EVALUATION OF A FAMILY OF BINOMIAL
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ABSTRACT. Motivated by a recent work about finite sequences where the
n-th term is bounded by n?, we evaluate some classes of determinants such
as the (n — 2) x (n — 2) determinant

Ty — 2T +h—1
A, = " for n >
" <( n—k—1 >>2§k§n—l , forn =23,
0<h<n—3
and more generally the n x n determinant
D, = , forn>1,

T+ ]
a i—1))1<i<n

1<5<

where n, k, h,i,j are integers, (2r);<n<, iS & sequence of indeterminates
over C and (g) is the usual binomial coefficient. We thus prove that

(n—2)(n—3)
D,=1 and A, =(-1) 2
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1. INTRODUCTION

In a recent work [9] about finite sequences whose n-th term does not exceed
n?, there appeared the determinant

A = ((nQ—kQ—I—h—l)) ’
n—kFk—1 2<k<n—1

0<h<n-—3

with an integer n > 3. One of the authors of [9], L. Haddad, conjectured
after some computations that A¥ = +1. The authors of the present paper first
proved that
n—2)(n—3)
A=) 2,
essentially by a process of row reduction. Then, following a suggestion by G.
E. Andrews that this result should be true in a more general context, namely
upon replacing n? by z,, and k% by z, where (xx), ., ., is an arbitrary sequence
of indeterminates over C, the proof was extended to this general case. We then
1
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realized that the problem can be reduced to the evaluation of a simpler, more
general family of determinants, namely

2= ((757)) |
1—1 1<i<n

1<j<n
for all integers n > 1. In what follows, we will establish that D, = 1 and
deduce that A, = (—l)w.

Results of a similar nature, involving determinants of matrices whose entries
involve binomial coefficients, can be found in [1, 2, 3, 4, 6, 10, 12]. In contrast
to these papers, we note that our determinant evaluations are strikingly simple
and easy to state. In fact, our result is a special case of the results contained in
[10], but our proof is more elementary, using only row reduction and induction.

We are thankful to L. Haddad for his conjecture and to G. E. Andrews for
his insightful suggestion.

2. THE METHOD OF PROOF

First recall (e.g. [7] or [8]) that for an indeterminate x over C and an integer

n > 0, the binomial coefficient (ﬁ) is defined by
<x) Cz-1)(z—-2)-(r—n+1)
n n! ’
with the convention that (g) = 1. It satisfies the fundamental recurrence

relation

1
<$)+( N ): <$+ ), for all n > 0. (2.1)
n n+1 n+1

Let (x1),<p<, be a sequence of indeterminates over C, with n > 3, and
consider the (n — 2) x (n — 2) determinant

B _ xn—$k+h_1
A, =Ap(xy, .. 1,) = (( n—k—1 ))2gk<n—1'

0<h<n—3

First, setting i = k — 1 and j = h + 1 allows one to rewrite A,, as

A, = ((x Tir1 +J >) . (2.2)
n—i—2 1<i<n—2

1<5<n—2

Second, the substitution #/ = n — i — 1 transforms A,, into

n — 4n—7¢ ) — 2
A=Al (21,...,2,) = v x‘ tJ ,
7 —1 1</ <n—2

1<j<n—2
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which has the same rows as A, but in reverse order. This order reversal
consists in respectively swapping each row of A, with all the rows above it.
The total number of those row swaps is
(n—2)(n—3)

5 .

n=3)+n—4)+---+2+1=
Therefore,

(n—2)(n—3)

A, = (=12 Al (2.3)
The problem is thus reduced to the determination of A.
Third, setting © = x,, — 2 gives

Al = ((x_?“"""’“)) . (2.4)
71— 1 1<i<n—2

1<j<n—2

Fourth, setting y; = x — x,,_; yields

Al = ((‘Zf f)) e (2.5)

15j<n—2

Finally, setting m = n — 2 leads to the equality

Al = ((ijf))lggm . (2.6)

1<j<m

The problem is thus reduced to the evaluation of the family of determinants

T+
D, = Dy(xq,...,2,) = ((i—1>)1<i<n ) (2.7)

1<j<n

for n > 1, where x1, 29, ..., x, are arbitrary indeterminates.
Our primary result is now the following:

Theorem 2.1. For any positive integer n, we have

D, =1.

The proof proceeds by row reduction and is presented in the next section.

Corollary 2.2. For any integer n > 3, we have

A =1,
Proof. This follows from (2.6) and Theorem 2.1. O
Corollary 2.3. For any integer n > 3, we have

A, = (—1)"

Proof. This follows from (2.3) and Corollary 2.2. O
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Remark 2.4. An alternative method for deriving the last result is to set
Ype =Tp — Ty —2,and e =k —1, j =h+ 1. Then

A, = ((yni'l + J)) .
n—i—2 1<i<n—2

1<j<n—2

Now, reversing the order of the rows, which consists in replacing ¢ by n —1—1,

transforms A,, into
" 1 —1 1<i<n—2|

15j<n—2
Moreover, the permutation p that reverses the n — 2 rows of A, has ["7_21
orbits, namely {1,n — 2}, {2,n — 3},.... It follows that ( see, e.g., [11]) the
sign of p is

n—2 n—2

(p) = (—1)"F T = (L),

Hence
n—2

A, = (DAL = (1)l
in view of our main theorem, which yields A = 1.

3. THE PROOF OF THE MAIN THEOREM

We start with two results about binomial coefficients that will be used in
the proof of Theorem 2.1.

Lemma 3.1. For any integers 0 < a < b and n > 1, and any indeterminate

x over C, we have
r+b r+a\ b_zl T+ h
n n ) = \n-1/
Proof. By the fundamental recurrence relation for binomial coefficients (2.1),

(2)-0)-65)

for n > 1. Hence, by iterating this recurrence numerous times, we have
x+b r+a _bzi r+h+1 x+h _bzi x+h
n n ) p— n n N c~\n-1 '

Lemma 3.2. For any integers 0 < m < n, we have

> () = ()

k=m

O
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Proof. For a fixed integer m > 0, the proof can be completed by induction on
n > m. Such an argument can be found in [5, p. 138].

This result also follows from Lemma 3.1 by takingn =m+1, a=0, z =
m, b=n—m+ 1. O

We now proceed to prove Theorem 2.1 by row reduction. We start with

D, = ‘(dij)lﬁiﬁn ,  where d;; = (xz +j> for 1 <i,j <n, (3.1)
1<5<n 1—1
1.e.
1 1 1 1 ' 1
SRR e B C I
2 2 2 2 2
"5 (7)) (%) ("47) ("5")
Dn = : : : : : (3‘2>
) G5 G (") (520
(S I Gty I ity () ()

Denoting the i-th row of D, by R;, the first row reduction step consists in
replacing R; by R; — d;1 Ry for 2 < ¢ < n. This gives

Y

D;, = ‘(déj)lﬁs”

1<5j<n

where

d. = {d”' —dn= (7)) - () =55 (1), if2<i<n 1<j<n,
" dij =1, ifi=1,1<j<n,
(3.3)
the last expression, for ¢ > 2, is obtained by using Lemma 3.1, with the usual
convention that an empty sum is equal to 0. Thus
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1 1 1 1 1
0 1 2 j—l n—1
0 T SO o THED S
e Ehes o e L SE e
0 (1) Xi- 1(”” SONNUED > Y Cor) IESNND wra A Car)
0 (7)) X 1(9”"*’1) S () SRS )
(3.4)
Moreover, we obviously have
D, = D, (3.5)

Proposition 3.3. For 1 <k <n, let

(k)
<d )19’5“

1<5j<n

D® =

be the n x n determinant obtained from D,, by applying k row reduction steps,
each of which consists in replacing the i-th row Rz(k*l) of the determinant
Dflk_l), obtained after k — 1 such row reduction steps, by the row

RY = RV —dfTVRIY ) fork+1<i<n,

K3 K3

while the first k rows are unchanged, i.e.

R® = RV for1<i<k.

7 (2

Then

(3.6)

o _ [ O, ifk+1<i<n 1< <,
v fl<i<hk 1<j<n,

with the convention that an empty sum (here, when j < k) is equal to 0.

Proof. The proof is by induction on k. The first row reduction step was applied
, which

1<j<n
satisfies the stated equalities for d;; as shown in (3.3) above. So the property
holds for £k = 1. Assume that it holds for £ — 1, where 2 < k < n, i.e. assume

(k—1)
(dij > 1<i<n

1<5<n

j—(k—1) (j—h—1\( zi+h : : :
gD { P G )(z‘—(k—l)—l)’ ifh<isn l<j<mn, (3.7)

i dii?), fl<i<k—1,1<j<n.

to D, right before this Proposition, and it gave D] = ‘(d;j)1<i<n

that Dgf_l) = satisfies
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‘ ~1 ~1 ~1) .
Now, as for k +1 <17 <n, we have Rl(k) = ng ) dE,]z )R,(Ck 1), ie.

) = dli ™V —dlyVdlY for1<j <,

and by the induction assumption, there hold

d(k—1)_j§1 j—h—1\[(z;+h

k—2 i—k )’
d(kl M +1 k — h—l .Iz‘i'h _ $Z+1
1 1 —k i—k )’

d<k_1>_]f j—h—1\ (w+h ]z’“:“ j—h—1

e k—2 k—k k-2 )
h=1 h=1

Therefore we get

d(k)_j_kz+1 j—h—=1\[xz;+h _Jfl J—h—=1\[x;+1
Voo k-2 i—k =\ k-2 i—k
- &= k—2 i—k i—-k))’

Moreover, by Lemma 3.1,

i+ h\ (w41 _h_l i+

i—k i—k) i—k—1)
for + > k and h > 1. Hence
d(’?):jfl j—h—1 f T+ :jfk T+ jfl j—h—1
t pet k—2 — 1—k—1 1—k—1 k—2

Furthermore, by Lemma 3.2,

Jgglj—h—l & s\ (i-r—1
k-2 ) k—2) \ k—1 )
h=r+1 k—2

Thus

r=1
fork+1<i<nand1<j<n.
Also, for 1 <i < k, since ng) = R(k_l), we have

(k) _ (k=1)
This shows that the property holds for k, and completes the induction.

for1 <i<k, 1<j<n.

Y
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Corollary 3.4. For 1 < k <n, the determinant

<d(k ) 1<i<n

1<j<n

DW=

obtained from D,, by applying k row reduction steps as described in Proposition
3.3 1is given by

¢@:{@ﬂ7 fl<i<k 1<j<n,

S NG, fk+1<i<n, 1<j<n,

(3.8)

where if 0 < m < n are integers then (:’:) = 0, and an empty sum 1is equal to

0.

Proof. Only the expression of dgf) for 1 <i<kand1l<j <n needs to be
proved. The rest is contained in Proposition 3.3. This expression holds for
k = 1 since by (3.3)

1-1
Assume that the expression holds for k£ — 1, where 2 < k < n, i.e.

— 1
d’lj:dljzlz(j ), for 1 <j<n.

i—1/7

S k+1 (] h— 1)(“";ijkh), ifk<i<n, 1<j<n.

D) {(“) fl<i<hk—1,1<j<n,
]
Then, by Proposition 3.3 and Lemma 3.2, we have

_ 1
dg?):dg“l):(j, ), for1<i<k-—1,1<j<n,
1—1

and
i—k+1 k+1
d(g):d(@_n:]i J—h—=1\ [z +h _]i j—h—1
KA k—2 0 k—2
h=1 h=1
2 s j—1
= = for 1 <j <n.
(k—2> (k—l)’ ot=J=n
s=k—2
Hence
— 1
dﬁf):(j, 1), for 1<i<k 1<j<n,
’l/_
and the expression holds for k. 0

Remark 3.5. We have
D, = DW,

since the determinant is invariant under the row reduction steps consisting of
adding to a row a multiple of another row.
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D) — j—1
" 1—1) )1<i<n

1<j<n
is the determinant of an upper triangular n X n matriz whose diagonal entries
are d\V = (7)) =1for1<i<n.
Therefore

In particular,

D, =DM =1.
This concludes the proof of Theorem 2.1.

Remark 3.6. As noted in the Introduction, our result is a special case of the

results contained in [10]. Indeed, in [10], Proposition 1, taking p;(x) = (:”J?jlx),
which is a polynomial of degree j — 1 in x, with leading coefficient a; = ﬁ,

for 1 < j < n, we get

(Gﬁfﬁlﬁn:ﬁG%ﬁ'II(&—&%

1<5<n Jj=1 1<i<j<n

then specializing to X; =i for 1 <i < n, we get

<(§‘j—+1i))1<li§z ::ﬁ' II G-n=1

1<5< J 1<i<j<n

4. ACKNOWLEDGMENT

We are thankful to the referee for a careful, thorough reading of the paper,
and for many helpful and interesting suggestions.

REFERENCES

[1] T. Amdeberhan and D. Zeilberger, Determinants through the looking glass, Special issue
in honor of Dominique Foata’s 65th birthday (Philadelphia, PA, 2000), Adv. in Appl.
Math. 27 (2001), no. 2-3, 225-230.

[2] G. E. Andrews, E. Pfaff’s method. I. The Mills-Robbins-Rumsey determinant, Selected
papers in honor of Adriano Garsia (Taormina, 1994), Discrete Math. 193 (1998), no.
1-3, 43-60.

[3] G. E. Andrews and W. H. Burge, Determinant identities, Pacific J. Math. 158 (1993),
no. 1, 1-14.

[4] G. E. Andrews and D. W. Stanton, Determinants in plane partition enumeration, Eu-
ropean J. Combin. 19 (1998), no. 3, 273-282.

[5] R. Brualdi, Introductory Combinatorics, Fifth Edition, Pearson Prentice Hall, 2010.

[6] W. Chu and L. V. di Claudio, Binomial determinant evaluations, Ann. Comb. 9 (2005),
no. 4, 363-377.

[7] L. Comtet, Advanced Combinatorics, D. Reidel Publishing Co., Dordrecht, 1974.

[8] R. Graham, D. Knuth, O. Patashnik, Concrete Mathematics, second edition, Addison-
Wesley, 1994.



10 CHARLES HELOU AND JAMES A. SELLERS

[9] L. Haddad and C. Helou, Finite Sequences Dominated by the Squares, J. Integer Se-
quences, 18, 2015, # 15.1.8.

[10] C. Krattenthaler, Advanced determinant calculus, The Andrews Festschrift (Maratea,
1998), Sem. Lothar. Combin. 42 (1999), Art. B42q, 67 pp.

[11] S. Nelson, Defining the sign of a permutation, Amer. Math. Monthly 94 (1987), no. 6,
543-545.

[12] A. M. Ostrowski, On some determinants with combinatorial numbers, J. Reine Angew.

Math. 216 (1964), 25-30.

PENN STATE BRANDYWINE, 25 YEARSLEY MILL ROAD, MEDIA, PA 19063, USA
E-mail address: cxh22@psu.edu

PENN STATE UNIVERSITY PARK, DEPARTMENT OF MATHEMATICS, 104 MCALLISTER
BUILDING, UNIVERSITY PARK, PA 16802, USA
E-mail address: sellersj@psu.edu



