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Abstract

In [4], we studied the twisted q-tangent numbers and polynomials.
By using these numbers and polynomials, we give some interesting rela-
tions between the power sums and the the twisted Tangent polynomials.
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1 Introduction

Throughout this paper, we always make use of the following notations: N =
{1, 2, 3, · · · } denotes the set of natural numbers, Zp denotes the ring of p-
adic rational integers, Qp denotes the field of p-adic rational numbers, and Cp

denotes the completion of algebraic closure of Qp. Let νp be the normalized
exponential valuation of Cp with |p|p = p−νp(p) = p−1. For

g ∈ UD(Zp) = {g|g : Zp → Cp is uniformly differentiable function},

the fermionic p-adic invariant integral on Zp is defined by Kim as follows:

I−1(g) =

∫
�p

g(x)dμ−1(x) = lim
N→∞

∑
0≤x<pN

g(x)(−1)x, (see[1]). (1.1)
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If we take g1(x) = g(x + 1) in (1.1), then we see that

I−1(g1) + I−1(g) = 2g(0), (see [1-4]). (1.2)

Let Tp = ∪N≥1CpN = limN→∞ CpN , where CpN = {ω|ωpN
= 1} is the cyclic

group of order pN . For ω ∈ Tp, we denote by φω : Zp → Cp the locally constant
function x �−→ ωx.

In [4], we introduced the twisted q-tangent numbers Tn,q,ω and polynomials
Tn,q,ω(x) and investigate their properties. Let us define the twisted q-tangent
numbers Tn,q,ω and polynomials Tn,q,ω(x) as follows:

∫
�p

φω(y)qye2ytdμ−1(y) =
∞∑

n=0

Tn,q,ω
tn

n!
, (1.3)

∫
�p

φω(y)qye(2y+x)tdμ−1(y) =
∞∑

n=0

Tn,q,ω(x)
tn

n!
. (1.4)

The following elementary properties of the twisted q- tangent numbers En,q,ω

and polynomials Tn,q,ω(x) are readily derived form (1.1), (1.2), (1.3) and (1.4)(
see, for details, [4]). We, therefore, choose to omit details involved.

Theorem 1.1 For ω ∈ Tp, we have∫
�p

φω(x)qx(2x)ndμ−1(x) = Tn,q,ω,

∫
�p

φω(y)qy(2y + x)ndμ−1(y) = Tn,q,ω(x).

Theorem 1.2 For any positive integer n, we have

Tn,q,ω(x) =

n∑
k=0

(
n

k

)
Tk,q,ωxn−k.

In this paper, by using same method of [2], expect for obvious modifica-
tions, we obtain recurrence identities the twisted q-tangent polynomials and
the alternating sums of powers of consecutive integers.

2 Alternating sums of powers of consecutive

even integers

In this section, we assume that q ∈ C with |q| < 1. Let ω be the pN -th root of
unity. By using (1.4), we give the alternating sums of powers of consecutive
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(ω, q)-even integers as follows:

∞∑
n=0

Tn,q,ω
tn

n!
=

2

ωqe2t + 1
= 2

∞∑
n=0

(−1)nωnqne2nt.

From the above, we obtain

−
∞∑

n=0

(−1)nωnqne(2n+2k)t+
∞∑

n=0

(−1)n−kωn−kqn−ke2nt =
k−1∑
n=0

(−1)n−kωn−kqn−ke2nt.

By using (1.3)and (1.4), we obtain

k−1∑
n=0

(−1)nωnqn(2n)j =
(−1)k+1ωkqkTj,q,ω(2k) + Tj,q,ω

2
.

By using the above equation we arrive at the following theorem:

Theorem 2.1 Let k be a positive integer and q ∈ C with |q| < 1 and ω be
the pN -th root of unity. Then we obtain

Tj,q,ω(k − 1) =

k−1∑
n=0

(−1)nωnqn(2n)j =
(−1)k+1ωkqkTj,q,ω(2k) + Tj,q,ω

2
. (2.1)

Remark 2.2 For the alternating sums of powers of consecutive even inte-
gers, we have

lim
q→1

Tj,q,ω(k − 1) =

k−1∑
n=0

(−1)nωn(2n)j =
(−1)k+1ωkTj,ω(2k) + Tj,ω

2
,

where Tj,ω(x) and Tj,ω denote the twisted tangent polynomials and the twisted
tangent numbers, respectively(see [3]).

3 Symmetric properties for the twisted tan-

gent polynomials

In this section, we assume that q ∈ Cp and ω ∈ Tp. By using (1.1), we have

I−1(gn) + (−1)n−1I−1(g) = 2

n−1∑
k=0

(−1)n−1−kg(k),

where n ∈ N, gn(x) = g(x + n). If n is odd from the above, we obtain

I−1(gn) + I−1(g) = 2

n−1∑
k=0

(−1)n−1−kg(k) (see [1-4]). (3.1)
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It will be more convenient to write (3.1) as the equivalent integral form∫
�p

g(x + n)dμ−1(x) +

∫
�p

g(x)dμ−1(x) = 2

n−1∑
k=0

(−1)n−1−kg(k). (3.2)

Substituting g(x) = ωxqxe2xt into the above, we obtain

ωnqn

∫
�p

ωxqxe(2x+2n)tdμ−1(x) +

∫
�p

ωxqxe2xtdμ−1(x) = 2

n−1∑
j=0

(−1)jωjqje(2j)t.

(3.3)
After some elementary calculations and by substituting Taylor series of e2xt

into (3.3), we obtain

∞∑
m=0

(∫
�p

ωx+nqx+n(2x + 2n)mdμ−1(x) +

∫
�p

ωxqx(2x)mdμ−1(x)

)
tm

m!

=

∞∑
m=0

(
2

n−1∑
j=0

(−1)jωjqj(2j)m

)
tm

m!
.

By comparing coefficients
tm

m!
in the above equation and (2.1), we obtain

ωnqn

m∑
k=0

(
m

k

)
(2n)m−k

∫
�p

ωxqx(2x)kdμ−1(x) +

∫
�p

ωxqx(2x)mdμ−1(x)

= 2Tm,q,ω(n − 1).

Therefore, we arrive at the following theorem:

Theorem 3.1 Let n be odd positive integer. Then we obtain

2
∫
�p

ωxqxe2xtdμ−1(x)∫
�p

ωnxqnxe2ntxdμ−1(x)
=

∞∑
m=0

(2Tm,q,ω(n − 1))
tm

m!
. (3.4)

Let w1 and w2 be odd positive integers. By using (3.4), we have

a =

∫
�p

∫
�p

ω(w1x1+w2x2)q(w1x1+w2x2)e(w12x1+w22x2+w1w2x)tdμ−1(x1)dμ−1(x2)∫
�p

ωw1w2xqw1w2xe2w1w2xtdμ−1(x)

=
2ew1w2xt(ωw1w2qw1w2e2w1w2t + 1)

(ωw1qw1e2w1t + 1)(ωw2qw2e2w2t + 1)
(3.5)

By using (3.4) and (3.5), after elementary calculations, we obtain

a =

(
1

2

∞∑
m=0

Tm,qw1 ,ωw1 (w2x)wm
1

tm

m!

)(
2

∞∑
m=0

Tm,qw2 ,ωw2 (w1 − 1)wm
2

tm

m!

)
.
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By using Cauchy product in the above, we have

a =

∞∑
m=0

(
m∑

j=0

(
m

j

)
Tj,qw1 ,ωw1 (w2x)wj

1Tm−j,qw2 ,ωw2 (w1 − 1)wm−j
2

)
tm

m!
. (3.6)

By using the symmetry in (3.5), we have

a =

(
1

2

∞∑
m=0

Tm,qw2 ,ωw2 (w1x)wm
2

tm

m!

)(
2

∞∑
m=0

Tm,qw1 ,ωw1 (w2 − 1)wm
1

tm

m!

)
.

Thus we have

a =

∞∑
m=0

(
m∑

j=0

(
m

j

)
Tj,qw2 ,ωw2 (w1x)wj

2Tm−j,qw1 ,ωw1 (w2 − 1)wm−j
1

)
tm

m!
(3.7)

By comparing coefficients
tm

m!
in the both sides of (3.6) and (3.7), we arrive at

the following theorem:

Theorem 3.2 Let w1 and w2 be odd positive integers. Then we obtain

m∑
j=0

(
m

j

)
wm−j

1 wj
2Tj,qw2 ,ωw2 (w1x)Tm−j,qw1 ,ωw1 (w2 − 1)

=

m∑
j=0

(
m

j

)
wj

1w
m−j
2 Tj,qw1 ,ωw1 (w2x)Tm−j,qw2 ,ωw2 (w1 − 1),

where Tk,q,ω(x) and Tm,q,ω(k) denote the twisted q-tangent polynomials and the
alternating sums of powers of consecutive q-even integers, respectively.

By using Theorem 3.2, we have the following corollary:

Corollary 3.3 Let w1 and w2 be odd positive integers. Then we obtain

m∑
j=0

j∑
k=0

(
m

j

)(
j

k

)
wm−k

1 wj
2x

j−kTk,qw2 ,ωw2Tm−j,qw1 ,ωw1 (w2 − 1)

=
m∑

j=0

j∑
k=0

(
m

j

)(
j

k

)
wj

1w
m−k
2 xj−kTk,qw1 ,ωw1Tm−j,qw2 ,ωw2 (w1 − 1).
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By using (3.5), we have

a =

(
1

2
ew1w2xt

∫
�p

ωw1x1qw1x1e2x1w1tdμ−1(x1)

)(
2

w1−1∑
j=0

(−1)jωw2jqw2je2jw2t

)

=

w1−1∑
j=0

(−1)jωw2jqw2j

∫
�p

ωw1x1qw1x1e

�
�2x1+w2x+

2jw2

w1

�
�(w1t)

dμ−1(x1)

=

∞∑
n=0

(
w1−1∑
j=0

(−1)jωw2jqw2jTn,qw1 ,ωw1

(
w2x +

2jw2

w1

)
wn

1

)
tn

n!
.

(3.8)
By using the symmetry property in (3.8), we also have

a =

(
1

2
ew1w2xt

∫
�p

ωw2x2qw2x2e2x2w2tdμ−1(x2)

)(
2

w2−1∑
j=0

(−1)jωw1jqw1je2jw1t

)

=

w2−1∑
j=0

(−1)jωw1jqw1j

∫
�p

ωw2x2qw2x2e

�
�2x2+w1x+

2jw1

w2

�
�(w2t)

dμ−1(x1)

=

∞∑
n=0

(
w2−1∑
j=0

(−1)jωw1jqw1jTn,qw2 ,ωw2

(
w1x +

2jw1

w2

)
wn

2

)
tn

n!
.

(3.9)

By comparing coefficients
tn

n!
in the both sides of (3.8) and (3.9), we have the

following theorem.

Theorem 3.4 Let w1 and w2 be odd positive integers. Then we obtain

w1−1∑
j=0

(−1)jωw2jqw2jTn,qw1 ,ωw1

(
w2x +

2jw2

w1

)
wn

1

=

w2−1∑
j=0

(−1)jωw1jqw1jTn,qw2 ,ωw2

(
w1x +

2jw1

w2

)
wn

2 .

(3.10)

Substituting w1 = 1 into (3.10), we arrive at the following corollary.

Corollary 3.5 Let w2 be odd positive integer. Then we obtain

Tn,q,ω(x) = wn
2

w2−1∑
j=0

(−1)jωjqjTn,qw2 ,ωw2

(
x + 2j

w2

)
.



Symmetric properties for q-twisted tangent polynomials 217

References

[1] T. Kim, q-Volkenborn integration, Russ. J. Math. Phys. 9(2002), 288-299.

[2] T. Kim, Symmetry p-adic invariant integral on Zp for Bernoulli and Euler
polynomials, J. Difference Equations and Applications 2008(12)(2008),
1267-1277.

[3] C. S. Ryoo, A note on the Tangent Numbers and Polynomials, Adv.
Studies Theor. Phys. 7(2013), 447 - 454.

[4] C. S. Ryoo, On the Twisted q-Tangent Numbers and Polynomials, Applied
Mathematical Sciences, 7(99)(2013), 4935 - 4941.

Received: December 1, 2013


