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Abstract: When U is a balanced open subset of a reflexive Banach space E with P("E) =
Pw("E) for every positive integer n, we show that the predual of the space of weakly uni-
formly continuous holomorphic mappings on U, G (U), has the bounded approximation
property if and only if E has the bounded approximation property if and only if P("E) has
the bounded approximation property for every positive integer n. An analogous result is
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1. INTRODUCTION

If E and F are locally convex spaces, always assumed complex and Haus-
dorff, let L(E; F) denote the vector space of all continuous linear operators
from FE into F'. A locally convex space E is said to have the approximation
property (AP for short) if given a compact set K C F and a neighborhood of
zero V in E, there is a finite rank operator T' € L(E; E) such that Te —z € V
for every x € K. Given a locally convex space F, we say that F has the
bounded approximation property (BAP for short) if there exists an equicon-
tinuous net of finite rank operators on E which converges pointwise to the
identity of E. It is easy to see that the BAP implies the AP. But, in [16]
Figiel and Johnson gave an example of a separable Banach space with the AP
which fails to have the BAP. Hence, in general the AP does not imply the
BAP. (See also Casazza [10].)

Let U be an open subset of a Banach space E, let G*(U) denote the pred-
ual of the space of all bounded holomorphic mappings H*°(U) constructed by
Mujica in [23], and let Gy(U) denote the predual of the space of all holomor-
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phic mappings of bounded type Hy(U) constructed by Galindo, Garcia and
Maestre in [17]. If U is a bounded balanced open subset of E then Mujica
[23] proved that E has the AP if and only if G*°(U) has the AP, and in [24]
he proved that E has the AP if and only if G,(U) has the AP whenever U
is a balanced open subset of E. In [13] the author proved that a separable
Banach space E has the BAP if and only if G*°(U) has the BAP, where U is
the open unit ball of E.

In this work our main purpose is to obtain characterizations of the BAP for
the space of weakly uniformly continuous type holomorphic mappings, a gen-
eralization of the class of weakly uniformly continuous holomorphic mappings,
and for the preduals of these classes. Also, we obtained characterizations of
the BAP for the preduals of some classes of holomorphic mappings and ho-
mogeneous polynomials.

The paper is organized as follows: In Section 2 we establish our notation
and terminology. In section 3 we show that a Banach space E has the BAP
if and only if Gy(U), U balanced open subset of E, has the BAP if and
only if the predual of the space of m-homogeneous continuous scalar-valued
polynomial on E, Q(™FE), has the BAP for every m € N (or, equivalently, for
some m € N).

In Section 4 we extend the work of Boyd, Dineen and Rueda [9] to a
more general class of holomorphic mappings, called the space of holomorphic
mappings of weakly uniformly continuous type and denoted by H, (U; F), to
obtain characterizations for the BAP. We know that, if a Banach space E (even
separable and reflexive) has the BAP, in general, the space of n-homogenous
polynomials P("E) does not have the BAP (see [5, Proposition 5.2]). Here,
giving a linearization theorem for the space H,,, (U; F'), and using this result,
we show that the predual of Hy(U), Guu(U), has the BAP if and only if
E has the BAP if and only if, for every positive integer n, P("E) has the
BAP, where E is a reflexive Banach space with P("E) = P, ("E), for every
positive integer n. As a consequence of this, with the same conditions on F,
in particular, we obtain that if U is a balanced open subset of E then the
predual of the space of weakly uniformly continuous holomorphic mappings
on U, Gyuy(U), has the bounded approximation property if and only if E has
the bounded approximation property if and only if P("E) has the bounded
approximation property for every positive integer n.

In the last section we consider the predual of spaces of bounded holomor-

phic mappings on Banach spaces and study the problem in connection with the
following problem posed by Mujica: When U is the open unit ball of £, does
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G*°(U) have the BAP, whenever E has the BAP? (See [23, 5.9 Problem].)
Recently in [13] the author answered the problem in positive for separable
Banach spaces, but the general case still remains open.

2. NOTATION AND TERMINOLOGY

The symbol C represents the field of all complex numbers, N represents
the set of all positive integers, and Ng = N U {0}. Unless stated otherwise E
and F' denote locally convex spaces, always assumed complex and Hausdorff.
The letter U denotes a nonvoid open subset of F.

For a Banach space E the symbol Ug represents the open unit ball of F
and the symbol Bg, 1 < X < o0, represents a subset of F consisting of the
elements of norm < \. In case of A = 1 we write Bg instead of B}; which is
the closed unit ball of E.

The symbol 7. denotes the compact-open topology, and given a subset A
of E, A™ will denote the 7.-closure of A in E. The symbol A stands for a
directed set.

Let L(E; F') denote the vector space of all continuous linear operators from
E into F. When F = C we write E instead of L(E;C).

We denote by E ) F' the tensor product of E and F.

An operator T in L(E; F) is said to have a finite rank if T'(E) is finite di-
mensional. Observe that the subspace of all finite rank operators T' € L(E; F')
can be identified with the space E' @ F.

Let P(E; F) denote the vector space of all continuous polynomials from
E into F, let P(™E; F) denote the subspace of all m-homogeneous members
of P(E;F). Let Py(™E;F) (resp. Puu(™E;F)) denote the subspace of all
members of P("™E; F) which are weakly (resp. weakly uniformly) continu-
ous on bounded subsets of E, for every m € Ny. It is shown in [3] that
Puw(ME; F) = Pyu(™E; F) for every Banach space E and F, and for every
m € N. If F' = C then we denote P("E;C) (resp. Pw("E;C)) by P(™E)
(resp. Py(™E)).

A polynomial P € P(™E; F) is called of finite type if it is generated by
linear combination of functions ¢™ @y (¢ € E', y € F), where ¢ @R y(z) =
¢™(x)y for all x € E. Let Py(™E; F) denote the subspace of all members of
P("™E; F) which are of finite type, for every m € Np.

Let H(U; F') denote the vector space of all holomorphic mappings from U
into F' and let Hy(U; F') denote the vector space of all f € H(U; F') such that
f(A) is bounded in F' for each U-bounded set A. We recall that a set A C U
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is said to be U-bounded if A is bounded and there exists a neighborhood of
zero V in F such that A+ V C U. Note that U-bounded sets coincide with
the bounded sets when U = E. If F' = C then we denote H(U;C) (resp.
Hy(U;C)) by H(U) (resp. Hp(U)).

Let Hyw(U; F') denote space of all f € H(U; F') such that f is weakly uni-
formly continuous on A for each U-bounded set A. We endow H,,,, (U F') with
the topology of uniform convergence on U-bounded sets, which is a Fréchet

space whenever U is an open subset of a Banach space E (see [2, Proposition
1.4]). When F = C we write Hyy, (U) instead of Hyy (U; C).

We refer to [15] or [22] for the properties of polynomials and holomorphic
mappings on infinite dimensional spaces, to [21] for the theory of Banach
spaces, and to [19, 20] for the theory of locally convex spaces. We also refer to
[2], [3] and [4] for the properties of Py ("E; F), Pyu(™E; F) and Hyy(U; F)

on infinite dimensional spaces.

3. THE BOUNDED APPROXIMATION PROPERTY FOR THE PREDUAL OF
THE SPACE OF HOLOMORPHIC MAPPINGS OF BOUNDED TYPE

Let U = (Up)nen be an increasing countable open cover of an open subset
U of a locally convex space E. Let H*(U; F') denote the locally convex space

H®U; F)={f € H{U; F) : f(Uy) is bounded in F for every n},

endowed with the topology of uniform convergence on all the sets U,,. If FF = C
then we denote H>®(U; C) by H>(U).

If we take U = (Up)nen as a fundamental sequence of open U-bounded
sets, obviously we have H*>(U; F') = Hy(U; F).

In [17] Galindo, Garcia and Maestre constructed a complete (LB)-space
Gp(U), U is a balanced open subset of a Banach space E, and a mapping
v € Hy(U; Gy(U)) with the following universal property: For each Banach
space F' and each mapping f € H,(U; F'), there is a unique mapping Ty €
L(Gy(U); F') such that Ty o 6y = f. The space G,(U) is called predual of
Hyp(U). Now, let U be an open subset of a locally convex space F, and let U =
(Un)nen be an increasing countable open cover of U. The result of Galindo,
Garcia and Maestre was generalized by Mujica in [24] where he constructed
a complete (LB)-space G™(U) and a mapping &, € H®(U; G*(U)) with the
following universal property: For each complete locally convex space F' and
each mapping f € H*(U; F), there is a unique operator Ty € L(G>®(U); F)
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such that Ty o6y = f, where the space G*°(U) is defined in the following way:
For every sequence o = (a,) of strictly positive numbers, let

By ={feH>WU) : ||flly, < an for every n}.

Then G*°(U) is defined as the closed subspace of all linear functionals u €
H®(U)" such that u|pg s Te-continuous for every «, which is called predual
of H™®(U).

In an earlier work, when F is a Banach space, Ryan [29] constructed a
Banach space Q(™E), m € N, and a mapping d,, € P("E;Q(™E)) with
the following universal property: For each Banach space F' and each P €
P(™E; F), there is a unique operator Tp € L(Q(™E); F') such that Tp o6, =
P, where the space Q("F) is defined as the closed subspace of all linear
functionals v € P(mE)/ such that v Bpmp) is T.-continuous, which is called
predual of P("™FE). (See also [25], or [23, Theorem 2.4 and Theorem 4.1].)

There is a close relation between Q("™E) and G*(U). In [11], parallelling
to [8, Proposition 4] the author gives a result ([11, Proposition 5.1]), without a
proof, asserting that {Q("™E)}>°_, is an S-absolute decomposition for G*°(U),
where U = (Up, )nen is an increasing countable open cover of bounded balanced
open subsets of a balanced open subset U of a Banach space E (for the def-
inition and details about Schauder decompositions and S-decompositions see
[15, §3.3]). But in the last section we will observe that these conditions on
U = (Up)nen are not enough to have this conclusion. On the other hand,
putting an additional condition on U = (U, )nen, we see that [11, Proposition
5.1] is true in this case, which we include here a complete proof of it.

For the proof we will need the following lemma. We remark that the
proofs of the following lemma and the next proposition follow the patterns
of the proofs of the corresponding results by C. Boyd in [8]. In what follows
the sum )7  P" f(0)(x) will denote the Taylor series expansion of a function
f € H(U), U C E open, about 0 with P"f(0) € P("FE) for each n € N, and
the symbol S will denote the set of all scalar sequences ()52 ; such that
limsup,, _ |an\% <1.

LEMMA 1. Let U be an open balanced subset of a Banach space FE and
let U = (Uyp)nen be a sequence of bounded, balanced, open subsets of U such
that U = U,2, U, and p,U, C Uyy1, with p, > 1, for every n € N. Let
a = (ay) be any sequence of strictly positive numbers, let (6,)nen € S and
let g5 = 3772, B; P f(0) for each f € Bfj. Then there exists a sequence of
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strictly positive numbers o/ = (al,) such that

sup ||g sup » |B;]||Pf(O)||,, <o,
S lgslly, < S MJE:O\ il || Wy, < an

for every n € N. In particular, gy € Bf‘,/ for every f € Bj}.
Proof. Let a = (o) be any sequence of strictly positive numbers with
By ={feH>U) : Iflly, < an forevery n}.
It is easy to see that gy € H(U) for every f € Bfj. Let us fix an integer n € N
and take an element ¢ of U,. Then by hypothesis ¢t € U,,+; and furthermore

EU, C Upy1, for every €| < p,. Now applying the Cauchy inequalities (see,
e.g., [22, Corollary 7.4]) we get that

[P f0)(pnt)|| < sup [[f(€D)] < sup [[f()]] < onyr,

|E‘:pn teUn+1

for every m € N and for every f € Bj}. So

1P O, < £l s < i

for every m € N and for every f € Byj. Since (3;)jen € S we can find C' > 0

such that '
1+ pn\’
185] < C( 2p >

for every j. Hence we obtain that

00 145
larlly, < E |HP f( HU < Capt1 E < n> =al,
7=0 7=0

for every f € By;. Since n is an arbitrary integer, we have that

sup ||g sup Bil || P f <oy,
jeBs | f”Un B u;zo‘ J’H >HUn n

for every n € N, which shows that gy € Bﬁ/ for every f € Bfj. |
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ProprosITION 1. Let U be an open balanced subset of a Banach space E
and let U = (Uy,)nen be a sequence of bounded, balanced, open subsets of U
such that U = Uzozl U, and pyU, C Upy1, with p, > 1, for every n € N.
Then {Q("E)}>2, is an S-absolute decomposition for G*(U).

Proof. Let a = (o) be any sequence of strictly positive numbers with
By ={feH>U) : Iflly, < an forevery n}.
Since (1,22,...,52,...) € S it follows by Lemma 1 that there exists a sequence
of strictly positive numbers o/ = (a},) such that

> 3|1 F(0)]
j=0

<a

Un - n?

for every f € Bjj and every n € N. Therefore for every m and every f € By}
we have
oo ‘ o0 )
mQZPJf(O) < ZjQHP"f(O)HU <o, for every n € N.

Thus for every m and every f € By, the function m? Z;’im PIf(0) belongs
to Bf‘,/.

Let ¢ € G*°(U) and for each n € Ny let ¢, (3252, P*f(0)) := ¢(P™f(0)),
f € H*(U). For each n € N let us define

fl=]I<1

B" = {P € P("E) : |P|| = sup |P(z)| < 1}.

Since each Uj is bounded, for every n € N there exists a sequence of strictly
positive numbers 4" = (v}') such that B" C Bz{n. Then it follows that ¢, pn =
@|pn 18 T-continuous and therefore ¢, € Q("E) for every n € N. Since ¢ is
T.-continuous on Bj; and the Taylor series expansion of f € Bjj about 0
converges to f in the 7.-topology, we have that

m—1 m—1
HqﬁZm = sup (¢Z¢k> (f)‘
k=0 k=0

feBg

By

o

» 1
= sup |¢ P7f(0 < —< |9l par — 0 asm — oco.
s o | 3P0 | < Gl

j=m
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Thus ¢ = 525 ¢ € GX(U).
As (B1,2%B2,...,n%Bp,...) € S for (Bn)neny € S, it follows by Lemma 1
that there exists a sequence of strictly positive numbers o’ = (a!") such that

Y28 PO <> 28 (|PT )|, < o,
=0 j=0

Un

for every f € Bfj and every n € N, where 3y = 0. Hence, in particular

B = {j?8;P'f(0) : feBf,jeN}c By

with {j23;P/f(0) : f € B3} C P(YE) for every j € N. Let ¢, — 0 in G®(U)
(for the topology of uniform convergence on the subsets Bj; of H*>(U) for
every «). Since

; 1
||(¢77)jH{ij(0)}{fEBﬁ} = fseug)a ‘%(ij(o))‘ < ﬁ 160l 5/
u

then (¢,,); — 0in Q(VE) for every j € N. Hence {Q("E)}5°, is a Schauder de-
composition for G*(U). Furthermore, for Y >° (¢, € G®(U) and (B )nen €
S we have that

> Budn
n=~k

< Z 1Bl il g = Z e |6(B. P £(0))]

By n=~k

— 1
—Z s [onBuP" FO)] < 6] 3 75
n==k

Therefore {Q("E)}52, is an S-decomposition for G (U), and taking k = 0 it
is seen that the S-decomposition is absolute. [

We remark that the hypothesis of Proposition 1 is sufficient for the proof
of [11, Theorem 5.2], so with this result [11, Theorem 5.2] still remains true.

There is also a relation concerning the BAP between Q("™E) and G*(U),
which we prove below. Before let us give a technical lemma whose proof is a
modification of the proof of [14, Lemma 9] (see also [7] for related results).

LEMMA 2. Let E and F be Banach spaces, and let 1 < X\ < oo. If
Y —~ . Tc
BP(mE;F) C B)‘ B (mE:F) " for some m € N, then Brg.r) C gem)

por » where
c(A,m)=m—1+"—-—\.

m+1
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Proof. Since ¢(A,1) = X the case m = 1 is our hypothesis. Then we let
Te

mEF) LetTGBL(E;F), let K

be a compact subset of £ and let ¢ > 0. Let a € K with a # 0 and choose

@ € E', ¢ # 0, such that p(a) = 1 and ||¢|| = |ja||~". Consider the set

m > 1 and suppose that Bpmpg,r) C Bf;f(

K = U (e K+ -+ enK),

€;=F1
i=1,....m

which is a compact set in E. Let us define

Vo o 1
To@" Nt am) = —[T(@1)p(z2) - p(wm)
+ o+ Tam)p(a1) - p(Tm—1)]
m times
— ] 1 1
for every (z1,...,2m) € E X --- x E. Since ||al| Toyp € Bpmp;r), by

hypothesis there is a P™ € BP?(m EiF) such that

|
[P @) = llall™ ™ T o 7 @) < = flal™ e

for every z € Kj.

m times

—_——
Thus, for every (z1,...,2,) € K X --- x K, we have that

Y
P™ (21,...,Tm) — <HaHm_1T 5 gom_1> (x1, ... ,a:m)H

1 m 3 3 m
= H o Z €1 €m | P™ (Zem) —Jla|™ T o™t (Zm&)]“
me i=1 i=1
1

€;=F1
m' m—1 . m—1 €
e 3 T el e = el

Ei::Fl

<

Then, in particular we obtain

< |la]

Vi \
P" (z,a,...,a) — (Ha”m_lTogom_l) (z,a...,a)
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for every x € K. This will imply that

v 1 m—1
pm o mfliT m—1"" " -
(@) = (L) + a1

< la™ =
m

(@1T@))|

Vv

PP (aen) = ol (M) p@T@) ~ ol T

for every x € K, or equivalently

|

for every x € K.
Therefore, if we define a linear operator Ty by

m Vv

_mo
lal™

m V

Ty(x) == Talm—T P" (z,a...,a) — (m—1)T(a)p(x), reFE,

\/ m
then Ty € E' ® F, and since |P™ (.,a...,a)|| < l|a]™ o [P (see [23,
Theorem 2.2]) we have that
m v
1T¢ll = Tlal—T P" (. a...,a) = (m—1)T(a)p
m+1
< mn A4+m—1.

m!

Hence letting c¢(A,m) = m — 1 + m;nlrl)\ we have that T} € B,CE(%W;), and

therefore the proof by (*). 1

In case of Banach spaces we have another equivalent formulation for the
definition of the BAP. We say that a Banach space E has the \-BAP if given
a compact set K C E and e > 0, there is a finite rank operator T' € L(E; E)
so that ||T|| < A and ||[Tz — z|| < € for every x € K. We say that E has the
BAP if F has the A-BAP for some A. Note that, in case of Banach spaces, this
definition coincides with that definition of the BAP given in the introduction
for the locally convex spaces.

Considering the above definition and using [13, Proposition 1], from the
previous lemma, in particular, we obtain the following useful result.
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COROLLARY 1. Let E be a Banach space and let 1 < A < co. If Bpmg;r)

C B%f(mE-F) Tc, for every Banach space F' and for some m € N, then E has
the ¢(\,m)-BAP, where ¢c(A\,m) =m — 1+ m;";l A

Corollary 1 is applied in the proof of the following result which asserts that
a Banach space E has the BAP if and only if, for each m € N (or, equivalently
for some m € N), the predual of P("™FE) has the BAP if and only if the predual
of H*(U) has the BAP.

PROPOSITION 2. Let U be a balanced open subset of a Banach space E
and let U = (Uy,)nen be a sequence of bounded, balanced, open subsets of U
such that U = |J;-, Uy, and p,U, C Upy1, with p, > 1, for every n € N.
Then the following statements are equivalent:

(a) E has the BAP.

(b) Q(™E) has the BAP, for every m € N.
(¢) Q(™E) has the BAP, for some m € N.
(d) G*(U) has the BAP.

Proof. The equivalence of (a) and (b) follows from [13, Proposition 2],
and the equivalence of (b) and (d) follows from Proposition 1 and [12, Propo-
sition 2.7].

Since the implication (b) = (c) is trivial we show that (c) implies (a) to
complete the proof. Suppose that, for some m € N, Q("™FE) has the \-BAP,

for some A > 1. Then by applying [13, Proposition 1], [23, Theorem 2.4] and
R U ——

[23, Proposition 3.1] we see that Bpmp,p) C B7)5f(mE;F)

space F'. Now it follows from Corollary 1 that E has the ¢(\, m)-BAP, and
hence we have (a). 11

Observe that if Q("™FE) has the BAP for some m € N then, it actually has
the BAP for every m € N (and hence G*°(U) has the BAP) by Proposition 2.
Therefore the above proposition improves [13, Proposition 2] in some sense.

Previous proposition, by [24, Proposition 7.1], in particular, yields the
following result for the predual of holomorphic mappings of bounded type
Hp(U) constructed by Galindo, Garcia and Maestre in [17].

c
, for every Banach

COROLLARY 2. A Banach space E has the BAP if and only if G,(U) has
the BAP, for every balanced open subset U of E.

We note that the results similar to Proposition 2 and Corollary 2 were
obtained by Mujica in [24] for the approximation property.
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4. THE BOUNDED APPROXIMATION PROPERTY FOR WEAKLY UNIFORMLY
CONTINUOUS TYPE HOLOMORPHIC MAPPINGS

Paralleling to a work of Aron and Schottenloher [5], in [9] Boyd, Dineen and
Rueda gave some characterizations for the AP in connection with the space of
weakly uniformly continuous holomorphic mappings. We now introduce a new
class of holomorphic mappings, which will coincide with the space of weakly
uniformly continuous holomorphic mappings in some particular cases. Let U
be an open subset of a Banach space E, and let Y = (U, )nen be an increasing
countable open cover of U. Let Hyy,, (U; F') denote the locally convex space

f is weakly uniformly
HuuUs F) = {f €HUF) - continuous on U, for every n } ’

endowed with the topology of uniform convergence on all the sets U,, which
we call space of holomorphic mappings of weakly uniformly continuous type.
When F = C we write Hy, (U) instead of Hy(U;C).

It is clear that Hyy(U; F) = Hyu(U; F) if U = (Up)nen is a fundamental
sequence of open U-bounded sets.

Given a locally convex space FE, let E; denote the dual of E, endowed
with the topology of uniform convergence on all convex, balanced, compact
subsets of E. For locally convex spaces E and F' the e-product was intro-
duced by L. Schwartz in [32] as the locally convex space EeF := L (E.; F),
endowed with the topology of uniform convergence on equicontinuous subsets
of E'. There are several results relating the approximation property with the
e-product. We mention [5], [6], [9], [28], [31]. Besides, the notion of e-product
can be used to yield topological isomorphisms which are useful to study of
approximation properties in connection with certain classes of holomorphic
mappings. The following proposition states a result in this direction (for re-
lated results see [9] and [31]).

ProrosiTiON 3. Let E and F' be locally convex spaces with F' is quasi-
complete, let U be an open subset of E, and let U = (Uy,)nen be an increasing
countable open cover of bounded, balanced, open subsets of U. Then

(a) Huwu(U; F) is topologically isomorphic to Hyy,(U)eF .
(b) Pw("E; F) is topologically isomorphic to Py ("E)eF for each n € N.

The proof of this proposition is an obvious modification of the proof of
[9, Theorem 3], and is therefore omitted.
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Let Ly s("E; F') denote the space of symmetric continuous n-linear map-
pings from FE into F' which are weakly uniformly continuous on the bounded
subsets of E'x...x E. The next result is inspired by the ideas of Boyd, Dineen
and Rueda in [9], which is established there for the AP.

PROPOSITION 4. Let E be a Banach space such that E' has the BAP.
Then L., s("E) has the BAP for all n € N.

Proof. In the proof of [9, Proposition 8] by using [20, §43, 3(7), p. 243]
and [30, Exercise 4.5] we get the proof. 1

Let us recall that every complemented subspace of a locally convex space
with the BAP has the BAP. Now, as a consequence of Proposition 3 and
Proposition 4 we can give the following tensor characterizations of the bounded
approximation property for H,,(U) and P, ("E), n € N.

THEOREM 1. Let U be a balanced, open subset of a Banach space E,
and let U = (Up)nen be an increasing countable open cover of bounded open
subsets of U. The following conditions are equivalent:

(a) E' has the BAP.

(b) For each n € N, P, ("E) has the BAP.

(¢) For each n € N, given a polynomial P € P, ("E; F) there is an equicon-
tinuous net in F' Q) Py, (" E) which converges to P for the topology of uni-
form convergence on the equicontinuous subsets of FC,, for every quasi-
complete locally convex space F' (equivalently for every complete locally
convex space I).

(d) Huwu(U) has the BAP.

(e) Given a mapping f € Hyu(U; F) there is an equicontinuous net in
F Q@ Huyu(U) which converges to f for the topology of uniform con-
vergence on the equicontinuous subsets of F c/, for every quasi-complete
locally convex space F' (equivalently for every complete locally convex
space F').

Proof. The implications (b) < (c), (d) < (e) follow from Proposition 3
and [12, Proposition 2.8]. The implication (d) = (b) follows from the fact that
Py("E) is a complemented subspace of H,, () for every m € N, since each Uy,
is bounded. And since U is balanced and each U, is bounded then, by using
[15, (3.42)] one can see that {P,("FE)}22, is an S-absolute decomposition for
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Huwu(U) (see [15, Proposition 3.36, p. 197]). Hence by [12, Proposition 2.7] we
get the implication (b) = (d).

On the other hand, since P, ("E) and L, s("E) are isomorphic the impli-
cation (a) = (b) follows from Proposition 4, and since E' is a complemented
subspace of Hy,, (U) we have that (d) = (a).

The fact that the condition (e) (resp. (c)) for every complete locally convex
space F' is equivalent to the corresponding condition for every quasi-complete

locally convex space F' follows from [12, Proposition 2.8] since (Huyu(U)..), =

Huu(U) (resp. Pu("E).). = Pu("E)) and Hyu(U), (resp. Pu("E).) is a
complete locally convex space (see [19, §21, 6 (4), p. 265]). 1

Remark 1. In the above theorem some implications are true for more
general settings:

(a) The implications (d) < (e), (b) < (c¢) are true, in general, for
any increasing countable open cover of an open subset U of a Banach
space F.

(b) The implication (d) = (b) is true when each U, is bounded, and U is
need not to be balanced.

By [24, Proposition 7.1], from Theorem 1 in particular we obtain the
following result for weakly uniformly continuous holomorphic mappings,
which parallels to the aforementioned work of Boyd, Dineen and Rueda
given in [9].

COROLLARY 3. Let U be a balanced open subset of a Banach space E with
P("E) = Pw("E), for every n € N. The following statements are equivalent:

(

(a) E' has the BAP.

(b) P(™E) has the BAP for each n € N.
(¢) Hwu(U) has the BAP.

We note that in the preceding corollary, for every n € N, P("E) = P, ("E)
holds if, in particular, E is the Tsirelson space which is a reflexive Banach
space with a Schauder basis (see [1]). Also, in [15, Corollary 2.37 and Propo-
sition 2.41] it is given conditions under which P("E) = P,("E), for every
n € N (see also [15, Proposition 2.49]).

In a series of papers Mujica [23],[24], and Mujica and Nachbin [26] gave
linearization theorems for certain classes of spaces of holomorphic mappings.
Using the linearization technique given in [24] (or in [26]) we prove the fol-
lowing result for weakly uniformly continuous type holomorphic mappings.
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THEOREM 2. Let U be an open subset of a locally convex space F, and let
U = (Up)nen be an increasing countable open cover of U. Then there are a
complete, barelled, (DF)-space G,(U) and a mapping 6y € Huyu(U; Guwu(U))
with the following universal property: For each complete locally convex
space F' and each mapping f € Hyu(U; F), there is a unique mapping T €
L(Gwu(U); F) such that Ty o 0y = f. This property characterizes Gy (U)
uniquely up to a topological isomorphism.

Proof. We proceed as in the proof of [26, Theorem 2.1]. If U = (Uy, )nen is
a countable open cover of U, and o = (a, )nen is a sequence of strictly positive
numbers then we set Bf},,, = {f € Huwu(U) : [|f[ly, < an for every n}, which
is a T.~compact subset of H,, (U) by the Ascoli Theorem. Now we let G, ()
be the space of all linear forms on Hy,(U) which when restricted to each
By, are T.-continuous for every . We endow this space with the topology of
uniform convergence on all the sets By}, . Observe that G, (i) is a complete,
barelled DF-space. The evaluation mapping & : * € U — 9§, € Gyuu(U) is
defined by 6, : f € Hyu(Ud) — f(z) € C for every z € U, and we see that
u € HU; Gyu(Uh)). But actually &y € Hypu(U; Guwu(U)). To see this we use
an argument given in the proof of [9, Theorem 3]. Let n be any positive

integer and consider a neighborhood of zero, in H, (),
W ={f € HpuU) : |f(x)] <1forall z€U,}.

Then d&y(U,) C W°, where W° denotes the polar of W, and hence the weak
topology coincides with the topology induced by M (i), on & (Uy). Since

(Huwuw(U),.) = Hwu(U), a fundamental system of weak neighborhoods of zero
in Houu(U),, restricted to &y (Uy,) has the form

Vo ={¢ € Huwull) : |6(f;)| <e,i=1,...,n},

for some finite set (fi)"; C Hwu(U) and € > 0. Since each f; is weakly
uniformly continuous on U,, there exists a weak neighborhood of zero Wy
in F such that |f;(x) — fi(y)| < € whenever z,y € U,, x —y € W), for all
i=1,...,n. But |fi(z)— fi(y)| = [02(fi) — 0y(fi)| and thus, §, — 6, € Vp
for all x,y € U, such that x —y € Wy. This proves that &, is weak-weak
uniformly continuous on U, and consequently &y € Hu, (U; Gupu(U)).

From this point on the argument used in the proof of [26, Theorem 2.1]
works for our case also. 1

From the preceding theorem, by [24, Proposition 7.1], in particular we
obtain the following:



172 E. CALISKAN

ProprosiTION 5. Let U be an open subset of a locally convex space E.
Then there are a complete, barelled, (DF)-space G, (U) and a mapping
v € Huwu(U; Gy (U)) with the following universal property: For each com-
plete locally convex space F and each mapping f € Hyy(U; F), there is a
unique mapping Ty € L(Gy(U); F) such that Ty o 6y = f. This property
characterizes Gy, (U) uniquely up to a topological isomorphism.

A useful tool to determine that whether or not a given space has the
(bounded) AP is the S-absolute decomposition of spaces. By an easy mod-
ification of the proof of Proposition 1, we obtain the following S-absolute
decomposition for G, (U).

ProproSITION 6. Let U be an open, balanced subset of a Banach space E
with P("E) = Py("E), for every n € N, and let U = (U, )nen be a sequence
of bounded, balanced, open subsets of U such that U = Uff:l U, and pp,U, C
Up+1, with p, > 1, for every n € N. Then {Q("E)}°, is an S-absolute
decomposition for G, (U).

As a consequence of the previous results for the preduals we obtain the
main result of this section:

PROPOSITION 7. Let U be a balanced open subset of a reflexive Banach
space E with P("E) = Py,("E), for every n € N, and let U = (Uy,)pen be a
sequence of bounded, balanced, open subsets of U such that U = |J;2, U,
and p,U, C Upy1, with p, > 1, for every n € N. The following conditions are
equivalent:

(a) E has the BAP.
(b) P("E) has the BAP for each n € N.
(¢) Guwu(U) has the BAP.

Proof. Since E is reflexive the implications (a) < (b) follows from [20,
§43, 8(4), p. 261] and Theorem 1. On the other hand by Proposition 2 we
have that E has the BAP if and only if Q("FE) has the BAP for each n € N,
and by Proposition 6 and [12, Proposition 2.7], if and only if Gy, (i) has the
BAP, proving the implications (a) < (c). 1

We remark that there are separable reflexive Banach spaces E with a
Schauder basis (hence, with the BAP) such that P(?E) does not have the AP
(see [5, Proposition 5.2]) (hence, does not have the BAP). Thus Proposition
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7, being a positive result in this direction, shows that the condition that
P("E) = Pw("E), for every n € N, is a necessary condition in order to P("E),
n € N, to have the bounded approximation property. We do not know if this
assumption can be replaced by a weaker assumption, or, if this condition is the
weakest condition for which P("E), n € N, has the (bounded) approximation
property.

Now, by [24, Proposition 7.1], Proposition 7, in particular, yields the fol-
lowing characterization of the BAP for the predual of spaces of weakly uni-
formly continuous holomorphic mappings.

COROLLARY 4. Let U be a balanced open subset of a reflexive Banach
space E with P("E) = P,("E), for every n € N. Then E has the BAP
if and only if Gy, (U) has the BAP if and only if P("E) has the BAP for
eachn € N.

5. THE BOUNDED APPROXIMATION PROPERTY AND THE PREDUAL OF THE
SPACE OF BOUNDED NOLOMORPHIC MAPPINGS ON BANACH SPACES

Let E and F be complex Banach spaces and let U be an open subset
of E. Let H*>®(U; F) denote the Banach space of all bounded holomorphic
mappings, with the norm of supremum. When F = C we write H*(U)
instead of H*°(U;C).

Similarly to the constructions established in [24] and [26], Mujica [23]
constructed a Banach space G*°(U) and a mapping 6y € H>®(U;G*(U))
with the following universal property: For each Banach space F' and each
mapping f € H>®(U; F), there is a unique operator Ty € L(G*(U); F') such
that Ty o 0y = f, where the space G*°(U) is defined as the closed subspace of
all linear functionals u € H*(U) such that U|Byyoo (1) 18 Te-continuous, which
is called predual of H>*(U) .

In [23] Mujica asks whether G*°(Ug) has the BAP, whenever E has the
BAP [23, 5.9 Problem]|. We have no answer to this question yet when E is a
non-separable Banach space (for the separable case see [13] for a solution). In
the previous sections we have used the S-absolute decompositions to obtain
characterizations for the BAP concerning the preduals G (U) and Gy (U).
But there is no way to use this method to prove that G*°(U) has the BAP
whenever F has the BAP as the following observation shows.

Remark 2. Let U be a bounded, balanced, open subset of a separable
reflexive Banach space E with P("E) = P, ("E), for every n € N. Then, the
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sequence {Q("FE)}>2, can not be an S-absolute decomposition for G*(U).
Indeed, by hypothesis, for each n € N, Q("FE) is a reflexive Banach space (see
the proof of [27, Theorem 2.5] or [25, Theorem 3.1]). Now, if {Q("E)}>2, were
an S-absolute decomposition for G*°(U), by [18, Theorem 3.2] this would
imply that G*°(U) is a reflexive Banach space. But as pointed out in [23,
Remark 2.2] G*(U) is a separable Banach space also, and since H*(U) =
G°°(U)' [23, Theorem 2.1], this would imply that H°°(U) is separable, which
is a contradiction (see [33, p. 93]).

Therefore, to prove the question that whether or not G*°(U) has the BAP
whenever F (necessarily non-separable) has the BAP, we can not appeal to S-
absolute decompositions used in Propositions 2 and 7. Furthermore, Remark
2 shows that Proposition 1 is false in the case U = Ug and U, = Ug for all
n € N. Also, the following example, shown to us by the referee, shows that
Proposition 1 is false, in general, even if the sequence U = (Up,)pen is strictly
increasing.

ExaMPLE 1. Consider a complex Banach space E of dimension bigger
than one. Take zp € E such that ||zg|| = 1 and take U = Ug and let

1
Up= 2" " Day U (Up\Cxp), n=1,23,...,
n

where D is the open unit ball in C. Clearly U = (U, )nen is strictly increasing
countable cover of bounded balanced open subsets of Ug. But, since the
closure in norm of U, coincides with the closed unit ball of E for all n, we
have H>°(U) = H*>(Ug) algebraically and topologically. Hence {Q("E)}>,
is not an S-absolute decomposition for G*(U) = G*°(Ug) by the remark
above.

On the other hand, in [13], by following a different way, the author proved
that a separable Banach space E has the BAP if and only if G*°(Ug) has the
BAP. Below we will give a slight improvement of this result.

Recall that a subspace of E is said to be 1-complemented if it is comple-
mented subspace of F with the projection of norm 1. If U is a bounded open
subset of a Banach space F, then by [23, Proposition 2.3] we know that E
is topologically isomorphic to a complemented subspace of G*(U), and E is
isometrically isomorphic to a 1-complemented subspace of G*°(Ug). One can
easily show that if F has the \-BAP, 1 < A < o0, then every complemented
subspace of E with the projection P has the A||P|-BAP. Therefore, for a
separable Banach space E we can summarize the results of [13, Proposition 2
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and Proposition 3] and Proposition 2 as follows, in particular, by showing that
a separable Banach space E has the \-BAP if and only if G*°(Ug) has the
A-BAP if and only if Q("™FE) has the \-BAP for every m € N.

ProproSITION 8. Let E be a separable Banach space E and let 1 < A < oo.
The following are equivalent.

Te

(a) For each Banach space F, Byoo(7,,r) C B7/\1°°(UE)® P

For each Banach space F and for everym € N, B’p(mE;F) C B%f(mEi-F) Te

FE has the A\-BAP.

B “
H>(V)Q E

Proof. The implications (a) < (b), (e) < (f) are direct consequences of
[13, Proposition 3], and the implications (c¢) < (d) follow from [23, Theorem
2.4 and Proposition 3.1] and [13, Proposition 1]. The implication (b) = (c)
follows from [23, Proposition 2.6] while (d) = (e) is trivial.

Now we show that (e) = (b). Suppose that (e) holds. Then it follows from
[13, Corollary 3] that G*°(Ug) has the N-BAP for some X > 1. It is easily
seen that A" must satisfy X' > A. Hence, from the implications (a) = (f) and
(e) = (f) we conclude that A = \. I

In [13] actually we show that G*°(Ug) has the BAP whenever E has the
BAP (see [13, Corollary 3]), and in Proposition 2 we see that, for every m € N,
Q("™E) has the BAP whenever E has the BAP. But, in each of these results
we did not give any estimation for the A. It is just given a result in [13]
stating that for every m € N, Q(™FE) has the A™-BAP if and only if E has the
BAP. Hence Proposition 8 sharpens [13, Corollary 3], Proposition 2, and also
[13, Proposition 2].
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