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Abstract. We investigate the entropic properties of a simple two-dimensional random
quasicrystal model: a random tiling by the 36° and 72° rhombi. Applying the transfer matrix
Monte Carlo (TMMC) method to random tilings for the first time, we have calculated the
entropy as a function of phason strain. We confirm earlier results that the state of zero
phason strain (i.e. ten-fold symmetry} has the largest entropy; the entropy is 0.4810 (5) per
tile. In addition, by fitting the dependence of the entropy on the phason strain we determined
the three stiffness constants in the phason elasticity, one of which is not measurable by
previous approaches. We compare the efficacy of the TMMC method with that of other
methods.

1. Introduction

1.1. Theoretical and experimental background

Since the first identification of materials with non-crystallographic leng-range order
in 1984 [1], extensive work has been done in the field [2-4]. Still the atomic structure
and the thermodynamic mechanisms of formation are unresolved. Itis not clear whether
the mechanisms of formation are the same for all alloys, or whether a number of
different models are needed to explain the broad range of selidification rates and
varying amounts of disorder of the different families of quasicrystal forming alloys.
There are currently three kinds of model: the icosahedral glass model, the perfect
quasicrystal model, and the random tiling model.

Until recently, all quasicrystals were produced by thermal quenching and had a
high degree of disorder [5]. Whereas the orientational correlation length was typically
a micron, positional correlation lengths were on the order of a few hundred angstroms
producing finite width diffraction peaks [6].

The icosahedral glass model [7, 8] is a non-equilibrium model where the system is
grown from a seed icosahedron by adding icosahedra of the same orientation vertex
to vertex at random locations; the positional correlation length is finite although the
orientational correlation length spans the system. The positions of simulated diffraction
peaks are in agreement with experiment [9]. With some annealing of a icosahedral
glass growth process the peak widths will scale linearly with the phason momentum
in agreement with experiment [10, 11].
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The perfect quasicrystal model supposes an energetic ground state with
quasiperiodic long-range order [12]. Like an ideal crystal, its diffraction pattern consists
solely of delta-function peaks. The existence of perfect quasicrystals as a ground state
requires the unlikely microscopic characteristics of highly specific atomic bonding (in
analogy to the matching rules of perfect Penrose tilings).

The random tiling model, on the other hand, supposes the system has many atomic
arrangements of almost degenerate energy. The quasicrystal state is a thermal equi-
librium phase {as in the perfectly quasiperiodic theory) but the role of disorder is
emphasized (as in the icosahedral glass model). The phason fluctuations (see section
2} have an elastic theory of the usual pradient-squared kind. It has been shown that
this implies that a random-tiling mode] has delta-function diffraction peaks in three
dimensions [2, 13], despite the short-range phason fluctuations. There is a Debye-
Waller reduction of intensity, which is transferrred to diffuse scattering; these are
determined quantitatively by the values of the stiffness constants. In two-dimensional
systems, such as the random Penrose tiling considered in this paper, the diffraction
peaks are expected to have a power-law form where the exponent in the power-law is
determined by the stiffness constants. The importance of the stiffness constant has
motivated our calculation, both forits direct relevance to two-dimensional quasicrystals,
and as a test of our transfer-matrix method in view of possible adaptation to the three
dimensional case.

In addition, it was hypothesized [13, 14] that the random tiling state might be
thermodynamically stabilized because of the reduction in free energy from the configur-
ational entropy. Models of entropically stabilized long-range order predict that the
quasicrystal phase is stable at higher temperatures (less than the melting point) but a
related crystal phase of slightly lower energy becomes stable at lower temperatures as
the entropy term becomes less significant.

Interest in random tilings has increased since the recent discovery of equilibrium
quasicrystals such as i{(AlCuFe) [15]. These have resolution limited diffraction peaks
indicating long-range order, which is consistent with either the ideal quasicrystal model
or the random-tiling model. Furthermore, some experiments have found the equilibrium
quasicrystals to undergo a phase transition at lower temperatures to a periodic state
[15]. This is contrary to the premises of the ideal quasiperiodic model but in agreement
with predictions of the random-tiling model. Further discussion of random tilings and
their relevance to experiment may be found in two brief reviews [16, 17].

Numerical studies of two- and three-dimensional random tilings confirm the
existence of an entropically stabilized quasiperiodic phase [18, 19] i.e. random tilings
possess long-ranged quasiperiodic order. Strandburg et af (1989) [19] have performed
Monte Carlo simulations on the two-dimensional binary and unconstrained random
tiling models. Unconstrained random tilings (see figure 1) are random tilings of 36°
and 72° rhombi, i.e. Penrose rhombi. Binary random tilings are tilings of the Penrose
rhombi with colouring restrictions. Binary random tilings may be mapped to disc
packings, where the discs have (non-additive)} radii 7 and unity. Strandburg er al [19)
performed simulations on unconstrained random tilings of up to 3571 rhombi and
estimated K =3(K,+K_)=0.60£0.02 and K.=0.56+0.03, and on binary random
tilings of up to 3571 discs they estimated K =0.627£0.015, where K., K_ and K. are
the independent stifiness constants (see section 2.3). Widom et af [18] calculated the
transfer-matrix, and thereby the tiling entropy, exactly for systems with widths of up
to 13 discs. Using finite-size scaling to extrapolate to the thermodynamic limit, they
estimated an entropy density per unit area of 0.2374+0.0003, and K = 0.600=0.006,
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in rough agreement with Strandburg er al. Monte Carlo simulations of random tilings
of Ammann rhombohedra [20,21] have aiso confirmed the existence of long-range
order in three-dimensions.

1.2. Plan of the paper

Here we investigate the entropic properties of unconstrained (maximally) random
Penrose tilings. That is, our ensemble consists of all ways to tile the plane with rhombi
of unit edge and acute angles either 36° or 72°. The number of possible tilings grows
exponentially with the area of the system. Equal weight is given to each distinct
configuration; in other words there is no Hamiltonian but only the tiling constraint
(as in other purely entropic models such as hard spheres). It is plausible that the
thermodynamic state is ten-fold symmetric, in the sense of having equal distributions
of all the different possible orientations of the tiles; however, this does not necessarily
imply any degree of long-range order.

To determine the long-wavelength properties, in particular the shape of diffraction
peaks, it suffices to know the coarse-grained free energy (which is purely entropy in
our case} in terms of the ‘phason’ degree of freedom. (The latter is defined in section
2.1; it will suffice to say here that ten-fold symmetry corresponds to zero phason strain
and any phason strain corresponds to a deviation from this state.) Therefore, the goal
of the paper is to calculate the entropy as a function of phason strain. We only consider
small phason strains so this reduces to the calculation of the entropy for zero phason
strain, and the stifiness constants which are coeflicients of the leading terms in the
expansion about this point.

Since the tiling may be decomposed into layers, a numerical transfer-matrix formula-
tion can be used to calculate the thermodynamic properties of the tiling on a strip
[14,18,22]. A numerically exact transfer-matrix calculation is formidable except for
the narrowest strips, since the dimension of the vector space grows exponentially with
the width of the system. The transfer-matrix Monte Carlo {TmMMc) method is useful
because it does not require storing the transfer-matrix or a complete vector in computer
memory. We work with transfer-matrices up to a dimension of approximately 10'' x 10"’
corresponding to a system width of 24 tiles. Although we can use much larger system
sizes than with the ordinary, numerically exact transfer matrix technique, the price is
the introduction of random statistical errors.

In section 2 we introduce notation and review results of earlier work. In particular,
we give the relations between the phason strain and the tile densities, the continuum
elastic theory of phason fluctuations, and the transfer-matrix formulation for random
Penrose tilings [14]. Section 3 contains new analytic results, extending the earlier work,
which are technically necessary in implementing the numerical calculation of the
entropy and stiffness constants. In particular, we explain the use of chemical potentials
to control the phason strain; show a useful identity of the needed value of the chemical
potential with the true entropy per unit area; and derive the dependence of the entropy
on the transverse phason strain (the variable we control}). Nearly identical results are
equally valid for the other two-dimensional tilings with ten-fold symmetry. In section
4 we present results and conclusions. We present a numerically precise determination
of the entropy per tile (in the ten-fold symmetric state where it is maximized). Using
chemical potentials to deviate from this state, and fitting the variation of the entropy
to the known form of the quadratic ‘phason’ elasticity, we extract estimates for the
three independent phason stiffness coefficients K, , K_ and K,. (Our approach to the
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data analysis is different from that of Widom et af [18] who did not separate K, and
K_) We also discuss the efficacy of the TMmmc method as compared with standard
Monte Carlo simulation, or the finite-size scaling of exact transfer-matrix computations
for small systems. Appendix A provides the basic theory of the transfer-matrix Monte
Carlo method and presents details of the implementation which may be applied to
any T™MMmcC calculation. Appendix B presents the particulars of our TMMC implementa-
tion for the random Penrose tiling, and discusses our attempts to improve the conver-
gence of the method with importance sampling. Appendix C summarizes useful
information about the random tiling of 60° rhombi.

2. Basic theory of random Penrose tilings?

2.1. Physical and phason space

A random Penrose tiling (i.e. a tiling of 36° and 72° rhombi, see figure 1) may be
viewed as the projection of a connected two-dimensional hypersurface made of 2-faces
of a five-dimensional simple cubic lattice. Each vertex of the tiling is specified by a vector

5
=% n.el (1)
a=1

where n, are integers and
el = (=sin(2ma/5), cos(2ma/5)) (2)

as shown in figure 1. Types of tiles are specified by their edge directions. For instance,
tiles with edge directions e) and ell are called (1, 3} (or (3, 1)) tiles. The (@, a+1) and
(@, & +2) tiles are termed thin and fat tiles respectively. The (1, 3) and (1, 4) tiles will
be called thin vertical tiles, and (3, 4) and (2, 5) tiles will be called fat vertical and
thin horizontal tiles respectively.

The e/, vectors are projections onto the two-dimensional ‘physical space’ of the
basis vectors of a five-dimensional cubic lattice. The corresponding ‘phason’ coordinate
of the vertex (1) is

5
rr=17Y n.e: {3)
a=1
wheret
e’ = (—sin{4ma/5), cos(dma/5), 1/+/2) (4)
and the five-dimensional position is

5
rr+el= Y n (el+el)
1

o=

5
= Z o€y (5)
a=l

t Corrections to a number of errors in [14] are listed here. The {(d/ D) of {2.6) should be replaced with a
(d/ D)2, the 0.9960 in (4.6) should be replaced with 1.2892, the 0.95 in (4.7) should be replaced with 0.8123
and (4.8) should read (L/N,)=5/27"=0.9549. A numerically incorrect entropy value (corrected in our
(68)} is quoted at the end of section 3.2.

$ The more common definition replaces 4ma/5-6ma/5 in (4); this merely changes the sign of the x*
components of all phason vectors.
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2.2. Phason strain and tile densities

The long wavelength behaviour of the hypersurface is described by the coarse grained
phason coordinate

R(rly=(rty, (6)

where (...),I signifies averaging in the vicinity of r' over a region large in comparison
with the tile size. (Henceforth we abbreviate *! as ») The phason strain tensor is given
by

E(r)=V h(r). (7)

For uniform phason strain E(r}=E,
5
h+r=Er+r=<X naea> (8)
oa=1 r

so the hyperplane may be parameterized by {n.), = m,-# where
m, =V (n),=%el +elE). (9)

Now let us consider a large parallelogram in the physical space with edge vectors p,
and ps, and area |p, X pa|, such that p,-m,=0 and ps-mgz=0. This defines a
parallelogram on the hyperplane whose projection onto the e,, ;3 plane is a square
of area (p,-mg)(pg-m,) in units of e, x eﬁ| =2. Therefore N.g, the number of (a, 8)
tiles per unit area, [14] is

_(Parma)(pp-m.)
| P X pal

Note that n,s has terms up to quadratic in E. For future reference we present the
first-order expansions

Moy =|m, x myg]|. (10)

ny=(2V3=1/25)[1-E . (r+ 1)+ E, (1~ 7)~v2E,] (11)

ns, =~ (2V3<1/25)[r+ En(7—1)— E,,(1+ 1) +V2E,,]. (12)
The complete and exact expression for the total tile density is

Agie = 3;3 Nag = N1 = (EwcE,, = E\xEy )/ 7°) (13)

where the first/second subscript of E is the phason/physical space index, and
e = Hu(E=0)=27"V3—1/5=1231. (14)

Hereafter, the superscript ‘0’ denotes the E =0 value of a variable. Notice that there
is no linear E term in n..

2.3. Elasticity theory

The tilings allowed by our packing rules form an ensemble, in which we have given
each tiling configuration equal weight. (When we include chemical potentials, as
introduced below for technical purposes, different configurations have different
weights.) The entropy is proportional to the system size. Thus our fundamental
thermodynamic function is the entropy density as a function of phason strain S{E).
{We will measure this in "nits of entropy per tile.)
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The fundamental conjecture of the random tiling model of quasiperiodic order is
that the entropy of the tiling is a quadratic maximum at E =0, i.e.

S=S"~1EKE (15)

where K, the stiffness constant tensor, is positive definite [10, 14]. Group theoretic
arguments [23] have been used to identify the number of independent components of
K. The functional form of the entropy must be invariant under any rotation of the
tiling by a multiple of 72° together with the corresponding rotation about z* in phason
space (which is twice the angle, see (4)). This analysis yields three independent stiffness
constants which couple components of the phason strain to give:

5=8"—3K.[(Ew+E,y)* +{Eqy — E.)]
~3K_[(Ewx = Epy)*+ (Ey + En)']1 - K| EL + EL]
=85~ (K, + K MEL+E3+E,+E%]
#2(K+ - K*)[Exx-E_vy - Exyva] - K:[Eix+ Egy]' (16)

This work provides the first estimates of both (K, +X_) and (K, —-K_) for
decagonal quasiperiodic tilings. The (K. — K_) contribution to the entropy of a region
reduces to an integral over the boundary since

ExxEyy - EX_\’EVX =Vx [hxv h}] (17)

is an exact differential [24]. If one is only interested in the fluctuations about the
average phason strain, or if the average phason strain is zero, the (K, — K_) term may
be neglected. (This is equivalent to converting to Fourier components, i.e. E,, > g.h,,
E., - g,h,, etc.) Thus, Monte Carlo simulations which determine the (entropic) elastic
constants by measuring fluctuations around a state can only measure the combination
(K, + K_)t. This is true whether there is a fixed net phason strain due to the boundary
conditions, ar whether the system is allowed to find the maximum-entropy state with
zero phason strain. Qur estimate of the value of (K, — K_) is of physical impartance
since, if the global phason strain is not constrained at zero, the sign of (K, —K_)
determines the stability of the zero phason strain random tiling as compared to states
with non-zero uniform strain, e.g. large rational approximant crystals with random
tiling disorder [16].

2.4, Tiling rules and the transfer-matrix

The nearly horizontal dotted lines across figure 1 separate ‘layers’ of the tiling. The
tiling has periodic boundary conditions horizontally. Dotted line segments of length
1, 1, 7' and 77" along e!, —el, e, and —e! are termed L*, L, §* and §~ steps
respectively. For instance, the sequence of steps across the leading (top) layer of figure
lis {LYL"L"L™8™§"L™ S~ L"8§"}. Layer lines cut through all thin and fat vertical tiles.
A simple counting argument shows that the number of steps per unit area, fig., =
n(L"y+n(L }+n(8%)+n(S7), obeys [14]

Porep = Mite T 34— Hs3. (18)
 But a Monte Carlo simulation with free boundary conditions, could in principle determine (K, — K_), if

one measures the global phason strain: this fluctuates according to a statistical weight which is exponential
in the system area times the full phason elastic term.
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Figure 1. A random Penrose tiling configuration. Layer iines are shown broken. {After
figure 4 of [14].)

The transition rules assign a weight to each permissible permutation of steps between
two layers. These weights form the entries of the transfer-matrix. The tiling of a new
layer is determined by the state of the previous layer and the operations performed in
the permutation of steps between layersT. The transition rules for generating successive
layers may be divided into three stages as follows (see appendix B for tMMC
implementation details):

(i) The LL rule is composed of any number of L*L™ - L™L" exchanges between
nearest-neighbour steps. Thus, the LL rule changes the plus/minus ordering within
strings of consecutive L steps; L” steps can move to the right and the L™ steps can
move to the left, but they cannot move past an S. Each exchange corresponds to adding
a thin horizontal tile to the leading edge of the tiling since the bottom sutface of the
tile is an L™L" pair and the top surface is an L7L™ pair. Since thin horizontal tiles
are to be assigned a chemical potential us, to preserve five-fold symmetry (see below),
a permutation requiring » of these exchange operations is given a weight ™.

(ii} The SL rule is composed of any number of "L LS or L§™ - S~ L exchanges
between nearest-neighbour steps, where [ refers to either an L' or L~ step, and
similarly S refers to either §* or §~. The SL rule can change the ordering of the §
and L steps across the layer, but clearly cannot change the plus/minus ordering of
the L steps or the S steps. Each possible permutation of steps is given a weight of
unity. The SL rule determines the positions of thin vertical (1,4} and (1, 3) tiles in the
next layer of the tiling. An added (1, 4) tile, for instance, is positioned so that its lower
vertex is n vertices to the right of the right-hand edge of the corresponding S* in the
layer below, where # is the number of S"L - LS™ exchanges applied. Gaps between
thin vertical tiles are filled in by a single layer of (1,2), (1, 5), (3, 5) and (2, 4) tiles in
a manner which maintains the ordering of L steps from the layer below.

(iii) The SS rule is composed of $7S™ > S™S" nearest-neighbour exchanges, but
unlike the previous rules each S step can undergo at most ane SS exchange per layer.
The SS exchange corresponds to the substitution of a fat vertical tile for a (1, 4), (1, 3)
pair of thin vertical tiles; the lower contour of a fat vertical tile is the same as that of
a (1, 4), {1, 3) pair, and the upper contour is the same as that of a {1,3), (1, 4} pair.
Since fat vertical tiles are to be assigned a chemical potential ., to preserve five-fold

+ The mapping of step permutations to tilings is not unique when there are no thin vertical tiies, but this is
far from the condition of five-fold symmetry and will not concern us here.
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symmetry (see below), the weight of a permutation is ¢ where n is the number of
SS exchanges.
The transfer-matrix T is equal to the product

T=TsTs. T\, (19)

where the entries of Ty, T, and Ty are determined by the SL, LL, and SS rules.
Because the entropy is related to Tr T™ (see below), cyclic permutations of the matrices
in the product of equation {19} do not affect the entropy. The matrices Tss and T,
commute, since the application of the §§ rule has no effect on the application of the
LL rule, and vice versa. Therefore we are free to permute the order of multiplication
of the matrices in (19). Reordering of the matrices does affect how the layer lines are
drawn in figure 1; the layer lines go above/below groups of horizontal thin tiles when
T;1 comes after/before T, in the product defining T.

The number of steps of each type across a layer will be termed the ‘transverse
boundary condition’. Since the transition ruies only involve permutations of steps, the
number of L*, L™, §* and $~ steps per layer (N(L"), N(L™), N(§") and N{(§7)) is
conserved and the transverse boundary conditions (to be denoted as {N(L™), N(L"),
N(S™), N(S7)}) across each layer are the same. The net displacement upon traversing
the steps of a layer (transversely),

w! =sin(2#7/5) [(N(L+)+ N(L—))+£ (N(S+)+ N(S—))]

(20)
wl = cos(27/5) [(N(L+) - N(L—))+% {(N(S+)- N(S—))]
and the corresponding phason space displacement
wy =sin(2vr/5)[(—N(S+) - N(S—))-i—% (N{L+)+ N(L—)):l
wy=(1 +c03(2w/5))[(N(S+) —N(S-)) +% (-N(L+)+ N(L—))] (21)
o1 _ _ _N(L—
w3 ~ﬁ[2N(S+) 2N{(S-)+ N(L+)}-N(L-)]

is therefore determined by the transverse boundary conditions. For ease of reference,
table 1 lists w! and w* for a number of transverse boundary conditions. Notice that

Table 1. Displacements across strips.

Initial conditions wl wl we wi w2
{n, n,n n} 3.08 1] -0.727 0 0
{2n,2n, n, n} 498 0 0.449 1] 1]
{3n,3n, 20, 2n} 8.06 0 -0.278 0 0
{3n,3n, n,n} 6.82 0 1.63 0 0
(5n, 5n, 35, 3n} 13.04 0 0.17 0 0
{5n, 50, 21, 20} 11.86 9 2.07 i} 0
{4n,4n, 3n, 3n} 1114 0 -1.00 0 0
{3n,4n,2n,2n} 9.01 -0.309 0.310 0.809 -0.707
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when N(L+}= N(L-)and N{(§+)= N(S-), only w! and w are non-zero. In general,
the choice of transverse boundary conditions imposes three restrictions on E for any
given system corresponding to the three components of the equation

wt = Ewl. (22)

3. Implementation and related theory

3.1. The functional form of the entropy

The TMMC method allows the determination of the largest eigenvalue A, of the
transfer-matrix. The entropy per layer S,,, is related to A, by

S]ay=ln Ag. (23)

There is no physical significarice to our definition of layers; the quantity of interest is
actually the entropy per unit area S, where

Slay/ NW = S/ nstep (24)
and
= N(LH)+ N(L-)+ N(S+)+ N(§-) (25)

is the number of steps across the width of the system, a constant. The largest eigenvalue
Ag is in effect a maximization of the entropy with respect to E,,, E,,, and E_, with the
‘transverse boundary condition’ held fixed.

Because Ry, is a function of E, §,,, is not simply proportional to § and the maxima
of S,.. and 8§ occur at different values of the nhason strain. To maninulate the nhason

Ul gy GdI 2 UL UL G UHIILILIL VGaWLS U LU PUIASVLL Juiliil, 2 SHGIILaLe Wih pHaavi

strain so as to allow exploration of the functional dependence of §,,, near the phason
strain corresponding to the maximum of S, we modify equations (13) and (16) by
introducing the chemical potentials p,, and us,, i.e. we generalize the entropy to the
free energy

F=SO_%EKE“P~34"34_#52”52- (26)
When
52=_#34=#OESO/”?1'|e (27)
the second-order expansion of (24), using equations (26) and (18) is
Q 1 ]
F /Nuy=u'——— FK'E (28)
tay/ W it zn;jmp \ J

where nj.,=1.29 is the value of (18) at E =0; here EK'E has the same functional
form as equation (16} with

K.=K.Fgu’ {29)
K=K

o L)

{30}
(L)

where for convenience we have defined 8= nl./r'=0.29.

In other words, if x5 and w4 have the special values given by (27), then (28) says
that F,,, has a maximum at the same phason strain (E =0) as S does, and furthermore
that at that phason strain F,,,/ Nyw equals the entropy pertile u,. Thus, small variations
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of w*/w“ about zero, and us; and —us, about u° therefore allow the determination
of the functional form of F.,/ Ny {(and consequently that of §) about E =0, Using
equations (11)-(13), (18), and (24)-(30), the expansion of F,,/ Ny to second order
for general wi, and ps; is

an/Nwzpo_ 0

step

[%EK'E + d’x.\'Exx + tnb_vyEyy + ﬂbzyEzy] (31)

where 6’.1,52 = H.;O — fhs2, where

23 4143 3r+1
g =21 [—5;;34(%) + 8;;52( T )] = —0.2103 84114 +0.0803 8
“)]

25
== —0.08038£2,—0.2599815, (32)

V23— 3r+1 117+7
YT —5}.L34(T—3)+8[.L52( i )]=—0.09198p,34+0.24065u,52
T

with du3,= _I-‘-O Hza-

The value of F.,/ Ny is propartional to the maximum eigenvalue of T. Therefore,
the expected form of F,,/ Ny as a function of us;, pas, w w*, and wl is found by
maximizing equation (31) with respect to E subject to the transverse-boundary-condi-
tion constraints (22). This calculation is facilitated by the definitions:

(w" wl)l, wh Wl 0 0
1 x x ¥
h_ - I 1 I Il
v' = W, —W. —w, W, 0 0 ) (33)
V2 L0 0 0 0 VZwl Viwl
oty — i,
v = ( 2 0 0,0, ) 34
NG \/5 . (34)
k=diag(K,,K,, KL, K' K, K.) (35)
and
g = Exx+‘E_vy 2= Exy_Ev.r
k V2 2 V2
E.. —-E E, +E
— XX vy — i3 Xy 36
5] \/5 ga \/i ( )
gi = sz gé = Ez_\"

With these definitions equation {31) may be re-expressed in matrix form as

[(Flay/ Nw) - .U-O]”Step_ 5#34"?4_ 5.‘1-52”[5)2 = %ngg+ng (37
and the constraint (22) becomes

wt=vlg (38)

The right-hand side of equation (37) contains all the E dependence. After considerable
calculation we determine that the solution of minimizing equation (37) subject to
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constraint (38) is

1

Mool W+ W)

2 2 2 2 2 2
x[w“wﬁwww!& piwl® 1

(Flay/ Ny)= MO+ (5}134"(3]4+3!£52ng2)/"21ep+

. Kz 12
K. +K_ 2K, 2V
K_—K++2,B,u°)

+WLW¢( ot
Yty K. +K_

K_- K++2,6,u,“)

+W£W;('f’.vy+¢xx K +K
+ -

—(witw, )

P 0
(K. —Bu’)(K_+Bu )]. (39)

K, +K._

The requirement of an entropy maximum at Sy, = 85, =0 restricts (K, — B8u°) x
(K_+Bu")/(K,+K_) and K, to positive values. Since much of the analysis of
numerical results will consider systems where wy = wy = wﬂ, =0, for ease of reference
we display the form of equation (39) under these conditions:

(Flay/Nw) = HD+ (31134"(3)4"' 5#52"?2)/”2:.:;,

1
t—= l:!fliy/(K++ K_)+ ¢,/ (2K,)
K_—-K, +2B;L0)

+(W:Jr-/wla|:)(¢’xx + ¢’yy K +K

—(wr?/wlh?)

2.0 0
(Ki—Bu')(K_+Bu )]' (40)

K,+K._

4. Results and conclusions

The transfer-matrix Monte Carlo method is described in appendix A; the implementa-
tion of the transfer-matrix for the random Penrose tiling [14] is outlined in appendix
B. Due to practical limitations, we are restricted to calculating F,,/ Ny for systems
with Ny =24 (see appendix A} so it is necessary to apply finite-size scaling to the
TMMC data. Each TMMC run produces an estimate of F,,/ Ny for a given w', wl Mia
and us;. Each infinite size extrapolation (see table 2} for a given w'/w! is based on
finite-size scaling of the results for two system sizes.

To fit for the maximum entropy density S° and the stiffness constants K, , K_ and
K., we will use the expansions (39) and (40) from section 3. These expansions depend
on u,; however, this is proportional to the entropy S, and so it is one of the objects
of the calculation. In principle we can find w, self-consistently because F.,/ Ny must
equal wq, but we need a preliminary estimate for 1 (section 4.1), so that we can limit
our fits to data in the vicinity of E =0 where equation (39%) is valid. (Since the transverse
boundary condition forces a finite phason strain, the validity of the quadratic expansion
(39} is problematical, see section 4.2).
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Table 2. Infinite-size extrapolations of the TMMC data.

Entry Initial conditions —fh3a Hsy Siay/ N

a {3n,3n,2n, 2n} 0.4805 0.4805 0.4810 (7)
b {3n,3n,2n 2n} 0.4750 0.4750 0.4805 {6)
c {3n,3n,2n, 2n} 0.5812 0.5812 0.4874 (2)
d {3n, 3n, 28, 2n} 0.3812 0.3812 0.4758 (5)
e {3n,3n,2n,2n} 0.5812 0.3812 0.5006 (3)
f {3n,3nm, 2n, 2n} 0.3812 0.5812 0.4624 (2)
g {3n,3n, 2n, 2n} 0.4805 0.3305 0.4919 (2)
h {3n,3n,2n, 2n} 0.4805 0.6305 04717 (4)
i {3n,3n,2n, 2n} 0.3305 0.4805 (0.4627 (3)
i {3n,3n, 2n, 2n} 0.6305 0.4805 0.4999 (4)
k {3n,3n,2n, 2n} 0.6305 0.6305 0.4906 (3)
i {2n, 28, n, n} 0.4805 0.4805 0.4800 (7)
m {2n,2n, n, n} 0.5805 0.5805 0.4813 (4)
n {2n,2n, n, n} 0.3805 0.3805 0.4793 (4)
0 {2n,2n, n, n} 0.5805 0.3805 0.5001 (2)
p {2nm,2n, n, n} 0.3805 0.5805 0.4609 (3)
q {2n, 20, n, n) 0.3305 0.4805 0.4648 (2)
r {3n,4m, 2n,2n} 0.4810 0.4810 0.4793 (3}
s {n, n, n, n} 0.4805 0.4805 0.4745(2)
t {3n,3n,n, n} 0.4805 0.4805 0.4698 (2)

4.1. Finite-size scaling and preliminary estimates

The finite-size scaling behaviour of F,,/ Ny with Ny, satisfies

[Flay/NW_NhTm(Flay/NW)] zC/J\TZW (41)

where ¢ is a function of w*/wl w;, and ws,. This scaling form is consistent with
capillary wave theory [25], the six-fold symmetric random tiling of the 60° rhombi (see
appendix C and [26]) and the data of Widom et a! [18). To illustrate the smallness
of the corrections to the finite-size scaling form, figure 2 displays F,,,/ Ny against N}

0'52 T 17T I T 17T [ LR [ DL
- ESn,Sn,n,n/ .
0.50 — A —
= - -
-4 R 4
Y N {n,nn.nj ]
A
m = -~
0.48 — —
0'46 HI J - ' L4 11 J ) . i1 1 |—
0 5 10 15 20

{(1/N% x 103

Figure 2. Finite size behaviour of F,,/ Ny for {n, n,n, n} and {3n, 3n, n, n} systems for
sy = —paa = 0.4805. The error bars of the {3n, 3n, n, n} data points and the two right-hand
{n, n, n, n} data points are magnified for clarity.
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for two systems: {n, n, n, n} layers with n=2,...,6, and {3m, 3n, n, n} layers with
n=1,23, where us=—u1,=04805 Table 2 displays least-squares infinite size
extrapolations of the tmmc data using equation (41). The n— o extrapolations for
{3n,3n,2n, 2n} systems utilized F,,/ Nw data from {3, 3, 2,2} and {6, 6, 4, 4} systems,
and the {2n, 2n, n, n} extrapolations utilized {4, 4, 2, 2} and {8, 8, 4, 4} systems.

To explore the quadratic maximum of § and determine 5% K., K_and K, we
must locate the value of u’. For simplicity let us consider {n, n, m, m} layers so that
wi=w}:=wl=0. In view of equation (27), it is natural to restrict ourselves to the line
sz = =~ t3s = p; when we speak of F,,/ Ny as a function of g, this is to be understood.
For notational convenience we now define a modified

Fuy_ [ﬁm ! (W_i)z(K+~ﬁ#°)(K-+Bp°)] @)
Nw [ Nw nip\wl Maep( K+ K. )
Examination of equation (40} shows that
Fio () _— (43)
Nw =g’

That is, if we plot the graph of the function F,ay(,u.)/ Ny against g, this curve will
intersect the line through the origin with unit slope at (o, pto). Since the definition
(42) of §/ Ny depends upon g, this might not seem helpful; however, it turns out
that the intersection of this line with the unmodified curve F,, (u), as illustrated in
figure 3, gives a very good estimate of u,. For

(K. — B} K_ +.8;u°)$ 0.2
(K,+K.) '

{see below), and for the {3n, 3n, 2n, 2n} data, {1/ npr)( wi/wl)?=0.001. Consequently,
the shift (F‘.ay— Fi.y)/ Nw due to the extra term in (42) is near the resolution of figure
3, even with its expanded vertical scale, and the g values of the intersections of the
line with F,,/Nw and with F,ay/ Ny are indistinguishable. Thus we extract the
preliminary estimate

w’ =0.4812+0.0007 (44)

049 T— 1 T 1 T— 11 7 L

= . -
Z 4 .~
S ou4p| Rnfnnal oD
o @ e
o o /.’ -
- §/‘ .
- $3n,3n,2n.2nj -
0-47 1 1 1 1 l 1 1 1 1 J 1 1 1 1
0.3 C.4 0.5 0.6
M

Figure 3. Entropy as a function of s, = —p34 = u. The w value at which the (3n, 3n, 2n, 2n}
data crosses the line of unit slope through the origin (full line) provides an estimate of u°,
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from the intersection of the {3m,3n,2n,2n} data (chain) in figure 3 with the line of
slope one through the origin (full).

A comparison of the u=0.4805 values of F,,,/Ny for the {3n,3n, 2n, 2n} and
{2n, 2n, n, n} data points (see figure 3 or entries (a) and (1} of table 2) provides a bound
on ((K,—Bu")(K_+pu’))/(K,+ K_). Because we believe that u=0.4805 is within
0.001 of u°, we expect from {32) that the s are of order 0.0002. Assuming that the
coefficients of the (wi/wl)? (wi/wlly, and ¢ terms in equation (40) are of order
unity or less (see below), the main contribution to the difference between the two data
points must come from the term quadratic in (w+/wl), Noting that 1/n%(w/wl)?=
0.008 and 0.001 for the {2n,2n, n, n} and {3n,3n,2n,2n} systems respectively, the
difference of less than 0.002 between the two points implies the bound

(K, _BPO)(Kf'i'.B#O)
(K. +K_)

SR SR

<{.2, (45)

4.2. The higher-order terms problem

Unfortunately, the range over which F,,/ Ny is adequately described by equation (39)
is severely limited. This is exemplified by the difference of 4.7x107* in the values of
F\.,/ Ny for the {n, n,n,n} and {3n,3n, n, n} systems at s, = ~pu;,=0.4805 (entries
{s) and (t) in table 2). As elaborated in appendix C, this difference cannot be attributed
to any of the terms in equation (40) since the magnitude of wy/ wll for both transverse
boundary conditions is the same although the sign differs, and since the values of w;,
and ps, are also the same, the only candidate is the term linear in wi/w',':. However,
this term is about two orders of magnitude too small since |wi/w!|=0.236, and with
the assumption that |(K_— K,+28u")/ K, + K_| is of order unity (see below), then
the terms linear in wi/w! have a magnitude of about 7x107°. If we ascribe the
discrepancy to terms of cubic order or higher in w*/ w!, then the magnitude of these
terms becomes of the order of the random error (=4x107%) when |w*/wl|=0.1.

The restrictions |w*/w!|<0.1 and Ny =24 severely limit the viable transverse
boundary conditions since we need at least two system sizes with the same phason
strain to apply finite-size scaling (see table 1)T. For instance, we cannot use
{5n, 5n, 3n, 3n} systems because the {10, 10, 6, 6] system is prohibitively large.

4.3. Firting results

The values of K., K_, K. and x” have been estimated by nonlinear least squares fits
of subsets of the top seventeen entries in table 2 to equation (39). The results of these
fits are displayed in table 3. The fitting parameters in the top part of the table are
(K,+K_), (K.—K_), K. and u°. The large covariance between the (K, + K_) and
(K.~ K_) estimates prompts the display of the fitting results in terms of K., K_, K;
and u° at the bottom of table 3. The goodness of fit is displayed in the right-hand
column. Starred parameters are constrained at either the central value of the estimates
by Strandburg et al [19] {(K, + K_)=0.60£0.02 and K. =0.56x0.03), or at the high
or low end of the error bars so as to test the sensitivity of the fits to the constrained
parameters. The data points (k), (q) and (r) apparently lie outside the region described
+ If we were 1o calculate F,,/ Ny for one system size at each phason strain value, und utilize the phason

strain and stiffness constant dependence of the finite-size scaling form, the infinite size extrapolations and
the fit to equation (39) would have 10 be done simultaneously. This has not been attempted here.
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Table 3. Least-squares fits for x” and the stiffniess constants. Starred parameters are
constrained.

Points u® K. +K_ K,—K_ K. Goodness
a-j, 1-p, k 0.4732 (2} 0.165({5) 0.40 (1) 0.140 (5) 0.00

a-j, l-p,q 0.4813 (2} 1.6(2) 1.4(2) 1.5(8) 0.000 05
a-j, l-p,r 0.4809 (2) 1.8(4) 1.6(3) 0.51(9) 0.000 05
a-j,l-p 0.4812(2) 1.8(3) 1.5(3) 0.9(3) 0.06
a,b,g-j,1-p 04713 (3) 1.6 (3) 1.3(3) Jx6 0.24

a-f, -p 0.4509 (3) 1.4 (3} 1.2(3) 0.53(15) 0.07

a, g-j, I-p 04806(1)  1.2% 1.08 (5) 0.56* 0.008

a-f, l-p 0.4808 (1) 1.2* 0.99 (6} 0.56*% 0.1

a-f, l-p 0.4808 (1) 1.2* 0.99 (6} 0.59% 0.1

a-f, I-p 0.4808 (1) 1.24* £.03 (6} 0.56% 0.1
a-f,l-p 0.4807 (2) 1.2* 1.00 (6} 0.5{1) 0.07
a-f,l-p 0.4809 (2) 1.5(3) 1.2(2) 0.56* 0.1

Points u? K., K_ K. Goodness
a-j, 1-p 0.4812(2) 1.7 (3) 0.14 {4) 09(3) 0.06

a,b, g-j, I-p 04713(3)  15(1) 0.13 (4) 36 0.24

a-f, l-p 0.4809 (3) 1.3(3) 012 (4) 0.53(15) 0.07

by equation (39) since the goodness of fit of the first three entries in table 3 is extremely
low; the entropy and stiffness constant estimates must be obtained from data points
with smaller magnitudes of ¢ and w*/wl.

The u° estimates from the remaining constrained and unconstrained fits are very
accurate and consistent, though the graphical estimate of u° may be more trustworthy
since the least-squares fits may be biased by the higher-order terms in the F,, /Ny,
expansion. We estimate¥

§% ng,. = 0.4810 = 0.0005. (46)

The estimates for K_ from constrained and unconstrained fits are very consistent and
relatively insensitive to the value of K,. Unconstrained fits would indicate K_=
0.13 £0.05; the fits constrained to [19] give the estimate

K_=0.09+0.03 (47)

which we believe is somewhat more trustworthy. The fitted values of K, and K, are
rather poorly determined; we hypothesize the bounds

1<K, <2 and 04< K, <1.0. (48)

The assumptions made earlier in this section concerning the magnitudes of various
terms involving the stiffness coefficients are clearly justified. These stifiness constant
estimates are consistent with Strandburg et af [19].

4.4. Discussion

The marked discrepancy between the accuracy of our stiffness constant estimates and
those of Strandburg ef al [19] and Widom ef al [18] deserves discussion. Strandburg

+ We indulge in a little numerology and note the intriguing coincidence between the estimated value of
5% n?,. and In .
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et al determined the stiffness constants by measuring the phason fluctuations of a
Monte Carlo simulation. This is more direct than our approach where the stifiness
constants are extracted by fitting the data to equation (39). Fitting for the stiffness
constants, which are the coefficients of quadratic terms in ¢ and w*/w!, is difficult
for noisy data because in effect it requires performing two numerical differentiations.

In [18] an entropy estimate was obtained for the constrained binary tiling with an
accuracy comparable to that found here, but a much more accurate determination of
the stifiness constant K = 3{ K, + K_) was made. They caiculated the eniropy using the
transfer-matrix for a series of small systems whose transverse boundary conditions
minimized the phason strain. The curvature of the entropy function for these small
systems was determined from the response of the entropy to varying a chemical
potential. The results were extrapolated to the infinite size limit, The unexpectedly
small region about E =0 to which equation (39) applies makes the fit for the stiffness
constanis, which is in effeci equivalent to numerical diflereniiation, difficuli given ihe
accuracy of the TMmc data. It may be more fruitful to follow [18] and calculate the
second derivatives with respect to ¢, and ¢, for a similar set of small systems (in
particular the {F,, F,, F,_,, F,_;} systems, where F, is the nth Fibonacci number),
and then extrapolate to the infinite size limit. Although this may allow accurate
determination of (K,+ K_) and K, (see equation (40)), (K,—K_) could not be
estimated b oy this teChﬁiq'uc

In conclusion, we have described a way to implement a TMMC computation of the
entropy of a random Penrose tiling near zero phason strain. We have determined
estimates of the maximum entropy density S° and the stiffness constants K, , K_ and
K.. We have compared the efficacy of this computation to related Monte Carlo and
finite-size transfer-matrix computations. We present for the first time an estimate of

¢? and indanandent actimatee nf K. and K for the randnm Panrnce tiling
2, ang ingepengent estimates of K, ang X, Ior (D2 ranGom renrese tling,
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diagram of the random eight-fold rhombus tiling [27].

Appendix A. The transfer-matrix Monte Carlo method

A.1. Basic theory

The transfer-matrix Monte Carlo {rmMMc) method [28] is a stochastic technique for
doing matrix multiplications without storing the matrices or even the vectors. This
makes TMMc useful for calculations involving extremely large matrices. Here we will
describe the algorithm for calculating the leading eigenvalue of a matrix with non-
negative entries.
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In the transfer-matrix Monte Carlo method [28] a population of M walkers labelled
with the integers {e,, aa,..., ap} and the positive real numbers {w,, wa,..., W}
represents the n-component vector

M
v=7Y we, (49)
i=1
where e, is the unit vector with a single non-zero entry in the kth position, and
1< a;=<n The o's and w’s are said to represent the ‘positions’ and ‘weights’ of the
walkers respectively.

T™MMc multiplication of v by the transfer-matrix T is accomplished by performing
a ‘Tmmc decomposition® of T into the product of a diagonal matrix I} and a stochastic
matrix P, i.e. T = PD, where, by definition, the sum of the entries in each column of
a stochastic matrix is unity. Assume that all the entries of T are positive, then all the
entries of P and D can also be positive, and the entries of P may be interpreted as
probabilities. Upon the operation of P on the population representing », the position
e; of each walker has the probability P,- . of changingto a}. The weights are unchanged
by P. On average, the vector equivalent (as in equation (49)) of the resulting population
is equal to Pv. As M - o0, the vector equivalent of the TMmc operation of P on v
becomes equal to the matrix multiplication Pp. The matrix D operates on v by changing
the weights {w, wz, ..., waytof v to{D, oW, Da, ;W2 . .., D, an, War l, while leaving
the positions unchanged. Clearly the vector equivalent of the TMMmc operation of D
on v is equal to Pw. If the weights of the population representing p are non-negative,
the weights of T™p are also non-negative.

On repeated application of P and D to the population, some walkers will accrue
very large weights and others will accrue very small weights. It is computationally
advantageous to divide each of the walkers with larger weights into a number of walkers
with smaller weights, and to conglomerate or annihilate walkers with very small weights.
There are many algorithms for redistributing the positions and weights of the walkers
while, on average, keeping the vector equivalent unchanged [28, 29]. We have found
the following algorithm to reduce the variance of Tmmc calculations and to be
computationally efficient. Before redistribution, the population weight

Wz Z Wj/Mrargel (50)
J
is factored from each walker weight w; i.e.
w;M,,
; ; W: i tar) E‘.
W= w,/ ——5—2] W, (51)

The population weight is to be considered as a scalar prefactor to the vector equivalent
of the population. If the new scaled weight of a walker satisfies the bounds }< w, <2,
the weight and position are left unchanged by redistribution. If 2< w;, the walker at
«; is replaced by [w;] walkers at «,, each with a weight of w,/[w;], where [x] is the
greatest integer less than or equal to x. If w; <3, the walker is replaced with a walker
at the same position with a weight of unity with a probability w;, and destroyed with
a probability of 1 —w;. This algorithm insures that (i) the walker weights stay between
3 and 2, (ii) the number of walkers remains near M,, .., and (iii) on average the vector
equivalent of the population is unchanged.

The scalar prefactor of the vector equivalent of the population after 7, successive
applications of the transfer-matrix and redistributions of the population, is the product
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of the population weights W, W,... W, . When using TMMc, the natural norm of an
n-dimensional vector is the 1-norm: ||vi|, =Z/_, |u|. After the r,th scalar prefactor is
divided from the population weights, but before the redistribution operation,

(o= (1 ) £ = (1T %) Moo (52

Estimation of the leading eigenvalue A, of T utilizes the relation

Vo= (T"l}gl_m 70, (53)
where the expansion of v, in terms of the eigenvectors of T is required to contain a
non-zero component of vy, Ag, Ay, A, ... are the eigenvalues in order of descending
magnitude, £~'=1In{A,/A,) is the correlation length, and v,=(1/A0)}Tv is the leading
eigenvector. The random Penrose tiling, as a critical system, has a correlation length
on the order of the width of the system (= Ny ) [30].
The leading eigenvalue A, can be extracted either using the relationship

— llm ” 1-“-Hvlll (54)
e | Tl
o= 1 (L2 )
o]l .

In terms of the population weights, equations (54) and (55} lead to two alternative A,
estimators:

)‘(1) M ors - 1'= T 56
(M, 7, 7.)= ST {56)
and
V.
AG(M, Ta,‘rﬂ)=( Z l_[ an) (57)
u- |==Ij 1

respectively. The 17, summation performs an average over approximately
max{7,/€ 7./ 7.} independent terms. The random fluctuations in the vector equivalent
of the population with i+j insure that the vector equivalent of the population will
generally contain a non-zero component of v, in an expansion in terms of the eigenvec-
gors of T. There are systematic and random errors associated with finite M and 7,
but for 7, » & with M »00 or 7, >0, Ay (M, 7, 7.) > Ag.

A.2. Implemeniation

Although the use of the estimator Ay’ has been discouraged [31] because of the
systematic error associated with finite 7,,, from our experience this estimator is prefer-
able to AL . The estimator A" has much more random error than Ay, and the magnitude
of the systematic error for the two estimators is about the same. Figure 4 shows A
and ASY against 7, for a {2, 1, 1, 1} system with gs; = g3, = 0.0. Our calculations utilize
Al and for the remainder of the text we will simply refer to this estimator as the
estimator.
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Figure 4. The esiimaiors A:‘)"’ and A~ from a single run for a {4, 1, 1, 1} system Wwiin
Hsa = paa= 0.0, M =100 and 7, = 100. The broken line marks the exact leading eigenvalue.

Calculation of A, requires the generation of 7, + 7, ~1 weights, and for large 7,
requires a computational effort that scales as NyMr,. As figure 5 shows, the random
and systematic errors are reduced as M/ 7, increases. For a given M and 7, the mean
and standard deviation of Ag{r_) is calculated from an analysis of ten independent
runs. The entropy estimate F,(M, 7.,) is obtained from

1 2Ny, i 2Ny,
FoMr7r)=—- ¥ FuMr7,7)="— Y InAy(Mr,7.). (58)
Nw 5, =Ny+ Nw 1, =N+

The estimated error for a F,,, computation is taken as the largest of several errors £'",
£ and €, associated with the estimate.

The systematic error ‘" is estimated as the magnitude of the difference between
the estimate F,,(M, 7,) and the estimate F, (M /2"% 1,/2"*) requiring half the run
time, i.e.

M 1

€V =|F,(M,r1,)- F,ay(ﬁ, 21—‘;4) (59)

0.4960

TTTIT]

0.4858

0.4956

S]ay/N\l

0.4954

|l|]|i||||il||||‘

0.4952
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T

Figure 5. Estimates of F,,/ Ny from a single tun for a {4, 4, 2, 2} system with g = -y, =
0.4805 for M/7,=1, 10 and 100 where M=, =10°. The broken lines bound the more
accurate estimate £,/ Ny, =049 565 (5). The random and systematic error decrease with
increasing M /7.
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The random errors €% and € are

%(:!) = ngfiz‘yw | Eﬂy( M, Tn') - F“,y(M, Tersy T,,.)l (60)
and
€= max 8F (M, 7., 7,) (61)

Ny =1, =2Nw

where 8F,,, is the standard deviation of F,,,. For constant Mz,, € and € are
relatively insensitive to Ny, ; but €' grows rapidly (probably exponentially) with Ny
To obtain entropy estimates with an accuracy of about 0.1% or less we are restricted
to system sizes Ny =24, The errors € and %> are typically of the same order of
magnitude for those system sizes under consideration here.

To illustrate the typical parameters for a data point caiculation we present two
examples. The calculation of Fi,,/ Ny to an accuracy of 0.01% for the {4, 4, 2, 2} system
with g5y = — 34 =0.4805 was achieved by a run with M =20 496 and 7, = 142, requiring
4.7 ceu hours on a Convex C210. The magnitudes of the errors were 8" =3.7x107°,
€¥=2x10"%and € =4.9x 107", For the {6, 6, 3, 3} system with s, = —ft5, = 0.4805,
an accuracy of 0.06% was achieved by a run with M =20489 and 7, = 142 requiring
seven cpu hours on the Convex. The magnitudes of the errors were " =3.1x107%,
¥=2x10"° and ¥ =6.2%x107".

Appendix B. TMMC for the random Penrose tiling and importance sampling

B.1. rmmcC implementation of the tiling rules

The tiling rules and the TMMmc method have been described in section 2.4 and appendix
A, respectively. This section outlines the algorithm for a TMMc implementation of the
tiling rules to compute the entropy of the tiling.

The entropy is computed by monitoring the population weight while repeatedly
applying the transfer-matrix T = TyTs, T;; to the walkers. The diagonal operators of
the TMMc decompositions of Tss, Tg, and Ty, , modify the weights of the walkers.
The stochastic operators change the positions of the walkers, the position of a walker
corresponding to a configuration of steps across a layer of the tiling,

The population weight is monitored after each application of the SS rule in the
course of redistributing the walkers as described in appendix A. We have found that
the point within the $§-SL-LL cycle at which the redistribution is implemented has
little effect on the statistics of the estimate.

The Tgg, Ts; and T, algorithms described in sections B.1.1-B.1.3 (i) perform the
D operation by determining the sum of the weights of all possible step permutations
consistent with the tiling rules and, increasing the walker weight by this factor, (ii)
perform the P operation by stochastically choosing a new step configuration with a
probability proportional to the weight of that configuration.

B.1.1. The Tgs operation. The string of steps is searched for all adjacent $'S~ pairs
{with the 7 on the left). Since the tiling has periodic boundary conditions, the sequence
of steps across a layer is to be considered as periodic also. Each $7§™ pair is a ‘T
operation interval.’ For each S¥S~ pair the walker weight is increased by a factor of
(1+ z5,), where z;,=¢ *», Each §*S~ pair is switched to a §~S" pair with probability
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734/ {1+ 234), and left unchanged with a probability 1/{1+ z;,). The T™MMC operations
for each Tgg operation interval are independent i.e. Pss and Dgg may be decomposed
into a direct product of matrices acting on individual 87§~ pairs.

B.1.2. The Ts; operation. The string of steps is divided into ‘T, operation intervals’.
The left-hand end of each operation interval starts with an S§™ or immediately to the
right of an §7; the right-hand end of each interval ends with an S~ or immediately to
the left of an §*. The interior of the interval consists entirety of L steps. For example,
the layer of steps {L"L™STLTL*S™L™$™ L' L™ 57} consists of the Ty, operation intervals
[STL*L™], [STL™87), [L"L™S7], and {L*L"). The TMMC operations for each SL
interval are independent i.e. P5; and Dg, may be decomposed into a direct product
of matrices acting on individua! SL intervals. The application of the SL rules to the
four different types of T, operation intervals are as follows:

(i) Theinterval[S"L,L,...L,. L,]becomes([L,\L,... L,_,8"L,...L,_,L,], where
0= i=n, with probability 1/(n+1). The weight is increased by a factor of (n+1).

(ii) The interval [L,L,...L,.,L,S"] becomes [L,L,...LSL,,...L,_L.],
where 0 < i = n, with probability 1/{n 4+ 1). The weight is increased by a factor of (n +1).

(iii) The interval [S*L,L,...L,S"] becomes [L,... LS"L,,, ... LS L., ...L,],
where 0= i=j=n, with probability 2/[(rn +1)(n+2)]. The weight is increased by a
factor of (n+1)(n+2}/2.

(iv) The interval [L,L,... L,_,L,] and the weight remain unchanged.

B.1.3. The T,, operation. Strings of consecutive L steps are the ‘T,; operation inter-
vals’. The T, operations for each operation interval are independent, i.e. P;; and D,
may be decomposed into a direct product of matrices acting on individual T,; operation
intervals.

Computation of the stochastic and diagonal matrix entries for the LL rule is more
difficult than for the SL and SS rules; the L strings can be of any length {(as is the
case for SL strings) and since there is a chemical potential attached to the (5, 2) tiles,
different permutations of the original string have different weights (as is the case with
the S8 rule), We introduce a diagrammatic method for performing the T;; operations.
Each initial configuration of L steps corresponds to a different diagram [14] on the
square lattice (see figure 6; compare figure 5 of [14]). To optimize the computation
speed, diagrams for all L strings up to length eight are stored in a look-up table. In
the unlikely event that a longer L string occurs, the diagram is generated and used,
but not stored.

A sequence of L steps corresponds to a path on the diagram, the L* and L~ steps
corresponding to (0, 1) and (1, 0) displacements, respectively. (This is simply a rotation
and distortion of the actual sequence of steps.) Each LL exchange operation conserves
the number of L* and L~ steps in a string, while moving a segment of the path up
and to the left. Therefore any allowed LL permutation of an initial string produces a
path which lies above and to the left of the initial path, yet begins and ends at the
same points as the initial path. The initial sequence of L's is mapped to a path on the
square lattice starting at the origin and ending at {x’, y'} (see the full curve in figure
6). The ‘partial weight’ at an intermediate point (x, y) along an allowed permutation
of steps is defined as e "™s2=2z" (the subscript on the z has been dropped for notation
convenience} where m is the number of whole or half (5, 2) tiles between the allowed
permutation path and the initial path from peint (x, y) to the left-hand end. Each
lattice point (x, y} on the diagram is labelled with the sum w(x, y) of the partial weights
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Figure 6. T, diagram for the sequence [L™L*L™L*L*]. The values of w(x, y) are shown
at lattice points.

of ail allowed permutations by the following algorithm: (i) The origin is assigned a
weight of unity. (ii} Lattice points below and to the right of the initial path have a
weight of zero. (iii) For 0=y =<y and 0=x<x', w(x, y) is determined by

wix, y)=flx, y)(w{x~1, y)+w(x, y—1}) (62)

where f(x, y) = z™"). Here m(x, y) is the integer such that (x, y)+m(x, y)(1, —1) is
a lattice point on the initial path (i.e., the number of steps across unit square diagonals
to the initial path).

The weight of the walker is increased by a factor of w(x’, y'}, the sum of the weights
of all allowed permutations. An allowed permutation of the initial sequence is chosen
with a probability proportional to the weight of the permutation by stochastically
tracing a path from (x', ¥’) to the origin. A horizontal step from w(x, y} to w{x—1, y)
is taken with probability w(x —1, y}/[w{x —1, y)+ w(x, y —1}], and a vertical step from
w(x, y) to w(x, y—1) is taken with probability wix, y—1)}/[w{x—1,y)+w(x, y—1)].
The stochastic path is mapped to a string of L's; again each L™ in the string (from
left to right) corresponds to a displacement of (0, 1}, and each L™ corresponds to a
{1, 0) displacement.

The average length of the T, and T, operation intervals, and the number of each
type of operation interval per unit length, reach well-defined limits as the number of
steps Ny across a layer becomes large. Since the TMmMc operations may be decomposed
into independent operations an the finite length operation intervals, the computation
time per walker scales linearly with N,.. (In contrast, the computation time required
to perform an exact transfer-matrix multiplication goes exponentially with Ny,.)

B.2. Importance sampling

Although importance sampling [32] was not implemented in the computation described
in section 2, we outline the technique and present some conclusions concerning useful
importance sampling transformations.
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By the weighting algorithms outlined in this appendix, and equations (50) and
(57), the variance of TMMC estimates vanishes when each of the diagonal matrices
Dss, D, and Dy, is proportional to the identity matrix. An effective importance
sampling implementation performs a transformation on the transfer-matrices which
makes the diagonal matrices more nearly proportional to the identity matirix, thereby
reducing the variance of the estimates, while leaving the eigenvalue spectrum
unchanged.

For simplicity we consider a transfer-matrix T=T, T, (T, and T, are arbitrary),
where w, and u, are the leading left eigenvections of T, T, and T, T, respectively, i.e.

u, T\ T, = Agu, and wT, T = Aqus. (63)
Then a, T, =u,, u,T,=u,, and

1UT U =u,T\U;" = Agu, U3 = Al (64)

1U, LU =u, LU = Agu, UT = Apl (65)

where entries of the vector 1 are all unity, and U; =diag(u;). The vector 1 is the leading
left eigenvector of T¥ = U, T,U" and T# = U, T,U3", and therefore the diagonal parts
of the TMMc decompositions of T and TT are proportional to the identity matrix.
Since T, T, is related to

TTT§=(U1T|U:?1)(U2T201_1) (66)

by a similarity transformation, the eigenvalues of both products are the same. Matrices
of the form VI, W™ and VTI,W !, where V and W are any diagonal matrices, are
said to be the importance sampled versions of T, and T>.

Unfortunately, if we are using TMMC to determine the leading eigenvalue, the
leading left eigenvectors are certainly not known. Effective importance sampling relies
on finding vectors which (i) are a good approximation to the leading left eigenvectors,
and {ii) are of a form such that the speed of the TMMC operations is not greatly reduced.

It is crucial that the importance sampling transformed matrices may be decomposed
into direct products. Otherwise the advantages mentioned at the end of section B.1
are lost since a stochastic operation consists of a single random choice among all
possible tiling permutations {a daunting prospect considering that the number of
permutations grows exponentially with the system width while the weighting of each
permutation is non-trivial).

Consider the TMmc application of some importance sampled matrix T,

T*=VIW '= P*D** W' = p*p* (67)
where V and W are any two diagonal matrices, and P*D* and P*D** are the TMMC
decompositions of T* and VT, respectively. Useful forms of W™' do not have to have
the same operation intervals as D** if we choose to apply W™' and D** sequentially.
(Sequential application of these operations is equivalent to the application of their
product since the matrices are diagonal and TMMcC algorithm does not involve any
random choices.) On the other hand, application of VT is not equivalent to sequential
application of the twe TMMC operations since the stochastic matrices of the TMMmc
decompositions of T and VT are different. For VT to maintain the same operation
intervals as T, (i) the functional form of the entry V;; must be a product of n factors,
where n is the number of T operation intervals in the ith configuration, and (ii) only
a single factor in the product must change on application of the T operations to a
single operation interval. It is not clear whether there are useful importance sampling
transformations for the tiling which saitisfy the above restrictions.
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Appendix C. Application of 60-degree rhombus tiling

The 60° rhombus tiling is a non-quasicrystalline analogue of the Penrose tiling with a
one-dimensional ‘phason’ space. The 60° rhombus tiles have edge vectors

d, ={(—sin(2ma/3), cos(2wa/3))

[ 3 .
and vertices of a tiling are specified by Z,_; n.d,. When the tile densities for each
type of tile are equal, the entropy per tile is {33]

={.323 066. (68)

A distortion of the tiling plane maps a 60° rhombus tiling onto a special case of
the Penrose tiling using only three out of the ten types of rhombi. The mapping

d>el d,—» —el d3—>—e'3‘

transforms a 60° rhombus tiling to a tiling of the (1, 3), (1, 4) and (3, 4) Penrose tiles.
When ny; = n,= n,,, the average area per tile is =0.7088; dividing the entropy in (68)
by this figure, the entropy per unit area is =0.4558. Similarly, mapping

d,~e d,~ el d,— e@

produces a tiling of the (1,2), {1, 5) and (2, 5) Penrose tiles. When n,;=n,; = n,, the
average area per tile is =0.8300, and the entropy per unit area is =0.3893.

A comparison of the above exact values of the entropy density for special cases of
the phason strain, with estimates produced using the results of section 4.1 and equation
(16), confirms that there are significant corrections to the quadratic form assumed in
equation (15). A random tiling of equal densities of {1, 3), (1,4) and (3, 4) tiles has
an entropy density of =046 and non-zero phason strain components E,, =+ and
E,= 772, But, since K, is at least as large as unity and the entropy density maximum
S has a value of about 0.59, the entropy density according to equation (16) should
be considerably negative (about —2) with this phason strain. A similar analysis for the
random tiling with equal densities of (1,2}, (1,5) and (2, 5) tiles (non-zero phason
strain components E,,=7"", E,, =7 * and E,, =2v2r ?, and entropy density =0.39)
shows that the entropy density according to equation (16) should again be negative
(=—0.3).
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