developed and documented [20-22]. 
The code is three-dimensional, fully compressible, unsteady, 
and capable of modeling variable fluid properties, fluid-
structure interactions, and chemical reactions. To accurately 
model microchannel flows, the algorithm has been modified to 
optionally model any of the first- or second-order slip boundary 
conditions models presented in Eqs. (1) – (6), creep flow, and 
viscous dissipation. The implementation of these modifications 
is consistent with the original code in being numerically 
second-order accurate both spatially and temporally. 
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Figure 1. Channel geometry. 
 

Numerical results are obtained for the three-dimensional, 
continuum, momentum and energy equations with both first- and 
second-order slip velocity and temperature jump boundary 
conditions for the flow configuration illustrated in Fig. 1. The 
flow is modeled assuming laminar flow of a Newtonian, ideal 
gas, with constant properties (cp, k, µ) of air. To decrease the 
computational time required to reach a solution, only one 
quarter of the symmetric microchannel is modeled. The 
resulting velocity field is then evaluated to obtain the Poiseuille 
number, Po, which is an indication of the pressure drop 
characteristics and the temperature field is evaluated to obtain the 
Nusselt number, Nu, which represents the convective heat transfer 
characteristics.  
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Solution Criteria 
 For the numerical solutions to be comparable to previous 

first-order analytic solutions [23,24], the flow must be nearly 
incompressible. To achieve this criterion, a Mach number of 
approximately 0.05 or less is maintained. For the low Pe values 
used in this study, a channel length of 12h is found to be 
sufficient for Po and Nu values to become locally fully 
developed while avoiding significant compressibility effects 
due to a longer channel. For all cases, a uniform inlet velocity 
and temperature are specified while the outlet temperature and 
velocity profiles are allowed to evolve to their locally fully 
developed profiles.  The inlet velocity, inlet temperature, outlet 
pressure, and wall temperature or wall heat flux are specified to 
obtain the desired flow Pe, uc/um, BrH2 or BrT, and Kn.  

Because the algorithm is unsteady, all of the flow 
properties must evolve from a set of initial values to steady 
state conditions subject to the boundary conditions. The initial 
velocity field is zero and the initial temperature field is equal to 
the inlet temperature. The convergence criteria for each time 
step is a mass flux residual less than 10-10 for each control 
volume. The criterion used to establish that the flow is steady 
state is, ( ) 11 ++ − nnn uuu  ≤  1010− and  ( ) 11 ++ − nnn TTT   ≤  

1010− , for each control volume, where n is the number of the 
time step. The magnitude and number of time steps required to 
reach steady state are dependent on the grid resolution, βvKn, 
and Pe.   

 
Grid Convergence  

To assure that each numerical result is sufficiently accurate 
and converges to a grid independent solution, grid resolution 
studies have been completed for each numerical Po and Nu. 
Table 1 presents the grid resolution studies for NuH2 with βvKn 
= 0, and AR = 1, 2, and 5. For each aspect ratio the relative 
change in NuH2 is less than 0.5% between the two highest grid 
resolutions. These data indicate that the numerical algorithm 
converges with approximately second-order numerical 
accuracy, and that the highest grid resolution tested for each 
AR, is sufficiently accurate. Based on these data, all of the 
following results are obtained using the finest grid resolution 
given in Table 1.  

 
Table 1. Grid resolution effects on rectangular channel, 

continuum flow NuH2 with comparison to analytic solutions. 
 
AR grid resolution NuH2 

present 
NuH2 
[23] 

NuH2 
[24] 

NuH2 
[25] 

NuH2 
[26] 

101060 ××  3.175 
2020120 ××  3.108 1 
4040240 ××  3.092 

3.10 3.135 3.09 3.091

201060 ××  3.070 
4020120 ××  3.031 2 
8040240 ××  3.022 

3.03 3.065 3.02 3.022

501060 ××  2.964 
10020120 ××  2.936 5 
20040240 ×× 2.929 

2.90 2.961 2.93 2.922
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Code Verification 
The algorithm’s ability to model first- and second-order 

velocity slip and temperature jump boundary conditions as well 
as creep flow and viscous dissipation has been verified 
previously for two-dimensional flows with either constant wall 
heat flux or constant wall temperature boundary conditions 
[10,11]. For rectangular microchannel flows with a constant 
wall temperature boundary condition, the algorithm’s ability to 
model first- and second-order velocity slip and temperature 
jump with viscous dissipation and axial conduction was 
verified in [12]. To verify that the algorithm also accurately 
models rectangular microchannel flows with constant wall heat 
flux boundary conditions, the numerically computed first-order 
slip NuH2, without viscous dissipation or creep flow effects, are 
compared to the analytically computed values given by [23] 
and [24] in Figure 2.   
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Figure 2. Comparison of numerically and analytically 

computed NuH2 for rectangular channel first-order slip flow. 
 
Although, this comparison demonstrates that the 

numerically computed NuH2 values closely agree with the 
analytically computed values of [24], for all values of βvKn,  β, 
and AR investigated, the numerical values are an average of 
1.26% lower. However, referring to the data presented in Table 
1 for continuum flow, the values given by [24] are an average 
of 1.39% higher than all other references [23,25,26], while the 
average difference between the numerically computed values, 
at the highest grid resolution, and all other references 
[23,25,26] is negligible. Based on this observation, it is 
assumed that while the differences between the analytical 
values of [24] and the present numerically computed values are 
slight, the numerically computed values are more accurate. The 
analytically computed values of [23] for β = 1.667 and AR = 1 
are all within 0.5% of the present numerical data. However, for 
AR = 2 and 5 there is nearly a 10% difference between some of 
the analytic and numeric data. This discrepancy is attributed to 
the fact the NuH2 values of [23] were derived with Kn defined 
as λ/2b, rather than the current definition, Kn = λ/Dh. Although 
this has been accounted for in presenting and comparing the 
data of Fig. 4, it appears that some accuracy in the analytic 
solution is lost under the current definition. Because the 
numerical data follow the expected AR trends, the current 
numerical solutions are again assumed to be more accurate, at 
least for the current definition of Kn.   
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RESULTS AND DISCUSSION 
An evaluation and summary of the effects of first- and second-

order slip boundary condition models, creep flow, and viscous 
dissipation on rectangular microchannel pressure drop and 
convective heat transfer characteristics are presented in Figs. 3 - 7. 
All Po and Nu are normalized by nominal continuum values 
without creep flow or viscous dissipation effects, Poo and Nuo, 
respectively. All numerically computed values are specified by 
symbols, with the connecting lines representing the data trend. 
All other relevant flow parameters are indicated in the Figures. 
 
Rarefaction Effects 

Fully developed Po/Poo, for the different slip flow 
boundary condition models, are presented in Fig. 3 for AR = 1, 
2, 5, and ∞. The boundary conditions are first-order slip [1,2], 
Eqs. (1) and (2), second-order Deissler slip [3], Eqs. (3) and 
(4), and second-order Karniadakis and Beskok slip [4], Eqs. (5) 
and (6). For these data Pe = 0.5, BrH2 = 0, and uc/um = 0. 

The data in Fig. 3 indicate that Po/Poo decreases with βvKn 
for all AR, and that the effect of AR on Po is significant in both 
the continuum and slip flow regimes. Within the continuum 
flow regime, Poo decreases from 96, for AR = ∞, to 56.9, for 
AR = 1, due to the reduced average wall shear stress caused by 
the proximity of the corners. Within the slip flow regime, 
increasing rarefaction, βvKn, increases the slip velocity at the 
walls, which results in a flatter velocity profile with reduced 
wall velocity gradients and consequently reduces Po/Poo for all 
AR. Although Po/Poo decreases with βvKn for all AR, the slip 
velocity is a function of both βvKn and the average wall 
velocity gradients, which are larger for higher AR flow, and as a 
result Po/Poo decreases more significant for higher AR flows.  

The data in Fig. 3 also illustrate that second-order slip 
terms become more significant as βvKn increases. However, the 
two second-order models have opposite effects when compared 
to the first-order boundary condition data. This result is 
expected, due to the opposite signs of the second-order 
coefficients, given in Eqs. (3) and (5). As compared to the first-
order boundary condition data, the second-order Deissler 
boundary conditions result in an increase in the slip velocity 
and consequently reduce Po/Poo with βvKn, while the second-
order Karniadakis and Beskok boundary conditions result in a 
decrease in the slip velocity and consequently increase Po/Poo 
with βvKn. Second-order effects are more significant for larger 
AR due, again, to the larger average wall velocity gradients.  
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Figure 3. Effect of first- and second-order slip 

boundary conditions on fully developed Po/Poo. 
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Figure 4. Effect of first- and second-order slip boundary 
conditions on fully developed NuH2 /Nuo and NuT/Nuo. 

a) AR = 1, b) AR = 2, c) AR = 5, d) AR = ∞ 
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Fully developed NuH2 and NuT are presented in Fig. 4 for 
the same slip flow boundary condition models, Pe, BrH2, BrT, 
uc/um, and AR values as in Fig. 3. The data in Fig. 4 indicate 
that both NuT and NuH2 may increase or decrease with βvKn, 
depending on β, for all AR investigated, and that the effect of 
AR on NuT is more significant in both the continuum and the 
slip flow regimes than it is for NuH2. Within the continuum flow 
regime NuT, increases significantly from 3.36, at AR =1, to 
8.06, at AR = ∞ (Pe = 0.5). This variation is due to the reduced 
average wall heat flux caused by the proximity of the corners at 
lower AR. NuH2 however, is nearly constant with respect to AR, 
i.e., it decreases approximately 6% from 3.09, at AR = 1, to 
2.91, at AR = 10, and does not approach the AR = ∞ value of 
NuH2 = 8.235 [25]. This behavior is due to the H2 boundary 
condition, for which the heat flux is constant both axially and 
peripherally, and as such the heat flux on the two side walls 
will always have an effect, even at large AR, and the average 
wall heat flux remains unchanged, even for small AR.  

The data trends in Fig. 4 for the slip flow regime are 
related to the fact that as rarefaction, βvKn, increases, both the 
slip velocity and the temperature jump at the wall increase, for 
β ≠ 0. An increase in the slip velocity enhances the energy 
exchange near the wall, which tends to increase both NuT and 
NuH2, as displayed when β = 0. However, for β ≠ 0, increasing 
βvKn also increases the temperature jump, which reduces the 
energy exchange, increases the mean temperature difference, 
and tends to decrease both NuT and NuH2. While the wall heat 
flux is independent of AR and βvKn for the H2 boundary 
condition, the average wall heat flux for the constant wall 
temperature boundary condition is reduced for both decreasing 
AR, and increasing βvKn. These effects result in a less 
significant increase in NuT due to slip, when β = 0, and a more 
significant decrease in NuT with βvKn, when β ≠ 0, compared to 
NuH2.  

The results in Fig. 4 also indicate that second-order 
temperature jump terms become more significant as βvKn 
increases. For the constant wall temperature boundary 
condition the average wall normal first-order temperature 
gradient and the average wall normal second-order temperature 
gradient are of the opposite sign for all AR, β, and βvKn 
evaluated. This causes the second-order Deissler boundary 
conditions to predict an increase in the temperature jump 
(decrease in NuT), compared to the first-order boundary 
condition data; while the second-order Karniadakis and Beskok 
boundary conditions predict a decrease in the temperature jump 
(increase in NuT), compared to the first-order boundary 
condition data. For the constant wall heat flux boundary 
condition, the average wall normal first-order temperature 
gradient and the average wall normal second-order temperature 
gradient are of the same sign for lower AR and βvKn values, and 
of the opposite sign for increasing AR and βvKn values. This 
causes the second-order Deissler boundary conditions to predict 
a decrease in temperature jump (increase in NuH2) for lower AR 
and βvKn, and an increase in temperature jump (decrease in 
NuH2) for higher AR and βvKn, compared to first-order 
boundary condition data; while the second-order Karniadakis 
and Beskok boundary conditions predict an increase in 
temperature jump (decrease in NuH2) for lower AR and βvKn, 
and a decrease in temperature jump (increase in NuH2) at higher 
AR and βvKn, compared to first-order boundary condition data.  
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Creep Flow Effects 

The effect of creep flow on fully developed Po/Poo and 
Nu/Nuo is presented in Figs. 5 and 6 respectively, for creep 
velocity to mean velocity ratios of -0.25, 0.00, and 0.25, and for 
AR = 1, 2, 5, and ∞. For these data first-order slip boundary 
conditions are used, Pe = 0.5, and viscous dissipation effects 
are neglected. NuT data are not presented, as creep flow is 
negligible for thermally fully developed constant wall 
temperature boundary conditions. Also, because creep flow is 
zero at βvKn = 0.00, creep flow effects on Po/Poo and Nu/Nuo 
are not presented for βvKn less than 0.01. Positive uc/um, creep 
flow in the same direction as the mean flow, is the result of 
heating; while negative uc/um, creep flow in the opposite 
direction of the mean flow, is the result of cooling.  

The data in Fig. 5 demonstrate that in addition to the AR 
and βvKn effects previously discussed, positive uc/um decreases 
Po/Poo for all AR, while negative uc/um increases Po/Poo for all 
AR. Positive uc/um increases the total slip velocity, which 
decreases the average wall shear stress and reduces Po/Poo. 
Conversely, negative uc/um decreases the total slip velocity at 
the wall which increases the average wall shear stress, thereby 
increasing Po/Poo. Also, because positive uc/um reduces the 
average wall shear stress there is less of a decrease in Po/Poo 
with βvKn, and because negative uc/um increases the average 
wall shear stress there is more of a decrease in Po/Poo with 
βvKn.  

There are several factors that contribute to the creep flow 
effect on NuH2, as presented in Fig. 6. Creep flow in the same 
direction as the mean flow increases the total slip velocity, 
which increases the energy exchange near the wall and tends to 
increase NuH2. Creep flow in the opposite direction of the mean 
flow decreases the total slip velocity, which decreases the 
energy exchange near the wall and tends to decrease NuH2. 
However, as rarefaction increases, the effect of the increasing 
temperature jump at the wall, for β ≠ 0, and decreasing velocity 
gradients decrease the energy exchange, which increases the 
mean temperature difference and reduces NuH2, as well as the 
effect of uc/um on NuH2. Although NuH2 for AR = ∞ follows the 
same general trends as NuH2 for AR = 1, 2, and 5 the effects of 
creep flow are reduced without the heat flux and creep flow 
contribution from the two side walls.  
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Figure 5. Effect of creep flow on fully developed Po/Poo. 
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Figure 6. Effect of creep flow on fully developed NuH2 /Nuo. 

a) AR = 1, b) AR = 2, c) AR = 5, d) AR = ∞ 
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Figure 7. Effect of viscous dissipation and flow work 

on fully developed NuH2 /Nuo and NuT/Nuo. 
a) AR = 1, b) AR = 2, c) AR = 5, d) AR = ∞ 
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Viscous Dissipation Effects 
The effects of viscous dissipation and pressure work on 

fully developed NuH2 and NuT and are given in Fig. 7 for AR = 
1, 2, 5, and ∞. For these data, first-order slip boundary 
conditions are used, Pe = 0.5, and uc/um = 0. Because µ is 
assumed to be constant, viscous dissipation has no additional 
effect on Po/Poo. The Po/Poo data corresponding to the data in 
Fig. 7 are the same as that given in Fig. 4 for first-order slip 
boundary conditions. 

The NuH2 data in Fig. 7 demonstrate that in addition to the 
AR and βvKn effects previously discussed, positive BrH2, 
heating, decreases Nu/Nuo for all AR, while negative BrH2, 
cooling, increases Nu/Nuo for all AR. Note that Nu/Nuo is 
unaffected by the pressure work contribution [13]. For heating, 
viscous dissipation increases the difference between the mixed 
mean temperature and the average wall temperature, thereby 
reducing Nu/Nuo. For cooling, viscous dissipation decreases the 
difference between the mixed mean temperature and the 
average wall temperature, thereby increasing Nu/Nuo. The 
effects of viscous dissipation are reduced for increasing 
rarefaction. This is due to the reduced velocity gradients caused 
by increasing slip. Although, NuH2 for AR = ∞ follows the same 
general trends as NuH2 for AR = 1, 2, and 5, the effects of 
viscous dissipation are increased without the heat flux 
contribution from the two side walls.  

The NuT data presented in Fig. 7 were obtained for Pe = 
0.5 and BrT = -0.2 however, for a given βvKn, β, AR, and slip 
boundary condition model, all incompressible flows with both  
viscous dissipation and flow work result in the same fully 
developed value of NuT, regardless of the value of Pe or BrT. 
For continuum flow, βvKn = 0, the effect of viscous dissipation, 
which generates thermal energy primarily near the wall, due to 
the larger velocity gradients, is balanced by the effect of flow 
work, which absorbs thermal energy, predominantly near the 
center of the flow due to the larger velocity magnitudes [13]. 
The result is a net wall heat flux of zero, and therefore NuT = 0. 
Within the slip flow regime, the slip velocity results in thermal 
energy generation, due to shear work, at the boundaries. This 
creates a nonzero wall heat flux and therefore a nonzero NuT. 
The shear work at the wall is dependent on both the slip 
velocity and the average wall shear stress. As βvKn increases, 
the slip velocity increases, and for the lower slip flow regime 
this increases the shear work and therefore increases NuT. 
However, as the slip velocity increases the average wall 
velocity gradients throughout the flow are also reduced. This 
reduces viscous dissipation within the fluid, increases the flow 
work near the wall and for the upper end of the slip regime 
leads to a decrease in the shear work at the wall. These effects, 
combined with the effect of the temperature jump, β, and AR 
result in the NuT trends displayed in Fig. 7 [12]. 

SUMMARY AND CONCLUSIONS  
The Poiseuille and Nusselt numbers for rectangular 

microchannels with both constant wall heat flux and constant 
wall temperature boundary conditions in the slip regime have 
been numerically calculated and compared. The resulting Po, 
NuH2, and NuT include the effects of second-order velocity slip 
and temperature jump boundary conditions, creep flow, and 
viscous dissipation with flow work. The numerical results for 
Po, NuH2, and NuT are presented in terms of the degree of 
rarefaction (βvKn); the gas/wall interaction parameter (β); creep 
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Downlo
flow (uc/um); and viscous dissipation (BrH2 or BrT). These 
results are valid for incompressible or nearly incompressible, 
locally fully developed, steady state flows. The numerical 
solutions for microchannel Po, NuH2, and NuT have been 
calculated using a continuum based three-dimensional, 
unsteady, compressible, CFD algorithm modified with slip 
boundary conditions.  

The results of this study indicate that the effects of second-
order slip boundary conditions, creep flow, and viscous 
dissipation with flow work are all significant within the slip 
flow regime for rectangular microchannels pressure losses and 
convective heat transfer rates. The significance of each of these 
terms depends on the degree of rarefaction, the gas/wall 
interactions, and the thermal boundary condition. The effects of 
second-order boundary conditions increase as rarefaction 
increases, with the two models studied having opposite effects 
when compared to first-order boundary conditions. The 
accuracy of solutions generated with the second-order boundary 
conditions requires comparison with experimental data, which 
does not currently exist. Creep flow results in an increase in 
NuH2 for heating and decrease in NuH2 for cooling by an amount 
dependant on uc/um, βvKn, β, and AR. Viscous dissipation 
increases NuH2 for cooling and decreases NuH2 for heating as a 
function of BrH2, βvKn, β, and AR. The combined effects of 
viscous dissipation, flow work, and shear work within the slip 
flow regime cause NuT to increase with increasing βvKn, by an 
amount dependent on AR and β. 
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