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DIGITAL LONGITUDINAL FEEDBACK SYSTEMS IN SYNCHROTRONS

V.M. Zhabitsky, Joint Institute for Nuclear Research, Dubna, Russia

Abstract

The stability of a beam in synchrotrons with a digital
longitudinal feedback system is treated. A longitudinal
feedback system is required in synchrotrons to stabilize the
high intensity beams against longitudinal instabilities and
to damp the phase injection errors of a bunch. Damping
rates of the digital longitudinal feedback system in depen-
dence of its gain and delay are analysed.

INTRODUCTION

Longitudinal feedback systems are necessary in syn-
chrotrons to reach the accuracy and stability required for
reproducible beam performance [1, 2]. A digital bunch-by-
bunch feedback [3] individually steers each bunch by ap-
plying electromagnetic kicks every time the bunch passes
through the kicker (DK). The kick value is in proportion
to the bunch deviation from the synchronus phase at the
beam position monitor (BPM) location. The combiner (see
Fig. 1) generates the wideband horizontal, vertical or sum
signal, which is then demodulated to base-band by the de-
tector. A stable beam rejection module removes useless
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Figure 1: Block diagram of a digital feedback system

stable beam components from the signal, which is even-
tually digitized (ADC), processed (DSP), and re-converted
(DAC) to analog by the digital processor. While in trans-
verse feedback systems amplifier and kicker operate in
base-band, longitudinal feedbacks require a modulator that
translates the correction signal to the kicker operation fre-
quency. The delay line adjusts the timing of the signal to
match the bunch arrival time. Conditions for damping of
the coherent synchrotron oscillations are discussed below.

BASIC NOTIONS

The RF system accelerates particles of a bunch in syn-
chrotrons by producing a time-varying electric field in an
accelerating station. The particle’s energy growth per turn
is given by [4, 5, 6]

E[n+1] —E[TL] :q%FSiHQb[n], (D
where ¢ is the charge of the particle, q‘A/RF is the maximal
energy gain per turn and ¢[n] is the phase of the RF when
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the particle crosses the middle of the accelerating station
at the point sy of the orbit in the moment ¢[n] at the n-th
turn (the origin of time for the RF phase is taken at zero
crossing of the RF voltage with positive slope; s is the co-
ordinate along the orbit). It is also assumed in (1) that the
electric field is the even function of (s — sg;). Details of
mode structure, geometry, transit time factor,Aetceteras are
ignored in (1) by including these features in V.

It will be assumed further that the particle with the en-
ergy E[n] = mc?vy[n] passes the n-th turn with the speed
¢f[n] along the orbit with the circumference C[n] so that
the angular frequency w[n| and the revolution period are
T[n] = 27 /wln] = C[n]/(cB[n]); here c is the speed of
light, m is the particle mass, and v = 1/4/1 — 2. In ac-
cordance with these definitions the RF phase growth per
turn can be written for the particle as follows:
t[n+1]

/ Gu(t)dt = wln+1] Tin+1], )
t[n]

where wye[n + 1] is the average value of the angular RF
frequency Wy, during the turn T'[n + 1] = t[n + 1] — ¢[n].

The phase ¢[n] can be kept unchanged (modulo 27) at
the value ¢s when the particle returns to the same accel-
erating section after one revolution period. The phase ¢g
is also called the synchronous phase. In what follows, the
subscript “s” is used for synchronous quantities. The syn-
chronous phase growth per turn in accordance with (2) is

¢ln+1]—¢ln] =

ds[n+ 1] — ds[n] = wre[n + 1] Ts[n + 1] = 27her, (3)

where hgr = (wge/ws) is the RF harmonic number. Let
psBs be the momentum rigidity of the synchronous particle
moving along the orbit with the circumference 27w Rs. Then
the synchronous particle’s energy growth pur turn is

Eyn + 1] — Eyn] = qVie sin ¢g[n] = ¢27RepsBs. (4)

Eq. (3) and Eq. (4) are the system of difference equations
for definition of ¢s[n] and Eg[n|. Let us assume that these
solutions have been found. Therefore the motion of an arbi-
trary particle relative to a hypothetical synchronous particle
can be examined.

Acceleration in presence of perturbations

Let §E[n| and §¢[n| be small deviations of energy and
phase of the particle from corresponding synchronous val-
ues at the n-th turn:

¢ln] = ¢ln] — ¢s[n].

Let AVie, Awgr and A Bg be small deviations of the accel-
erating voltage, the angular RF frequency and the magnetic
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field from designed values. Therefore the particle’s energy
deviation from the synchronous one gained per turn in ac-
cordance with (1) and (4) is

SE[n + 1] — 6E[n]
= q(Vas + AVi[n]) sin(6¢[n] + ¢s) — ¢V sings . (5)

In what follows, ¢ represents a difference taken with re-
spect to the synchronous quantity at a given time (conse-
quently at the given turn) and A represents an increment
during acceleration. The phase deviation gained per turn in
accordance with (2) and (3) is given by
t[n+1]
Sén + 1] — d6[n] = / (wWer(t) + D (1))t — 2
t[n]
=wpe[n + 1) T[n+ 1] — 27hes + Adpe[n + 1], (6)

where the phase shift due to a small modulation of the RF
frequency is

Adln +1] = / Aw(t)dt )
The deviation of the revolution period T'[n] from Ty[n] is
determined by [4, 7] the energy deviation §F[n| and the
magnetic field error A Bs[n]:

] A ns6En]  as ABs[n] "
)= (1+ s~ R ) Tl

Here 15 = as — (1/42) is the phase slip factor and ay is
the momentum compaction factor [7]. Therefore the phase
deviation gained per turn is

4r2p?

dp[n + 1] = d¢[n] — qVir COS ¢s

dE[n +1]

ABg[n + 1]

ARF 1] -2 sIRF T 1 17
+ Agge[n + 1] — 2mash Bun 1]

(®)

where the synchrotron oscillation tune v is given by [7]:

hens
Vs = \/_ QW;;ES qVI{F Cos (bs .

For an adiabatic process of acceleration it is possible to
neglect dependences of the coefficient before 6 F in Eq. (8)
on time and n.

Eq. (8) and Eq. (5) are the system of difference equations
for definition of d¢[n] and § E[n]. It corresponds to differ-
ential equations in [4] for synchrotron oscillations in pres-
ence of pertirbations and coincides with difference equa-
tions in [6, 7] in the case of AV = Agpr = ABg = 0.
The system of Eq. (8) and Eq. (5) can be solved, for exam-
ple, using the Z-transform [8] in a such way that was done
for the transverse feedback system in [9].

Synchrotron oscillations
If AVig = Ager = AB; = 0 then for small ¢ lin-
earization of Eq. (5) in combination with Eq. (8) gives the
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synchrotron oscillation equation as difference equations in
the matrix form:

opln+1]\ _ = (6¢[n]
(6E[n+ 1]) = Mx <5E[n] ) ©)
where 5
— f(1oapmr AT
M= R qVir COS s
qVir COS P 1

Consequently the particle dynamics is determined by roots
zy, of the characteristic equation:

det (z,j— 7\4\) =22 (2— 472z, +1=0, (10)

where T is the identity matrix. Eigenvalues of Eq. (10) are
z4 = exp(+j27v), sinmy = 7y

that is well known result [5].

Dipolar motion approximation

Let us consider the bunch as a statistical collection of
many particles [2], each particle oscillating around the syn-
chronous phase. Let f(¢, E') d¢ dE be the probability that
the RF phase is between ¢ and ¢ + d¢ and the particles
energy is between F and F + dFE when the particle crosses
the middle of the RF cavity at the n-th turn with phase ¢[n]
and energy F[n]. The first order moment (centre of charge)
of ¢[n] at the n-th turn is

@) = [[o10.B)a0ae. [[ 16.E 4008 =1
where the integration covers the entire bunch. Conse-

quently with respect to synchronous phase and energy one
can write:

(6[n]) = / / (6 — buln]) (6. E)d$dE;  (11a)
(SE[n]) = / / (E — Eun]) (6. E)dpdE . (11b)

Let us now assume a stationary distribution so that f (¢, E)
does not depend on ¢ and n. Applying (11) to (8) and (5)
for small d¢ one can obtain:

422
(Sé[n + 1)) = (6[n]) — Tocondn (6E[n +1])
+ <A¢RF[TL + 1]> — 27 hge <m> 5 (12a)

(0E[n +1]) = (0E[n]) + qVie(d¢[n]) cos ¢s

+q (AVie[n]) sin ¢ 4 ¢ (AVie[n] d¢[n]) cos és . (12b)
The above equations are identical to Eq. (8) and Eq. (5)
describing the motion of each particle that cannot be in-
dividually observed by the instrumentation. On the other
hand the motion of the centre of charge of the bunch, also
called dipolar motion, can easily be monitored.

LONGITUDINAL FEEDBACK SYSTEMS

Let a pick-up (see Fig. 1) measure (§¢[n]) for the bunch
in place close to the accelerating section. The signal from
the BPM can be used for the correction of the RF parame-
ters via the modulator in the feedback loop when the same
bunch crosses the accelerating section after one turn.
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RF voltage modulation. Feedback is achieved pass-
ing the beam phase information through the loop to modify
the amplitude at the RF cavity. Let the kick AV;z[n] be in
proportion to (§¢[n — 1]) but Agy, = ABs =0:
_942‘5‘:2 un — 1] (5é[n — 1)
Here u[n] is the Heaviside step function and g is the gain
of the feedback loop. Consequently Eqs. (12) can be writ-
ten in the matrix form that coinsides with (9) but

42 (1 - §)

qVie COS @

AVieln] = (13)

1—4n%2 + g

—

M = g
(1 - m) q Ve €OS @

where § = g4 tan ¢s. The particle dynamics is determined
by roots z; of the characteristic equation:

2 — (2—4r2) 2z, + 1 — gy tangs = 0.
Eigenvalues of Eq. (14) for a small g4 are

24 = exp (—%b tan qbs) exp(+j2mv),

l—-g

(14)

cos 2 = (1 — 2m%2) exp (%) tan (bs) .

The damping regime corresponds to g4 tan ¢s > 0. It can
be obtained during the Bg ramp only (tan¢s # 0). It
should be noted that the bunch returns to the synchronous
phase as quickly as possible without coherent oscillations
(v =0 = critically damped oscillator) for

(96)opt = g = 4n°v2 (1 — w?v3)/ tan o .

RF phase modulation. Let the phase shift due to

a small modulation of the RF frequency in accordance

with (7) is chosen in proportion to (6¢[n]) but deviations
AV = ABs =0

(Agwe[n +1]) = —g4(0¢[n]) , (15)

where g4 is the gain of the feedback loop. Consequently

Egs. (12) can be written in the matrix form that coincides
with (9) but

4my?
]/\Z_ 1—47T2I/3—g¢ —/\7-(7%
= N qVir COS @5
qVir COS @5 1

The particle dynamics is determined by roots zj of the
characteristic equation:

22— (2—gp — A7)z +1—gp=0.  (16)
Eigenvalues of Eq. (16) for a small g4 are
Z+ = exp (—%b) exp(+j2mv), sin Ty = 75 exp (%’) .

Therefore the damping regime corresponds to g4 > 0 and
(9¢)opt = g = dmvs — Am?V7 .

Feedback loop with delay. In practice there is a delay
between the measurement of (§¢[n]) and the RF kick. For
example, one can write for (15):

(Adwen +1]) = —gpuln — Gl (6¢[n —q)), (A7)
where ¢ is the number of turns in the feedback loop de-
lay. Applying the bilateral Z-transform [8] in Egs. (12)
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and Eq. (17) it is not difficult to obtain the characteristic
equation for calculation of eigenvalues:

22— (2—gez t Atz +1 - gez T =0, (18)

T /1,
° s
3
\H\‘\\H‘\\H‘\\\\‘\\\\‘\\\\
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Figure 2: Dependences of maximal damping rates on g

Dependences of maximal damping rates Tyev/7qa =
MAX |(In |zx|)| on feedback gains g4 are shown in Fig. 2
for s = 0.005. It should be emphasised that g7, values
decrease with the growth of § values.
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