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Abstract. Let G be a non-trivial, simple, finite, connected and undi-
rected graph of order n and size m. An induced acyclic graphoidal de-
composition (IAGD) of G is a collection ψ of non-trivial and internally
disjoint induced paths in G such that each edge of G lies in exactly
one path of ψ. For a labeling f : V → {1, 2, 3, . . . , n}, let ↑ Gf be the
directed graph obtained by orienting the edges uv of G from u to v,
provided f(u) < f(v). If the set ψf of all maximal directed induced
paths in ↑ Gf with directions ignored is an induced path decomposi-
tion of G, then f is called an induced graphoidal labeling of G and G is
called an induced label graphoidal graph. The number ηil = min{|ψf| :
f is an induced graphoidal labeling of G} is called the induced la-
bel graphoidal decomposition number of G. In this paper we introduce
and study the concept of induced graphoidal labeling as an extension of
graphoidal labeling.

1 Introduction

By a graph G = (V, E), we mean a non-trivial, simple, finite, connected and
undirected graph. The order and size of G are denoted by n andm respectively.
For terms not defined here we refer to [7].
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A decomposition of a graph G is a collection ψ of its subgraphs such that
every edge of G lies in exactly one member of ψ. The significance of graph
decomposition problems arise from the rigor of their theoretical treatise as well
as their application to a variety of fields such as coding theory, bio-informatics
and various types of networks. Among the decomposition problems explored
by researchers we have path decomposition introduced by Harary [8], where
each element of ψ is a path and various types of path decompositions like un-
restricted path cover [9], graphoidal cover [1], simple graphoidal cover [4] and
so on. A detailed review of the results pertaining to graphoidal decomposition
along with an array of open problem is given in [3].

Definition 1 [1] A graphoidal decomposition (GD) of a graph G is a collec-
tion ψ of non-trivial paths and cycles of G such that

(i) Every vertex of G is an internal vertex of at most one member of ψ.

(ii) Every edge of G is in exactly one member of ψ.

Note that by an internal vertex of a path P we mean the vertices of P other
than its end vertices. A GD wherein no member is a cycle is called an acyclic
graphoidal decomposition (AGD) which was introduced by Arumugam and
Suresh Susheela [6]. By demanding the members of an AGD to be induced
paths, Arumugam [2] coined another variation namely induced acyclic gra-
phoidal decomposition (IAGD). The minimum cardinality of the respective
graphoidal decompositions are denoted by η, ηa and ηia. The study of the
parameter ηia initiated by Ratan Singh and Das [10] was further extended by
I. Sahul Hamid and M. Joseph [13].
Linking graphoidal decompositions and vertex labeling, Acharya and Sam-

pathkumar [1] conceptualized the idea of graphoidal labeling as follows.

Definition 2 [1] Let G = (V, E) be a graph with n vertices and let f : V →
{1, 2, . . . , n} be a labeling of the vertices of G. Orient the edges uv from u to v
provided f(u) < f(v). Such an orientation is called a low-to-high orientation
of G with respect to the given labeling f. By ↑ Gf we mean, G together with the
labeling f with respect to which the edges of G are oriented from low -to- high.
Let π∗(↑ Gf) be the set of all maximal directed paths in ↑ Gf and π(↑ Gf) be
the set of all members of π∗(↑ Gf) with directions ignored. We say that f is a
graphoidal labeling of G if π(↑ Gf) is a graphoidal decomposition of G and if
G admits such a labeling f of its vertices, then G is called a label graphoidal
graph (LGG).
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If G is a label graphoidal graph with a graphoidal labeling f, then the
graphoidal decomposition π(↑ Gf) is called the label graphoidal decomposition
of G with respect to the labeling f and is denoted by ψf.
The following result due to Acharya and Sampathkumar [1] gives a complete

characterization of label graphoidal graphs.
Recall that a vertex of a directed graph with in-degree zero is called a source

and a vertex of out-degree zero is called a sink.

Theorem 3 [1] Suppose G has a graphoidal labeling f. Then any vertex v of
G with degree > 2 is either a sink or a source in ↑ Gf.
Theorem 4 [1] A graph G is label graphoidal if and only if every odd cycle
in G has a vertex of degree 2.

Motivated by the observation that label graphoidal decompositions of a
given graph may vary according to the nature of the graphoidal labeling,
Arumugam and Sahul Hamid [5] defined the concept of label graphoidal de-
composition number and obtained some fundamental results.

Definition 5 [5] Let G be a label graphoidal graph. The label graphoidal
decomposition number ηl(G) is defined to be ηl(G) = min{|ψf| : f is a
graphoidal labeling of G}.

The following result obtained by Arumugam and Sahul Hamid [5] gives the
value of ηl for a tree T in terms of its size and the number of vertices of degree
2.

Theorem 6 [5] Let T be a tree with b vertices of degree 2. Then ηl(T) = m−b.

2 Induced label graphoidal graphs

In this section we introduce the concept of induced label graphoidal graph and
investigate its properties.

Definition 7 Let G = (V, E) be a graph of order n and size m and f : V →
{1, 2, . . . , n} be a labeling of the vertices of G. Let ↑ Gf be the oriented graph
obtained by orienting the edges uv from u to v, provided f(u) < f(v) (this
orientation given to the edges of G is called a low-high orientation). If the set
ψf of all maximal directed induced paths in ↑ Gf with directions ignored is an
induced path decomposition of G, then f is said to be an induced graphoidal
labeling of G and G is called an induced label graphoidal graph (ILGG).
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Example 8 Consider the cycle Cn = (v1, v2, . . . , vn, v1) where n ≥ 4. Define
f : V → {1, 2, . . . , n} by

f(v1) = 2,

f(v2) = 1,

f(vi) = i when 3 ≤ i ≤ n.

Then ψf = {(v2, v1, vn), (v2, v3, . . . , vn)} is an induced decomposition of G, prov-
ing that f is an induced graphoidal labeling and thus G is an induced label
graphoidal graph. Certainly, triangles are not induced label graphoidal graphs
and thus the cycle Cn is an induced label graphoidal graph only when n ≥ 4.

Lemma 9 If f is an induced graphoidal labeling of a graph G, then any vertex
of G with degree greater than two is either a sink or a source in ↑ Gf.
Proof. Suppose f is an induced graphoidal labeling of G. Assume if possible,
that there exists a vertex u in G with deg u > 2 such that both in-degree and
out-degree of u in ↑ Gf are positive. Consider three neighbors , say x, y and z
of the vertex u. Then the orientation of the edges xu, yu and zu will be one
of the following.

bb

bb

u

x y
b
z

bb

b bb

u

x y z

Figure 1

Concerning the first case, ψf will have a path P in which (x, u, z) is a section
and similarly, there exists a path Q in ψf such that (y, u, z) is a section. Hence
ψf is no longer a decomposition as the edge yu lies both in P and in Q. We will
arrive at a similar contradiction in the later case as well. Hence every vertex
of G with degree greater than two is either a sink or a source in ↑ Gf. �

Theorem 10 If f is an induced graphoidal labeling, then ψf is an induced
acyclic graphoidal decomposition.

Proof. Suppose f is an induced graphoidal labeling of G. By definition ψf is
an induced path decomposition of G and moreover no member of ψf is a cycle,
which implies that ψf is an induced acyclic path decomposition of G. Further
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it follows from Lemma 9 that every vertex v of G having degree at least three
is either a source or a sink in ↑ Gf so that the vertex v is exterior to ψf. Hence
every vertex v in G is an internal vertex of at most one path in ψf. Thus ψf
is an induced acyclic path decomposition of G such that every vertex of G is
an internal vertex of at most one path in ψf and so ψf is an IAGD of G. �

Remark 11 Since ψf is an induced acyclic graphoidal decomposition of a
graph G when f is an induced graphoidal labeling, ψf in particular is a gra-
phoidal decomposition of G. That is, induced label graphoidal graphs are label
graphoidal graphs. But a label graphoidal graph need not be induced (for exam-
ple consider the triangle). At the same time there are label graphoidal graphs
which are induced label graphoidal as well while a labeling which served as a
graphoidal labeling need not necessarily be an induced graphoidal labeling of
the graph.
For example, the labeling of cycle C4 as in Figure 2 is a graphoidal labeling,

but not an induced graphoidal labeling.

b b

b b

2 3

1 4

Figure 2

Theorem 12 Induced label graphoidal graphs are triangle-free.

Proof. If G is a graph of order n having a triangle C = (u, v,w, u), then
under any labeling f : V(G) → {1, 2, . . . , n} of G, the orientation of the edges
of C will be one of the forms given in Figure 3.
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Figure 3

In the first case the path (u,w, v) is a section of a path in ψf and conse-
quently ψf cannot be an induced decomposition. Similarly in the second case
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also ψf contains a path having (u,w, v) as its section. Hence ψf will no longer
be an induced graphoidal decomposition of G so that G is not induced label
graphoidal. �

Corollary 13 Complete graphs and wheels are not induced label graphoidal.

Theorem 14 Bipartite graphs are induced label graphoidal.

Proof. Let G be a bipartite graph with the bipartition (X, Y) where X =
{x1, x2, . . . , xr} and Y = {y1, y2, . . . , ys}. Define f : V(G) → {1, 2, . . . , (r+ s)} by
f(xi) = i; for all i = 1, 2, . . . , r and f(yj) = (j + r); for all j = 1, 2, . . . , s.
Then every vertex of X is a source and that of Y is a sink in ↑ Gf so that
ψf = E(G); which of course is an induced graphoidal decomposition and thus
f is an induced graphoidal labeling of G. �

Corollary 15 Every label graphoidal graph with δ ≥ 3 is an induced label
graphoidal graph.

Proof. Let G be a label graphoidal graph with δ ≥ 3 . Then Theorem 4 implies
that G does not contain any odd cycle. Hence G is bipartite and so the result
follows from Theorem 14. �

Theorem 16 Induced subgraph of an induced label graphoidal graph is induced
label graphoidal.

Proof. Let G be an induced label graphoidal graph and let H be an induced
subgraph of G. Let f be an induced graphoidal labeling of G. Let g be the
labeling of H obtained from f by assigning the label 1 to the vertex of H which
receives the minimum among the labels of the vertices of H under f and using
the label 2 to the vertex receiving the next minimum on the label under f
and so on. We claim that g is an induced graphoidal labeling of H. Since H is
an induced subgraph of G, any member of ψg is either a member of ψf or a
section of a member of ψf and so each member in ψg is an induced path in H.
Hence ψg is an induced graphoidal decomposition of H and consequently g is
an induced graphoidal labeling of H. �

Remark 17 It follows from Theorem 16 that a graph which is not induced
label graphoidal cannot be an induced subgraph of an induced label graphoidal
graph. Since triangles are not induced label graphoidal graphs, any induced
label graphoidal graph is triangle free which in fact is Theorem 12.
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The following theorem completely characterizes the induced label graphoidal
graphs.

Theorem 18 A graph G is induced label graphoidal if and only if G is triangle-
free such that every odd cycle of G contains a vertex of degree 2.

Proof. Suppose G is an induced label graphoidal graph. Remark 11 says then
that G is a label graphoidal graph and so the required conditions follow from
Theorem 12 and Theorem 4. Therefore, we need to verify only the converse.
Let G be a triangle-free graph such that every odd cycle in G contains a

vertex of degree two. Suppose G does not contain any odd cycle. Then G is a
bipartite graph and hence by Theorem 14, G is induced label graphoidal.

Now assume that G contains an odd cycle. Consider the collection
B = {b1, b2, . . . , bk} of vertices of degree two in G with minimum cardinality
whose removal results in a graph with no odd cycles. Let
H = < V(G) \ B >. Then H is a connected graph without any odd
cycles as the vertices of degree two lying on a cycle of G cannot be cut-
vertices of G. Hence H is a bipartite graph. Let (X, Y) be the bipartition of
H with X = {x1, x2, . . . , xn1

} and Y = {y1, y2, . . . , yn2
}. Now, define a labeling

f : V(G) → {1, 2, . . . , n} where n = n1 + n2 as follows.

f(xi) = i, for all i = 1, 2, . . . , n1

f(bi) = n1 + i for all i = 1, 2, . . . , k and

f(yi) = n1 + k+ i for all i = 1, 2, . . . , n2.

Then one can observe that in ↑ Gf the vertices in X are sources and the vertices

in Y are sinks. Also, every vertex in B is adjacent from exactly one vertex of X
and adjacent to exactly one vertex of Y. Hence ψf consists of the edges joining
a vertex of X and that of Y along with the paths of length two connecting a
vertex in X and a vertex of Y having a vertex of B as an internal vertex. Now,
as G is triangle-free, the initial and terminal vertices of a path of length two in
ψf are not adjacent which implies that such a path in ψf is an induced path in
G. Thus ψf is an IAGD of G proving that f is an induced graphoidal labeling
of G. �

Corollary 19 A label graphoidal graph G is induced label graphoidal if and
only if G is triangle-free.

Proof. Follows from Theorem 4 and Theorem 18. �
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3 Induced label graphoidal decomposition number

For a graph G admitting a graphoidal labeling f, the labeling function f need
not necessarily be unique; which in turn implies that G possesses more than
one graphoidal decomposition. Motivated by this observation, Arumugam and
Sahul Hamid [5] introduced the concept of label graphoidal decomposition
number. We extend this notion further with respect to induced graphoidal
decompositions.

Definition 20 Let G be an induced label graphoidal graph. Then the induced
label graphoidal decomposition number ηil(G) is defined to be

ηil(G) = min{|ψf| : f is an induced graphoidal labeling of G}.

Example 21 (i) A graph G is given in Figure 4 with two different la-
belings. Observe that the two different labelings of the graph G yield
two different induced acyclic graphoidal decompositions. For the first
labeling f1 we have ψf1 = E(G) whereas in the second case the de-
composition corresponding to the given labeling f2 is given by ψf2 =
{(1, 2), (1, 4, 6), (3, 6), (1, 5, 6)}. However, it can easily be verified that
ηil(G) = 4.
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Figure 4

(ii) It follows immediately from the definition that ηil(Cn) = 2 for all n ≥ 4
and ηil(Pn) = 1 for all n ≥ 2.

(iii) If G is a graph with δ(G) ≥ 3, by Lemma 2.3 every vertex of G is either
a sink or a source in ↑ Gf under any induced graphoidal labeling f of G
and consequently ηil(G) = m.
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(iv) Consider the complete bipartite graph Kr,s where 2 ≤ r ≤ s, and let (X, Y)
be the bipartition where X = {x1, x2, . . . , xr} and Y = {y1, y2, . . . , ys}. If
r ≥ 3, then δ(Kr,s) = r ≥ 3 and so ηil(Kr,s) = rs as observed above.
When r = 2, define a labeling f : V(Kr,s) → {1, 2, . . . , (r+ s)} by

f(x1) = 1

f(x2) = s+ 2 and

2 ≤ f(yj) ≤ (s+ 1), for each j where 1 ≤ j ≤ s.

Certainly, f is an induced graphoidal labeling of Kr,s with ψf = {(x1, yi, x2) :
1 ≤ i ≤ s} and hence ηil(Kr,s) ≤ |ψf| = s. As for any induced graphoidal
labeling f of K2,s, the induced graphoidal decomposition ψf will consist
of just edges and paths of length two, which implies that ηil(K2,s) ≥ s.

Thus we have

ηil(Kr,s) =

{
s if r = 2
rs else

(v) As any path in a tree T is an induced path, from Theorem 6 we have
ηil(T) = ηl(T) = m−b, where b denotes the number of vertices of degree
2 in T.

Remark 22 It is possible to have two different labelings giving rise to the
same minimum induced label graphoidal decomposition. For example, consider
the graph G given in Figure 5(a) and the labeling f1 and f2 of G as given in
Figures 5(b) and 5(c) respectively. Certainly |ψf1 | = |ψf2 | = 7 = ηil(G).
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Figure 5

Let us now proceed to obtain some bounds for ηil. As seen earlier, by internal
vertices of a path P, we mean the vertices of P other than its end vertices. For
a graphoidal decomposition ψ of G, a vertex v is said to be interior to ψ if v
is an internal vertex of an element of ψ and is called exterior to ψ otherwise.
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Suppose G is an induced label graphoidal graph and let b denote number
of vertices of degree 2. If f is an induced graphoidal labeling of G, we use b ′

f

to denote the number of vertices of degree 2 which are exterior to ψf. Let
b ′ = minf{b

′
f} where the minimum is taken over all the induced graphoidal

labeling f of G.
The following theorem which is useful to estimate the value of ηil for a given

graph is analogous to a result for ηl given in [5].

Theorem 23 Let G be an induced label graphoidal graph. Then ηil(G) = m−
b+ b ′.

Proof. Consider a labeling f of G with respect to which G has an induced
graphoidal decomposition. Let ψf be the corresponding induced graphoidal
decomposition. Then obviously, the interior vertices of all the elements of ψf
are of degree 2. Therefore we have

m =
∑
P∈ψf

|E(P)|

=
∑
P∈ψf

(1+Number of vertices of degree 2 in ψf)

= |ψf|+ b− b
′

so that we get ηil(G) = m− b+ b ′. �

Corollary 24 For any induced graphoidal graph G, ηil(G) ≥ m−b. Further,
equality is obtained if and only if there exists an induced graphoidal labeling f
of G such that every vertex of G with degree 2 is interior to ψf.

Proof. The inequality follows from Theorem 23 as b ′ ≥ 0. The rest follows
from the fact that ηil = m− b if and only if b ′ = 0. �
Although A graph g is 23 gives a formula to determine the value of ηil in
terms of m and b ′, it is to be noted that determination of b ′ for a graph in
general is not easy.
The following theorem gives a necessary condition for a graph G with

ηil(G) = m− b.

Theorem 25 Let G be an induced label graphoidal graph which is not a cycle.
Then ηil(G) = m − b implies that G is graph such that every cycle of G
contains an even number of vertices of degree ≥ 3 of which at least one pair
of vertices are non-adjacent.
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Proof. Suppose G is an induced label graphoidal graph with ηil = m − b.
Then by virtue of Corollary 24, there exists an induced graphoidal labeling f
such that every vertex of degree 2 is interior to ψf and of course |ψf| = m−b.
If G does not contain any cycle, then G is a tree and the result is trivial.

Suppose G is not a tree and let C be a cycle in G. As any vertex of degree ≥ 3
is either a sink or a source in ψf and all the vertices of degree 2 are interior to
it, it follows that the vertices on C with degree ≥ 3 must alternatively be sinks
and sources. Hence C contains an even number of vertices of degree ≥ 3. Now,
what we need to verify is that at least one pair of vertices on C with degree
≥ 3 are non-adjacent. If not, every pair of vertices on C with degree ≥ 3 are
adjacent. As G is induced label graphoidal, it contains no triangles. Therefore,
C contains exactly two vertices of degree ≥ 3, say u and v. Obviously, one
of them, say u will be a source and the other is a sink. Then both the u − v
sections of C belong to ψf and at least one of them will not be induced which
is a contradiction and hence the result. �

Lemma 26 If G is an induced label graphoidal graph, there exists an induced
graphoidal labeling f such that every vertex of degree 2 not lying on any cycle
of G is interior to ψf.

Proof. Let G be an induced label graphoidal graph. Let vb be a vertex of
degree 2 not lying on any cycle in G. If G is a tree, then the result follows
from Remark 3.9 and Corollary 3.6. Suppose G is not a tree. Let w1 and w2
be vertices with degree ≥ 3 and nearest to vb. Since the distance between w1
and w2 is > 1, it is possible to obtain a labeling f for which w1 is a source
and w2 is a sink so that vb is internal to ψf. �

Acknowledgements

This research work is supported by the Department of Science and Technology,
New Delhi, India through a research project with No.SR/FTP/MS-002/2012
sanctioned to the first author.
The authors would like to thank the referee for the helpful comments and

suggestions.



Induced label graphoidal graphs 189

References

[1] B. D. Acharya, E. Sampathkumar, Graphoidal covers and graphoidal covering
number of a graph, Indian J. Pure Appl. Math., 18, 10 (1987) 882–890. ⇒179,
180

[2] S. Arumugam, Path covers in graphs, Lecture Notes of the National Workshop
on Decompositions of Graphs and Product Graphs held at Annamalai University,
Tamil Nadu, January 3–7, 2006. ⇒179

[3] S. Arumugam, B. D. Acharya, E. Sampathkumar, Graphoidal Covers of a Graph:
A Creative Review, Proc. National Workshop on Graph Theory and its Applica-
tions, Manonmaniam Sundaranar University, Tirunalveli, India, 1996, pp. 1–28.⇒179

[4] S. Arumugam, I. Sahul Hamid, Simple graphoidal covers in graphs, Journal of
Combin. Math. Combin. Comput., 64 (2008) 79–95. ⇒179

[5] S. Arumugam, I. Sahul Hamid, Label graphoidal covering number of a graph,
Proc. Group Discussion on Labeling of Discrete Structures and Applications,
Mary Matha Arts College, Mananthawady, Eds. B. D. Acharya, S. Arumugam
and A.Rosa, Narosa Publishing House, 2007, pp. 77–82. ⇒180, 185, 187

[6] S. Arumugam, J. Suresh Suseela, Acyclic graphoidal covers and path partitions
in a graph, Discrete Math., 190, 1–3 (1998), 67–77. ⇒179

[7] G. Chartrand, L. Lesniak, Graphs and Digraphs, Fourth Edition, CRC Press,
Boca Raton, 2004. ⇒178

[8] F. Harary, Covering and packing in graphs I, Ann. N. Y. Acad. Sci., 175 (1970)
198–205. ⇒179

[9] F. Harary, A. J. Schwenk, Evolution of the path number of a graph, covering
and packing in graphs II, in: Graph Theory and Computing, Ed. R. C. Rad,
Academic Press, New York, 1972, pp. 39–45. ⇒179

[10] K. Ratan Singh, P. K. Das, Induced acyclic graphoidal covers in a graph, World
Academy of Science, Engineering and Technology, 68 (2010) 38–44. ⇒179

[11] I. Samul Hamid, A. Anitha, On the label graphoidal covering number-I, Trans.
on Combinatorics 1, 4 (2012) 25–33. ⇒

[12] I. Samul Hamid, A. Anitha, On the Label graphoidal covering number-II, Dis-
crete Math. Algorithms Appl. 3, 1 (2011) 1–7. ⇒

[13] I. Samul Hamid, M. Joseph, Further results on induced acyclic graphoidal de-
composition, Discrete Math. Algorithms Appl. 5, 1 (2013) 1350006 (11 pages).⇒179

Received: August 12, 2014 • Revised: September 8, 2014

https://en.wikipedia.org/wiki/E._Sampathkumar
http://www.ncardmath.com/CV.pdf
http://www.ncardmath.com/CV.pdf
https://en.wikipedia.org/wiki/E.Sampathkumar
http://www.ncardmath.com/CV.pdf
http://zenodo.org/record/9647/files/SimplePathCovers.pdf
http://www.ncardmath.com/CV.pdf
http://www.ncardmath.com/CV.pdf
http://www.sciencedirect.com/science/article/pii/S0012365X98000326
http://www.sciencedirect.com/science/journal/0012365X
https://en.wikipedia.org/wiki/Gary_Chartrand
http://www.users.drew.edu/~llesniak/
http://www.crcpress.com/
https://en.wikipedia.org/wiki/Frank_Harary
http://onlinelibrary.wiley.com/journal/10.1111/%28ISSN%291749-6632
https://en.wikipedia.org/wiki/Frank_Harary
http://waset.org/publications/11912/induced-acyclic-graphoidal-covers-in-a-graph
http://www.gct.ac.in/users/anitha
http://combinatorics.ir/article_2271_97.html
http://www.gct.ac.in/users/anitha
http://www.worldscientific.com/doi/abs/10.1142/S179383091100095X
http://www.worldscientific.com/loi/dmaa
http://www.worldscientific.com/loi/dmaa

	1 Introduction
	2 Induced label graphoidal graphs 
	3 Induced label graphoidal decomposition number 

