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Abstract

The moduli space M, of compact Riemann surfaces of genus g has
orbifold structure since M, is the quotient space of the Tiechmiiller
space by the action of the mapping class group. Using uniformization
of Riemann surfaces by Fuchsian groups and the equisymmetric strat-
ification of the branch locus of the moduli space we find the orbifold
structure of the moduli spaces of Riemann surfaces of genera 4 and 5.

1 Introduction

The moduli space M, of compact Riemann surfaces of genus g, g > 4,
being the quotient of the Teichmiiller space by the discontinuous action of
the mapping class group, has the structure of a complex orbifold, whose set
of singular points is called the branch locus B,.

In order to study Riemann surfaces our main tool will be their uni-

formization by Fuchsian groups. Given a Riemann surface X of genus
X
g > 1, we consider the universal covering H Trli>) X, where H is the hy-

perbolic plane. Hence there is a representation r : w1 (X) — Isom™(H) =
PSL(2,R) such that X = H/r(m1(X)) and r(m (X)) is a discrete subgroup
of PSL(2,R) (i.e. a Fuchsian group).

If there is v € PSL(2,R), such that 71 (7 (X)) = vy(ra(m(X)))y 1,
clearly the Fuchsian groups ri(m1(X)) and ra(71(X)) uniformize the same
Riemann surface. The space:

{r:m(X)— PSL(2,R) : H/r(m1(X)) is a genus g surface}/conjugation in
PSL(2,R)

is the Teichmiiller space T,;. The Teichmiiller space T, has complex struc-
ture of dimension 3g — 3 and it is simply connected.
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The group Aut™(m1(X))/Inn(m (X)) = Mody is the modular group or
mapping class group, acting by composition on T,. Now we define the
moduli space by My = Ty/Mod,.

The projection T, - M, = T,/Mod, is a regular branched covering
with branch locus Bg, in other words, M, is an orbifold with singular locus
B, (see [Na]). The branch locus B, consists of the Riemann surfaces with
symmetry, i. e. Riemann surfaces with non-trivial automorphism group
(except when g = 2, where Bs consists of the surfaces with automorphisms
different from the hyperelliptic involution and the identity).

Harvey ([H]) alluded to the existence of the equisymmetric stratification
of the moduli space M, of Riemann surfaces of genus g, each stratum is
formed by the points in the moduli space corresponding to equisymmetric
surfaces. Two closed Riemann surfaces X,Y of genus g are called equisym-
metric if their automorphism groups determine conjugate finite subgroups in
the modular group of genus g, i.e. the actions of their automorphism groups
are topologically equivalent. The branch locus of the moduli space is formed
by the strata corresponding to surfaces of genus g > 2 admitting non-trivial
automorphisms. Broughton ([B1]) showed that the equisymmetric stratifi-
cation is indeed a stratification of M, by irreducible algebraic subvarieties
whose interior, if it is non-empty, is a smooth, connected, locally closed al-
gebraic subvariety of M, Zariski dense in the stratum. In this way we can
equip the moduli space with a structure of complex of groups. One can also
use techniques as in [GK] to obtain results about the homology of the space.

Here we calculate the orbifold structure of My and Mj5. As the equisym-
metric stratification of the branch locus, B, and the relations between its
strata provide the orbifold structure of the moduli space My, to determine
the orbifold structure of M, and Mj we need the topological classification of
the maximal actions of automorphism groups of Riemann surfaces of genera
4 and 5.

Izquierdo and Ying ([IY]) gave the orbifold structure of the space of
cyclic trigonal Riemann surfaces of genus 4. Bogopolski [Bo] and Kimura [K]
found the topological classification of all actions of finite groups on surfaces
of genus 4. Costa and Izquierdo [CI2] found the strata of M, allowing
them to prove that the branch locus of My is connected [CI1], see also
[BCIP]. Kuribayashi and Kimura [KK] classified algebraically actions of
finite groups on surfaces of genus five up to GL(5, C)-conjugacy. We obtain
here the corresponding topological classification. The algebraic classification
in [KK] coincides with the topological classification with the exception of
one case: the alternating group A4 of degree 4 has two topological classes
of actions on surfaces of genus 5 but just one algebraic action, none of these
actions is maximal. To distinguish the two actions one must look at the full
automorphism group (see [CPo)).

Weaver obtained the equisymmetric stratification for spaces of hyper
elliptic Riemann surfaces in [W2] (see also [W1]).

Magaard et al [MSSV] gave the classification of of actions of groups of
order at least 16 acting on surfaces of genus up to 10 and strata of dimension
0 or 1.

The topological classification and the study of the maximality of the
actions here has been done by calculating all actions and their classification
with GAP [gap].



2 Uniformization of Riemann Surfaces by Fuch-
sian Groups

A compact Riemann surface can be realized as the orbifold D/I', where I is
a Fuchsian group. The algebraic structure of I' and the geometric structure
of the orbifold D/T" are given by the signature of I':

s(I') = (g; m,...,my). (1)

The group with the signature (1) has a canonical presentation given by
generators:

(a) ax;, i=1,...,r, (elliptic transformations)
(b) aj, b, i=1,...9 (hyperbolic translations)

and relations:
(1) z"=1,i=1,...,r
’ 1,1 11 (2)
(2) x1...zra1bray b7 .. cagbga bt = 1.
A Fuchsian group I" without elliptic elements is called a surface Fuchsian
group. The orbifold D/T" has no cone points.
Given a subgroup I'” of index N in a Fuchsian group I', one can calculate
the signature of TV by:

Theorem 1 ([S1]) Let T be a Fuchsian group with signature (1) and canon-
ical presentation (2). Then T contains a subgroup T of index N with signa-
ture

s(T") = (h;my, mis, ...,m’lSI, ey M ...,m;ST).

if and only if there exists a transitive permutation representation 0 : I' — X
satisfying the following conditions:

1. The permutation 6(x;) has precisely s; cycles of lengths less than m;,
the lengths of these cycles being m;/miy, ...,m;/mi, .

2. The Riemann-Hurwitz formula

u(T)/(T) = N.
where u(T), u(T") are the hyperbolic areas of the surfaces DT, DJT.

Given a Riemann surface X = D/I', with T" a surface Fuchsian group, a
finite group G is a group of automorphisms of X if and only if there exists
a Fuchsian group A and an epimorphism 6 : A — G with ker(f) =T.

We shall use the following terminology:

Definition 2 A closed Riemann surface X which can be realized as a p-
sheeted covering of the Riemann sphere is said to be p-gonal, and such a
covering will be called a p-gonal morphism. When p = 2, the surface will be
called hyperelliptic.

Let T" be a Fuchsian group with signature (1). Then the Teichmiiller
space T(I') of T is homeomorphic to a complex ball of dimension d(I') =
39 —3+r (see [Na]). Let I < T be Fuchsian groups, the inclusion mapping
a : ' = I” induces an embedding T'(«) : T(I') — T(I) defined by [r] —
[ra]. See [Na] and [S2]. The modular group Mod(T') of T' is the quotient
Mod(T) = Aut™(T')/Inn(T). The moduli space of T is the quotient M(T") =
T(I")/Mod(I") endowed with the quotient topology.



Definition 3 As an application of Nielsen Realisation Theorem one can
identify the branch locus of the action of Mod(I') on T(I') as the set By =
{X e My : Aut(X) # 14}, for g > 3.

The branch locus is formed by the singular points of the orbifold M.

A Fuchsian group I' such that there does not exist any other Fuchsian
group containing it with finite index is called a finite maximal Fuchsian
group. To decide whether a given finite group can be the full group of
automorphisms of some compact Riemann surface we will need all pairs of
signatures s(I") and s(I") for some Fuchsian groups I' and I such that IV < T'
and d(I') = d(I"”). The full list of such pairs of signatures was obtained by
Singerman in [S2].

An (effective and orientable) action of a finite group G on a Riemann
surface X is a representation 6 : G — Aut(X). Two actions 6,6 of G on
a Riemann surface X are (weakly) topologically equivalent if there is an
w € Aut(G) and an h € Hom™(X) such that 0'(g) = hdw(g)h~ L. If 6(G)
is the full group of automorphisms of X we shall say that 6 is a maximal
action. The equisymmetric strata are in correspondence with topological
equivalence classes of orientation preserving actions of a finite group G on
a surface X, see [B1]. Let M%? denote the stratum of surfaces with full
automorphism group the conjugacy class of the finite group G in the modular
group and let MG’Q denote the set of surfaces such that the automorphism
group contains a subgroup in the class defined by G. HG’H is the image of
a cell in Ty so we shall called it a cell sometimes.

We have the following theorem:

Theorem 4 ([B1]) Let M, be the moduli space of Riemann surfaces of
genus g, G a finite subgroup of the corresponding modular group Mod,.
Then:

(1) qu is a closed, irreducible algebraic subvariety of M.

(2) MGO_if it is non-empty, is a smooth, connected, locally closed alge-

braic subvariety of Mg, Zariski dense in MG’G.

Each non-empty stratum or cell corresponds with a topological type of
maximal actions on Riemann surfaces.

By Nielsen Realisation Theorem each equisymmetric stratum forms a
stratum (or cell) of the orbifold structure of M.

In terms of Fuchsian groups each action of a finite group G on a surface
X, is determined by an epimorphism 6 : A — G from a Fuchsian group A
such that ker(0) =I'y, where X, = H/I" and I is a surface Fuchsian group.
The condition I'y to be a surface Fuchsian group imposes that the order of
the image under 6 of an elliptic generator z; of A is the same as the order
of x;. Two epimorphisms 61,05 : A — G define two topologically equivalent
actions of G on X if and only if there exist automorphisms ¢ : A — A
w: G — G such that 6y = wofy op~t. See Proposition 2.2 in [B2] and
[Sm].

Let B be the subgroup of Aut(A) induced by orientation preserving
homeomorphisms of the orbifold D/A. Then, two different epimorphisms
01,02 : A — G define the same class of G-actions if and only if they lie in
the same B x Aut(G)-class.

Actions of finite groups have been studied recently by [BW], [BCC],
[BCGG], [BCG]| and [CPa] among other.



To find the structure as complex of groups of My and My we use The-
orem 1 ([S1]) in the following algorithm:

1. First we find the possible signatures of Fuchsian groups uniformizing
orbifolds X4/G and X5/G, where X, and X5 are Riemann surfaces
of genus four respectively five and G is a group of automorphisms
of X4, respectively X5. Using Singerman’s list ([S2]) we mark which
signatures are non-maximal.

2. We calculate epimorphisms 6 : A — G with ker(f) =T is a surface
Fuchsian group uniformizing a surface of genus four respectively five.
We will label such epimorphisms by the list of genrators of G which
are images by 6 of generators of A: the generating vectors.

This step was done by Bogopolski [Bo], Kimura [K] and Costa-Izquierdo
[CI2] for genus four.

3. We classified topologically the actions obtained above by finding the
classes of generating vectors under the action of B x Aut(G).

4. We obtain the actions that correspond to actions of full automorphisms
groups of Riemann surfaces of genera four and five. These actions are
called maximal actions. Each maximal action 6 corresponds with one
non-empty stratum ./\/lf’e (respectively M?’e) of the orbifold My,
respectively Ms.

For genus four the strata were found in [CI2].

5. Finally we calculate the inclusion - and intersection- relations between
the different strata by the use of Theorem 1 ([S1]).

Steps two to five are calculated with help of GAP. Notice that steps four
and five can be done simultaneously by using Theorem 1 according to the
following diagram:

A4 a
) )
A B
0 1)
r %% 1

We can extend the diagram above to find ﬂ?l’el OMQGMQ

tower of coverings:

using the following

foq Y =H/T, fo,
vd RN
H/A b fo H/As
N\ e
H/A

with 0, 01 and 05 are action where we have extensions A of A; = §~(G1) and
Ay = 071(Gy) and G of G and Gy such that 0|a, = 6 and 6|a, = 62. To
calculate this we use Theorem 1. Now, 6#;,7 = 1,2 is a non-maximal action
if the Teichmiiller dimensions of A and A; ¢ = 1,2 are equal, otherwise we
get that the stratum induced by 6; contains the stratum induced by 6.



In the following we will consider only strata belonging to the branch locus,
we will not list the cell containing the regular points of the orbifolds My
and M5 respectively.

Since we use standard methods in Fuchsian groups and GAP we will illus-
trate the calculations only in a couple of examples to shorten the lenght of
this work.

Using the Riemann-Hurwitz formula we obtain the following possible signa-
tures for Fuchsian groups A uniformizing orbifolds X4/G and X5/G, where
X4 and X5 are Riemann surfaces of genus four, respectively five, and G is a
group of automorphisms of X4, respectively Xs.

Observe that a Riemann surface of genus four only admits actions of prime
order two, three or five.

Lemma 5 [CI2] Let A be a Fuchsian group and G a finite group. If there
exist an epimorphism 0 : A — G such that ker(0) is a surface group of genus
4. Then A has one of the following signatures.

|G| signature |G| signature |G|  signature

2 (0;2,10.2) 2 (1,2,.6.2) | 2 (22,2

3 (2i) 3 (1333) 3 (0:2,.5.,2)
4 (0;2,2,2,2,4,4) | 4 (1;4,4) 4 (0:2,4,4,4,4)
4 (1;2,2,2) 4 (0:2,.7.2) | 5 (0:5,5,5,5)"
6 (0:;2,.5.,2) 6 (0:2,6,6,6) | 6 (1;2,2)*

6 (022236) 6 (0:3.3.6.6) | 6 (0:2.2.3,33)
8 (0:2,2,2,2,4) 8 (0;2,4,4,4) | 8 (0;2,2,8,8)"
9 (0;9,9,9) 9 (0:3,3,6,6)* | 10 (0:5,10,10)*
10 (0;2,2,5,5)" 12 (1;2) 12 (0:6,6,6)*
12 (0;2,2,4,4)* 12 (0;3,12,12)* | 12 (06,4,12)
12 (0:2.2.2,22) | 12 (0:2,2,3,6) | 12 (0:2,3.3,3)
15 (0;5,5,5)* 15 (0;3,5,15) | 18 (0;2,9,18)*
18 (0:2,2.3,3)" 18 (0;2,2,2,6) | 20 (0;2,2,2,5)
20 (0;2,10,10)* 20 (0:4,4,5) | 24 (0:6,3,4)
24 (0:2,2,2,4) 24 (0;4,4,4)" | 24 (0;2,8,8)"
24 (0;3,12,12)* 24 (0;2,6,12)* | 27 (0;3,3,9)*
27 (0:2.6,9)" 30 (02,5, 10) 32 (02,4, 16)
36 (0:3.3,6)" 36 (0;2,6,6)° | 36 (0;2,2,2,3)
36 (0;3,4,4)" 40 0:2,4,10) | 45 (0:3,3,5)*
48 (0:2,3,24) 48 (0:2,4,8)* | 54 (0;2,3,18)
60 (0;2,3,15) 60 (0:2,5,5) | 72 (0:3,3,4)*
72 (0:2,4,6) 72 (0:2,3,12) | 90 (0:2,3,10)
108 (0;2,3,9) 120 (0;2,4,5) | 144 (0;2,3,8)

* Non-mazimal signature

Lemma 6 [KK] Let A be a Fuchsian group and G a finite group. If there
exist an epimorphism 0 : A — G such that ker(0) is a surface group of genus
5. Then A has one of the following signatures.



|G| signature |G| signature |G| signature
2 (0; 2 12 22 10 (0;2,2,2,2,5) (0,2, 12, 12)*
(1:2,.5.,2) (0:2,2,10,10)* | 30 (0;2,6,15)
(,,2, ).2) (1;5) 32 (0:2,2,2,4)
(3;-) 11 (0;11,11,11) (0;4,4,4)*
3 (0:3,.7.,3) 12 (0:2,2,2,2,3) (0;2,8,8)*
(1:3.3.3,3) (0:3,3,3,3)* | 40 (0;2,4,20)
4 (0;2,.5.,2) (0;2,3,4,4) 48 (0:2,2,2,3)
(0:2,.5..9.4,4) (0;2,2,6,6)* (03,4, 4)*
(0;2,2,4,4, 4,4) (0;6,12,12)* (0;2,6,6)*
(1;2,2,2,2) (1;3)* (0;2,4,12)
(1;2,4,4) 15 (0;3,15,15)* | 60 (0;3,3,5)*
(2;—)* 16 (0;2,2,2,2,2) | 64 (0;2,4,8)"
5 (1:5,5) (0;2,2,4,4) | 80 (0;2,5,5)"
6 (0:2.2,2,2,3,3) (0;4,8,8)* 96 (0:3.3,4)"
(0:2,3,3,3,6) (1;2)* (0:2,4,6)
(0:2.2.3,6.6) | 20 (0:2,2,2,10) | 120 (0:2,3,10)
(0;6,6,6,6)* (0;4,4,10) | 160 (0;2,4,5)
(1:3,3)" (0:2,20,20)* | 192 (0;2,3,8)
8 (0;2,.9.,2) 22 0;2,11,22
(0;2,2,2,4,4) | 24 (0;2,2,3,3)*
(0;4,4,4,4)* (0;2,2,2,6)
(0;2,4,8,8) (0;4,4,6)*
(1:2.2)" (0;3,6,6)*

* Non-mazimal signature

We list some groups that we will use in the next sections. First of all, C), is
the cyclic group of order n, S,, the symmetric group of degree n and A,, the
alternating group of degree n

D, = (s,a : s> =a" = (sa)? = 1)
Q=(i,j : i* = j? iji = j)

C3x Cy = (s,t : s*=13=1,5%s =1?)
Cg x3Cy = (s,a : s> =a® =1,sa® = as)
Cy x50y = (s,a : s> =a®=1,sa° = as)
CyxCy= (st :st=1t+=1ts> = st)
Gaa={a,b: b® =a* = (ab)* = [a®,0] = 1)

C5 x Cy = (b,a : b¥° =a* =1,a%ba = b*)

05 X4 C4 = (t,a

QD1 = (s,a : s> = a'®
C?=b?=a? = (ab)* =

C3xCy = (a,b,c :

((04 X 02) X 02) X 02 =
(D4 X Cz) X CQ = (a,b,c : 62
(abac)? =

1)
(04 X CQ) X CQ = <S,t
((CyxCy)xCo)xCy =
tatsa” = 1)
A4 X 04 = <a,b :

c 0 =at = 1,t3at = a?)
(Cn XCQ) XCQZ <CL,b :

a? =b" = (ab)* = ab®ab® = 1, n = 6,12)

= sasa” = 1)

<s,t:t2—s
=a?

D2 =88 = (s%t)E =
52 =12 = a® = (a?s)?

(a,s,t :

5:b4

{a,b : a

(ac)* =
(st)" =

=b = (a

[st]* =

a® =b* =1, (b%a)? = b3ab)
(A4 X CQ X 02) X 02 = <a,b,c :
(ba)?, (ca)® = a®)

((Cél X 05) X CQ) A CQ = = (ab3)4

b)8

2 =a% = b = (be)?

(be)? =
5,t]> = 1)
(ac) =

1)

— (ab)? = 1)

(abac)? =

(be)?

las]? = (st)?

1, (ab)?

1)



((2(04 x C2) x Cy) x C3) x Cy

(st?)? = (st95%t7)2 = 1).

(s,t :

3 Equisymmetric Stratification

8 = (ts)* = b(st)?

= (st?)? =

Costa-Izquierdo [CI2] gave the equisymmetric stratification of the moduli
space of Riemann sufaces of genus four in the following:

Theorem 7 [CI2] The equisymmetric strata of the branch locus By are the

following.
Strata dim. Strata dim. Strata dim. Strata dim.
M§>0 7 | MY 6 MO 5 Mt 3
Mfg,Ol 3 M4C'3,02 3 MSQXCQ,OQ 4 Mfszz,H 4
MLy My Mt 2 M 1
MP! 3 | M0 2 M 2 MP#? 2
Mot 1| mPe2 9 MP12 2 ME 1
M® Lo mMEe 0 | Mt 2 M 1
MG oMt MG 0 MG 0
MPs 1| MExPs MG 0 MPw 1
M5 1| M 0 | MmPP 0 MPaxDs 1
MPsxCo 0 | MG*Pr g MG 0 Michc3)xp4 0
M5? 0

Again we will study the structure of B5 omitting the regular points of
M. We recall that to obtain the strata of Bs we first calculate and classify
all the actions of finite groups on Riemann surfaces of genus five and secondly
we determine wich actions are maximal. We will represent an action 6 : A —
G by a generating vector for the action, that is a list of the images by 6 of the
canonical generators (a;, bi;x;),i =1,...,h,j =1,...,r of A with signature

(h;ml,...

m,) that generate G.

Lemma 8 The actions of orders 2,4 and 8 are
(a,a,a,a,a,a,a,a,a,a,a,a)

0270 :
92,1 .
02,9 :
92,3 .
041 :
04,2 :
9473 .
044 :
(9475 :
‘94,6 .
047 :
64,8 :
04’9 .
04,10 :

A0;2,12.,2) — Cy
1;2,.8..2) = Cy
2:2,2,2,2) — Cy

3; —) — (Y
0;2,2,4,4,4,4) — C4
0;2,2,4,4,4,4) = C4
0;2,2,2,2,2,4,4) — C4
1;2,4,4) — Cy
1;2,2,2,2) = C4

2;,—) = Cy

0;2,.8.,2) — Cy x Oy
0;2,.5.,2) — CQ X CQ
0;2,.%.,2) — Cg X CQ
(1;2,2,2,2) — Cy x Cy

Pk bbb bR

(17 ]‘; a‘? a? a’ a? a’? a‘? a? a)

(1,1,1,1;a,a,a,a)

(a7 17 17

17 1> 1) _)

(a,a,a,a,b,b,b,b)

(a‘7 a? a? a7

b, b, ab, ab)

(1,1;a,a,b,b)



Os11: A(1;2,2,2,2) — Cy x Cy (b,1;a,a,a,a)
(

(9412 AQ,—)—)CQXCQ (a,b,l,l;—)
94,13 A(Q —) — Oy x Cy (a, 1,0,1; —)
0g1: A0;2,4,8,8) = Cy (a*,a% a,a)
g2 : A(0;2,4,8,8) — Cy (a*,a?, a3, a™ 1)
0s3: A(1;2,2) — Cs (a,1;a* a%)
Os.4: A(0;2,2,2,4,4) — Cy x Co (b,b,b,ba>, a)
Os5: A(0;2,2,2,4,4) — Cy x Co (b, b, ab, ab, a)
Oz : A(0;2,2,2,4,4) — Cy x Cy (b,b,a?,a,a)
Os7: A(0;2,2,2,4,4) — Cy x Cy (a%,a%b,b,a,a®)
Ogg: A(0;2,2,2,4,4) — Cy x Cy (a%,a%,b,ab,a)
Og9: A(0;4,4,4,4) — Cy x Cy (a,a,ab, ab)
08,10 : A(0;4,4,4,4) — Cy x Cy (a,a®, ab, a®b)
98,11 : A(1,2,2) d C4 X CQ (CL, 1;b, b)
0,12 : A(1;2, 2) — Oy x Cy (a,b;a?, a?)
08,13 : A(O, ) — Oy x Uy x Oy (a,a,a, ab, be, C)
0314 : A(O,Q, 6 2) — Cy x Cy x Oy (a,a,b,b,c,c)
0315 : A(0;2,.9.,2) — Cy x Cy x Cy (a,a,b,ab,be, abe)
08,16 : A(1,2,2) — (o x (g x Oy (b, C; a)
0517 : A(0;2,.6.,2) = Dy (s,s,8,8,sa,sa)
0315 : A(0;2,. 6 ,2) = Dy (s, s, sa,sa,a?, a?)
03,19 : A(0;2,2, 2 4,4) — Dy (s,8,a% a,a)
fg,20 : A(1;2 2) — Dy (t,1;s,s)
68,21 : A(0,4,4,4,4) - Q (l,l,],j)

where 046, 0412, 0413, 083, 089, 0310, 0311, 08,12, 08,16, 8,20 and B 21 are
non-maximal actions.

Proof. We show the detailed calculations to find actions of () as an ex-
ample of the algorithm. There are six classes of epimorphisms up to the ac-
tion of Aut(Q) ~ S4. Those give the following generating vectors, (4,1, 7,7),
(i,j, _i7j)7 (iaj7j7i)7 (ZL], i, _j)7 (i7j7 _jv _i) and (iv —1, _ij) Now let
B; be the elements in B defined by z; — x;41, 41 — m;rllmixiﬂ. We
get BQ(ia Za]a.]) = (i7j7 _jljaj) = (iaja _i7j)7 B3(ivj7 _iaj) = (i7j7j7 _j -
Z]) = (ivjvjvi)a BS(Z Js ja ) = (’L Js % ’L]’L) = (Z Js % — ')7 B3(i7jaia_j) =
(i7j7_j7ji_j):(7;7.77 Js ) B2(Z Ji— .]) ( —1,0)— .7.7):(’5.7_1.7_.7‘7.7‘)'
Thus there is one class of epimorphisms 6g 21 : A(0;4,4,4,4) — Q.

Here we prove non-maximality. We need to consider only epimorphisms
from Fuchsian groups with marked non-maximal signature.

(1) 04,6 extends to 6317 where Cy =~ (a) C Djy.

(2) 94712 extends to (98,13 where Cy x (9 >~ <b, abc> C Cy x Cy x Cs.

(3) 04,13 extends to g 14 where Cy x Cy =~ (ab,bc) C Cy x Cy x Cs.

(4) For 63 consider the isomorphism Cy x Cs =~ (ac, (ac)?(be)?) C (Cyx Cax
C3) x Cy = G’ and the action 6329 : A'(0;2,2,2,4) — G’ with generating
vector (ba, b, ¢, ac). The action § : G' — Sy of G’ on the Cy x Co-
cosets defined by d(ba) = (1,4)(2,3), 0(b) = (1,2)(4,3), d(c) = (1,3)(2,4)
and d(ac) = (1)(4)(2)(3) is the monodromy of the desired covering H/A —
H/A', where s(A) = (0;4,4,4,4) and the generating vector of the restriction
to A of 0392 is (ac,ac, ac(bc)?, ac(be)?) as wanted.

(5) Similarly for 6g 19 consider the isomorphism Cy x Cy =~ <ac7 (ab)2> C
(02 X CQ X CQ X 02) X 02 = (G and the action 93271 : A/(0;2,2,2,4) - G
with generating vector (cac, b, be, ac). The action § : G' — Sy of G’ on the
(ac, (bc)?)-cosets defined by §(cac) = (1,3)(2,4), 6(b) = (1,2)(4,3), d(bc) =
(1,4)(2,3) and 6(ac) = (1)(4)(2)(3) is the monodromy of the desired covering



H/A — H/A', where s(A) = (0;4,4,4,4) and the generating vector of the
restriction to A of 0321 is (ac, (ac)3, ac(be)?, (ac)?(be)?) as wanted.

(6) For 6521 consider the isomorphism @ ~ {ac, (ab)?) C (DyxC)xCs = G
and the action 6323 : A'(0;2,2,2,4) — G’ with generating vector (abac, a,
b, ac). The action § : G' — S4 of G’ on the (ac, (ab)?)-cosets defined by
d(abac) = (1,4)(2,3), d(a) = (1,3)(4,2), §(b) = (1,3)(2,4) and d(ac) =
(1)(4)(2)(3) is the monodromy of the desired covering H/A — H/A’, where
s(A) = (0;4,4,4,4) and the generating vector of the restriction to A of 321
is (ac = 1, ac, (ab)? = j, (ab)?) as wanted.

(7) With similar calculations to the ones above we see that g3 extends to
6164 by Cg =~ (a) C Dg. 6311, respectively 6g 12, extends to 016 5, respectively
016,6a by C4 X CQ ~ (a, b> C D4 X CQ. 08,16 extends to 916,3 by CQ X CQ X CQ ~
{a,be,ed) C CF. 020 extends to 165 by Cy x Oz =~ (a,sb) C Dy x Cy. m

Lemma 9 The actions of order 16,32 and 64 are:

‘916,1 : A(O 4, 8, 8) — Cg X 02 (aﬁb, a,ab)
162 : A(0;2,2,4,4) — Cy x Cy x Cy (b, c, a,a®be)
0163 : A(0;2,2,2,2,2) — CF (a,b,c,d,abed)
0164 : A(0;2,2,2,2,2) — Dg (s,sa,sa",sa?, (a)?)
0165 : A(0;2,2,2,2,2) = Dy x Cy (s, s,sa,sab,b)
0166 : A(0;2,2,2,2,2) — Dy x Cy (s, sa, sb, sab, (a)?)
016,7 : A(O 2, 2,4,4) — Dy x CQ (S, Sb, ab (a)
0163 : A(0;2,2,4,4) — Cg 13 Cy (s,5,as,(as)?)
016,9 : A(O 2 2 4 4) (04 X CQ) X CQ (b c, ab ac)
‘916,10 : A(O 4 8 8) — Cg X5 02 (asa a as)
016,11 : A( ) — Cs X5 CQ (a, S, CL4)
‘916,12 : A(l 2) — 04 X 04 (S t;s )
616,13 : A(O, 2,2,4 4) — G44 (b a ,a CLb)
(916714:A(02244)—)G44 (beaa)
916715:A(02244)—>G44 (bbaa )
016,16 : A(0;2,2,4,4) = Gau (aba, aba™'b, a, ab)
916,17 : A(l 2) — G44 (a, b; abailb)
0321 : A(0;2,2,2,4) — C5 x Cy (cac, b, be, ac)
93272 : A(0,2,2,2,4) — (04 x Co x 02) X Co (ba, b, c, CLC)
93273 : A(O 2,2, 2,4) — (D4 X CQ) X Co (abac, a,b, CLC)
(93274 : A(O 4,4,4) — (C4 X 02) X C4 (S,t,tgsg)
032’5 : A(O 4,4,4) — ((04 X CQ) X CQ) A CQ (S,St,t82)
‘932,6 : A(O 2,8, 8) — (Cg X 02) x (Y (t,S,S_lt)
(932’7 : A(O, 2,8, 8) — (Cg X CQ) x Cy (t, S, Sflt)
‘964,1 : (0 2,4, 8) — ((Cg X 02) X CQ) x Cy (t,ta_l,a)
064,2 : A(0,2,4,8) — ((Cg X CQ) X 02) X CQ (t,t(fl,a)

where 6161, 06,2, 16,7, 0168, 016,9, 016,10, 016,11, 016,12, 016,14, 016,15, 016,17,
0324, U325, 0326, 0327 and a1 are non-mazimal actions.

Proof. Here we show non-maximality:
(1) 916,1 extends to 9192 where Cg X CQ ~ <t, (8t75)2> C (((04 X CQ) X 04) X
03) A CQ.
(2) 016,2 extends to 93272 where Cy x Cox(Cy ~ <a beb, C> C (C4 x Cy XCQ) xCy.
(3) 016,7 extends to 932y1 where Dy x Cy ~ <CLC,C > CQ x Cy x Cg9 X
CQ) X 02
(4) 016 8 extends to 639 3 where Cg x3 Cy >~ < b, bc > (D4 X 02) x (.
(5) 16,9 extends to f393 where (Cy x C2) x Ca =~ ((ab)?, a,c) C (Dy x Ca)
Cs.
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(6) 916,10 extends to 96472 where Cg X5Co >~ <CL, [a, S]> C ((Cg X CQ) X CQ) x (.
(7) 016,11 extends to 032 3 where Cg x5 Cy =~ (ab, c) C (Dy x C2) x Cs.

(8) 616712 extends to 03272 where C4 X C4 ~ <a, bC> C (04 X CQ X Cg) X CQ.
(9) 916,14 extends to 93272 where G474 ~ <CLC7 b> C (04 x Cy X 02) x C.
(10) 016 15 extends to 032 1 where G4 4 (ac b> (Cg X Cg X CQ X CQ) X 02.
(11) 016 17 extends to (932 1 where G44 ~ < > (CQ X 02 x Cg X 02) x (.
(12) 9324 extends to 0192 where (04 X CQ) ~ < t7 8t7) > C (((04 X
02) A 04) X 03) X CQ

(13) 6325 extends to 4,2 where ((Cy x C) x C) =~ (at,s) C ((Cs x Ca) %
Cg) X CQ.

(14) 932,6 extends to 9192 where (Cg X 02) A 02 ~ <t, (8t)2t4> C (((04 X
CQ) X C4) X Cg) X CQ

(15) 6327 extends to 4,2 where (Cg x C) x Cy =~ <a s a> ((Cg x Cy) x
CQ) X CQ

(16) 964,1 extends to #192 where ((Cg X CQ) X 02) X Oy ~ <St282t, St682> -
(((C4 X CQ) X 04) X Cg) A CQ. |

Lemma 10 The actions of order 3,6 and 12 are

030 : A(0;3,3,3,3,3,3,3) = C3  (a,a,a,a,a,a? a?)
031 :A(1;3,3,3,3) = C3 (1,1;a,a,a?, a?)
06,1 : A0:2,2,2,2,3,3) = Cs (a®,a®,a®, a3, a2, a*)
062 : A(0;2,3,3,3,6) — Cq (a®,a?,a?,a*, a)
063 : A(0;2,2,3,6,6) — Cg (a®,a3,a*,a,a)
06,4 : A(0;6,6,6,6) — Cg (a,a,a’, a’)
065 : A(1;3,3) = Cs (a,1;a%,a%)
066 : A(052,2,2,2,3,3) — Ds (s,8,5,8,a,a?)
06,7 : A(1;3,3) = D3 (s,1;a,a?)
0121 : A(0;6,12,12) — C1o (a'0,a,a)
(91272 : A(0;2,2,6, 6) — Cg x Cy (b, b,a,a_l)
0123 : A(0;2,2,6,6) — Cg x Cy (b, a3, a,ba?)
0124 : A(0;2,2,2,2,3) = Dg (s, 8,503, 5a,a?)
0125 : A(0;2,2,2,2,3) — Dg (a3, a3, s, sa*, a?)
0126 : A(0;2,2,6,6) = Dg (sa?,s,a,a)
tho7 : A(1;3) = De (s, a;a?)
0125 : A(0;3,3,3,3) — Ay (a,a?,b,b%)
0129 : A(0;3,3,3,3) = Ay (a,a,ab,b?)
012’10 : A(O, 2,3,4, 4) — Cg X C4 (82,?5,8,8152)
(912711 : A(l,?)) — Cg X 04 (t,s;t)

where 064, 065, 067, 0121, 02,2, 0123, O1256, O12,7, O128, B129 and 01211 are
non-maximal actions.

Proof. We see non-maximality.
(1) 66,4 extends to a4 6 where Cg =~ <a5b C Dg x O.
(2) 655 extends to 0124 where Cs =~ (a) C Dg.
(8) 66,7 extends to 0125 where D3 ~ <a > C Dg.
(4) 912 1 extends to ‘948 1 where Cl ~ < > (012 X 02) D! CQ.
(5) 12,2 extends to 0246 where Cg x C2 ~ (a,b) C Dg x Cs.
(6) 91273 extends to (92477 where Cg x Oy ~ <b, (ab)2> C (CG X Cg) x C.
(7) 0126 extends to 0246 where Dg =~ (ab, sb) C Dg x Cs.
(8) 91277 extends to (924,6 where Dg ~ <a2b, 5a3> C Dg x Cs.
(9) 12,8 extends to f4g 5 where Ay ~ <b3ab3,a> C Sy x Cs.
(10) 91279 extends to 92472 where Ay ~ <(ab)2, b2> C Sy x Cs.
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(11) 012711 extends to 92477 where C3 x Cy ~ <ab3, b2> C (Cﬁ X CQ) xCoy. 1

Remark 11 We note that there are two topologically non-equivalent ac-
tions of A4 induced by the signature (0;3,3,3,3). Indeed by considering all
actions B on (a,a?,b,b?), 218 in total, we note that none of the resulting
generating vectors contain a pair of equal elements. These groups have the
same representation up to GL(5,C)-conjugacy, see [KK], this provides a new
counterexample to Theorem 1 in [Br]. These actions of A4 are extensions
fized point free actions of Ca x Co of different topological type, see [CPo] and
[Sm].

Lemma 12 Actions of order 24,48,96 and 192 are:

(92471 : A(O 2,12, 12) — Chg x Oy (b, a, a_lb)
0242 : (0,2,2 3,3) = Ay x Cy (ab®, b3, 0%, b*a)
(92473 : A(O 2 2 3 3) — A4 x Cy (ab3,ab3,b2,b4)
92474 : A(O 3 6 6) — A4 X 02 (b4, ba,ab)
0245 : A(0;2,2,3,3) — Sy (ab,ab,a,a™1)
0246 : A(0;2,2,2,6) — Dg x Co (s,a>, sa*b, adb)
247 : A(0,2,2,2,6) (Cg x C3) x Oy (a,b3, ab*, aba)
‘924,8 : A(O 4 4 6) (Cg b 04) X 02 (S,St,82t5)
g1 : A(0;2,4,12) — (C1a x Ca) x Oy (b, ba, a'l)
‘948,2 : A(O 2 6 6) — A4 X CQ X 02 (b, a, a5b)
Oas.3 : A(0;3,4,4) — Ay x Cy (a,b,b%a?)
‘94874 : A(O 3 4 4) — A4 X 04 (CL, bg,b(IQ)
Os35 : A(0;2,2,2,3) = Sq x Cy (ab, b*c, ca’b?, a)
096,1 : A(O 2 4 6) (A4 X CQ X CQ) X C'g (b, bac, ca5)
Oo6.2 : A(0;3,3,4) — ((C4 x Co) x Cy) % Cy (s, 527, 1)

9192 : A(0;2,3,8) — (((C4 X CQ) X C4) X C3) X CQ (8t5,8,t5)

where 0241, 0243, 0244, 0245, O248, Oag2, 043 and Oge2 are non-maximal
actions.

Proof. We show the non-maximality:
(1) 92471 extends to ‘948,1 where C9 x Cy ~ <a, (ab)2> C (012 X 02) x Cs.
(2) 024,53 extends to Oag 5 where Ay x Cy =~ <ab2a2, ac> C Sy x Cs.
(3) 92474 extends to ‘99671 where Ay x Cy ~ <[CL, b], CL> C Ay x Oy x Cy
(4) 0245 extends to O4g 5 where Sy >~ (a,b) C Sy x Cs.
(5) 92471 extends to 048,1 where (03 X 04) X Oy ~ <ab, CL2> - (012 X CQ) x (.
(6) 948,2 extends to 996,1 since Ay x Cy x Cy C (A4 x Cg X CQ) X Cy
(7) 948,3 extends to 996,1 where Ay x Cy ~ <CL4, a3cb> C (A4 x Oy X CQ) X Cy.
(8) Ogs,2 extends to f1g2. m

Lemma 13 Actions of order 5, 10, 15, 20, 30, 40, 60, 80, 120 and 160 are
05 : A(1;5,5) — Cs (1,1;a,a%)
0101 : A(0;2,2,10,10) — C1p  (a®,a’,a,a”)
(

6102 : A(0;2,2,2,2,5) — Ds (s,8,s,5a° a)
0103 : A(1;5) = Ds (s,a;a?)
015 : A0;3,15,15) — C15 (a®, a*, a®)
0201 : A(0;2,20,20) — Cog (a'?,a,a”)

A(
0202 : A(0;2,2,2,10) — D1y (a®,s,sa?%,a?)
(9203 A(O 4,4, 10) — 05 X 04 (ab, a,CLQb)
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030 : A(0;2,6,15) — D5 x C3 (b3, ba, bab)
040 : A(0;2,4,20) — D5 x Cy (b,ba,at)
060 : A(0;3,3,5) — As (b, bab, b*a’b)
050 : A(0;2,5,5) — (C3) x Cs (b,a,a™'b)
0120 : A(0;2,3,10) — A5 x Cy (ba’c,b,a’c)

f160 : A(0;2,4, 5) — ((C%) X 05) x Cy (ab, b_l,a_l)

where 05, 010,1, 610,3, 015, 0201, 020,3, 060 and O3y are non-maximal actions.

Proof. Clearly 0292 induces 6103, where D5 is the subgroup <a2, sa> of
Dl[). By [SQ] 05, 91071, 915, 92071, 92073, 960 and 980 are non-maximal actions
since there is only one action for each group and there exist actions of orders
30, 40, 120 and 160. m

Lemma 14 The actions of order 11 and 22 are
0111 : A(0;11,11,11) —» C11 (a,a?,a®)
0112 : A(0;11,11,11) — Cy (a,a,a?)
B2 : A(0;2,11,22) — Cao (a'l,al, a)

where 0112 is a non-mazximal action.

Proof. The action 6;; 2 extends to ¢ : A(0;2,11,22) — Cy defined by
(bll, blO’ b)

]

Now each maximal action corresponds to a non-empty equisymmetric
strata (see [B2]). Letting the strata corresponding to a maximal action
0;; be denoted Mz’ we have from Lemma 8 through Lemma 14 above the
following theorem.

Theorem 15 The equisymmetric strata of the branch locus Bs are the fol-

lowing.

Strata dim. | Strata dim. | Strata dim. | Strata dim.
MO 9 | MY 3 MY 2 MY
Mg M 2 M 2 | M o
M2 M 2 MY 0 [ MP
M6 | MY 3 | M 2 MPE
MO 4 MY M 2 M
MY M MY M o
Mt 3 Mt 2 M 2 M o
M3 M 2 M 2 Mt o
M4 M 2 MBS 2 M
Mt 3 MET 2 MBS o M o
MP 4 MPE 2 MO M o
Mg,? 5 M§,13 3 MIG ,16 1 Mgﬁ,l 0
M 5 MM 3 M1 | M o
M5 M3 | MB2 0 | M o
Mg M 3 M

Mt M 3 | MBS

13



4 Orbifold Structure of the Moduli Spaces of Rie-
mann Surfaces of Genera Four and Five

Here we will compute the structure of the equisymmetric stratification of the
branch locus. Remember that G = Aut(X) determines a conjugacy class
of subgroups of M (T"), defining a symmetry type of X [B2]. Mf’o is the
set of classes of surfaces with full automorphism group inducing the action
(G,0) and ﬂf’e is the set of surfaces such that the automorphism group
contains a subgroup yielding the action (G, 0) If, on some surface, (G, 6)

is an extension of the action (G’,6’) then /\/l C M . The action (G, 0)
determines a Fuchsian group A and an eplmorphlsm 0 : A — G. Letting
A’ = 0'~1(G") and examining the monodromy of the covering H /A" — H/A
we can find the induced action 6§ : A — H by using of Theorem 1. Now as
we have a one to one correspondence of the cosets of H and the cosets of A
it is enough to study the permutation representations in the finite group G.
As in Lemma 8 through Lemma 14, all the group symbolic calculations in
finding the induced actions have been done with GAP.

We begin with theorems giving the structure of the branch locus in terms
of strata corresponding to actions of prime order:

Theorem 16 [CI2] The branch locus By is contained in

02,0 75C2,1 +——C2,2 —+—Cs5,1  —-—C3,01  ——C3,02 U

MPPPOMPT UM UM UM UM M

With the notation in Theorem 15 with have:

Theorem 17 [BI] The branch locus Bs is contained in

MPUM UM UM UM UMY UM
Proof. (1) M5’ , Mg’l, Mg,z and ./\/l5’ correspond to epimorphisms

0 : A — Cy with signatures s(Ag) = (0;2,.12,2), s(A1) = (1;2,.5.,2),
s(Ag2) = (2;2,2,2,2) and s(Ag) (3; —) respectively.
(2) The strata ./\/150 and ./\/l5 correspond to epimorphisms 6 : A — Cs
where s(Ag) = (0;3,.7.,3) and s(A;) = (153, 3, 3, 3) respectively.
(3) ﬂg is induced by non-maximal epimorphisms 6 : A — Cjs, s(A) =
(1;5,5). They extend to surface kernel epimorphism ¢ : A’ — D5 =
<a,s\a5 =52 = (sa)® = 1>, s(A") = (0;2,2,2,2,5), defined by (s, s, s, sa,a™!).
We see that s(¢~'{a)) = (1;5,5) and s(¢~!(s)) = (2;2,2,2,2). Thus
M =M™ ¢ M5,
(4) Signature (0;11,11,11). There are two classes of actions of Cj; with
representatives 6111 : A — C11, defined by (a, a%,a73) and 613 2: A= Chy,
defined by (a,a,a™2). Now 11,2 extends to ¢ : A(0;2,11 22) — Coy de-
fined by (bu,blo,b). By Theorem 1 ¢! <b2> is a group with signature
(0;11,11,11) and the images of the elliptic generators by ¢ (with the iso-
morphism b — a) are a, a and a=2. So ﬂé = Mj; . By Theorem 1

s(éyt (B1)) = (052,.12,2), thus Mz c Ms>"

. . b
yields a maximal action of C; in M5 producing an isolated point Mé o m

The epimorphism 6111

We show the inclusion relations of the strata in decreasing order of the
number of automorphisms of the surfaces.

Theorem 18 e e
M e M N M,”®
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Proof. The Riemann surface ﬂf‘r’, known as Bring’s curve is given by
the action 6 : A(0;2,4,5) — S5 defined by 0(x1) = (4,5), O(x2) = (1,4, 3,2)
and 0(x3) = (1,2,3,4,5). To prove the stament we consider the maximal
subgroups of S5: As; = (1(,3)(4,2),(1,2,3,4,5)), Sy = ((1,2),(1,2,3,4))
and Cs xo Cy = ((1,2,5,4),(1,2,3,4,5)). First, 6~1(45) = A(0;2,5,5)
with induced action ¢1 : A — As defined by ¢1(y1) = (1,3)(4,2), ¢1(y2) =
(1,2,3,4,5) and ¢1(y3) = (1,4,3,2,5). This action is non-maximal ([CI2]).
Secondly, 071(Sy) = A2(0;2,2,2,4) with induced action ¢2 : Ay — Sy
defined by ¢2(21) = (1,2), ¢a2(22) = (3,4) ¢2(z3) = (2,4) and ¢a(z4) =
(1,2,3,4), given in Theorem 7. Now, 071(C5 x5 C4) = A3(0;4,4,5) with
induced action ¢3 : Ag — C5 x4 Cy defined by ¢3(wi1) = (1,2,4,3), ¢3(wz) =
(1,2,5,4) and ¢3(ws) = (1,2,3,4,5). This action is non-maximal ([CI2]).

We shall study the maximal subgroups of C5 x4 Cy: D5 = ((1,5)(2,4),
(1,2,3,4,5)) and Cy = ((1,2,5,4)). 071(D5) = A4(0;2,2,5,5) with induced
action ¢4 : Ay — D5 defined by ¢4(71) = (1,5)(2,4), ¢4(T2) = (2,5)(3,4)
04(T3) = (1,2,3,4,5) and ¢4(74) = (1,4,2,5,3), given in Theorem 7. Fi-
nally 671(Cy) = As5(1;4,4) with induced action ¢5 : A5 — C4 defined by
¢s(ar) = ¢5(b1) = Id, ¢5(y1) = (1,2,5,4) and ¢5(y,) = (1,4,5,2). This
action is non-maximal ([CI2]). m

Theorem 19
D; X D3

D b
N My
Cg><C'2

C3xC3)xD
M(3><3><14€M

SaxC
M e MG M
C5><1D4

My

D3><D3
My

——C3x Ds
TS A M,

e MY

MM

c M, Mot

Cex D C3x D
M e M

D —Q _—D
MIPre e MY N MY

Theorem 20

— 06,0 C4,0
Mt

nAy!

C:
NM,?
D37

M e MY M

—Dy,12
M e MY

D10
My

M P

Ca
c M,?

—C,01 ——Cs,1

C My

Mo

M4 C My

NM 7 NMy

C b
€ M, 60
——D4,02

Theorem 21 .
M4 15

DG:

——C3,0
e M M

——D3,2 ——C2xC3,1

My

MY -

ﬂ4 C My

M

D67

C My

My
037

NMy

——Cax(C2,12 _ ——Cg,01

NnMy

M

C6, 04’
M
CgXCg,12

e M,
D37

M7 C My N My
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Theorem 22 . .
My 10 6./\/1 NnMy 2,2

—— Dy =52
M7 C My 2
C7

MY c M
—C2x(C>,02

c M

MCQXCQ,

——Dy4,02 C4,0
* nM,*

m MCQXCQ,lZ

My
MD4,12

Theorem 23

06,1 _ 5C2,1

N MC3’
m M03,01
A
N MCg,OQ
C MCQ’

My
MC"’Ol
My

D37

M,

c My
Cc My
c My
c M{>?
Myt

027

06,0 _ 5—C2,0

Theorem 24
——C2xC2,1 CMC%

c M A M
c M M
C MCQ’
C MCQ’

My

——Cox (9,02
My

My

CQXCQ,IQ CQ,

MO

M

CQXCQ,02UMC47

UMDlOUMQXCsUMQDIGUMC5XD4,

—C13,01 ——C3,02
PTUM,®
D10

The hyperelliptic locus of My is the subspace ﬂ? oM
M UM MG UMY UM

the cyclic trigonal locus is the subspace /\/l and the cyclic

pentagonal locus is the subspace M 4 U ./\/l UM, . The stratum ﬂf‘%
is formed by one curve called Bring’s curve: the point in My with biggest
number of automorphisms, 120. Bring’s curve is a non-cyclic trigonal and
cyclic pentagonal curve. The curve admits six pentagonal morphisms and
the highest order of an automorphism is five (see [IY] also[CI3]).

Theorem 25
MY c M A M A M A M N M ML
M e M AM A M A M n M A ME
M c M A M A M A M N M N M MG
M2 c M A ME A M A M N M MR
Theorem 26
M;ﬁS - M§14QM§H
M c M A M
MéﬁB M§140M§17QM§11
M0 M§14m\/l§18m\/15 na
MO M A M A
M M M
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Theorem 27 The subvariety inclusions for strata corresponding to auto-
morphism groups of order 8 are:

Mot e M M? c M:?

Mot c Mt nmeT M c Mt nme?

M c M M M c MM’

M c MM MY e M A M AP
MM e MEAM T M MY c M A M n At

——8,17 —4,10 ——8,18
M M, M:
—819 —42 —49 —4]11
MY c MMy N M,

—45 _ ——4,9
C Mg NM;

Theorem 28 The subvariety inclusions for strata corresponding to auto-
morphism groups of order 4 are:
Y Y Y Y
M:® < M:° Mt M:?
M:° c M M M N M MG
M:® c My n MY M3 c My n M
MY c M0 MM e M A

Theorem 29
——192  ——485 ——322

M c M AMP At

—96,1 _ —485 —321 —247 —242 —16,3 ——16,13 _——12,10
M7 C Mg NIMsT7T DMz N Mg NMs ™ NMg " N Mg

——48,1 ——24.6 ——16,3 ——12,10 ——8.,4 ——4.,4
Mt c M A MY n M n M M

—484  ——242 ——16,13 _——12.10

Mg C My N Mg N Mg

— 485 _ —16,5 _—124 ——8 14
My C Mz N M7 N Mg

——6,3
nMy

——3,1
nMy

Theorem 30
—242 —813

—-—6,1  —3,1
M7 C My Mg N My

M M A M A MY n M N MET A A
M e M AT A M A M
M e MY A MY A A A AP
M c M A M A M N M n AL
MY« M A

—3,1 —2,2
NM M

Theorem 31 The subvariety inclusions for strata corresponding to auto-

morphism groups of order 6 are:
M c M A M
M c My At M

——3,0 _ —+—2,2
C M5 N Mj
—31 _ —922
C M5 N Mj
Theorem 32
—160 _ ——32,1 _——16,3 _——10,2

Mg C M7 N Mz N Mg
——120 _ ——24,2  ——124 _——20,2

MY c M A M M

22 A ﬂi,g ﬂ mzsm
M M

M c M AMET A M A AP

—-—10,2

——40
Mg C M;
—6,2 _ —3,0
NMg" N Mg
——20,2 ——10,2
——2.2
M7 C M;
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Theorem 33 ﬂél’l is an 1solated point of the branch locus and M? C

——2,0
M.

Proof. This was proved in Theorem 17. m
The next corollary was proved by Bartolini and Izquierdo [BI], but here
we state it for the sake of completeness.

Corollary 34 The branch locus Bs is connected with the exception of a
single point.

The conditions for existence of isolated points in the branch locus are
given by Kulkarni [Ku| (see [BCI] for a geometric point of view). In [CI1]
general conditions on connectedness of branch loci are given.

Remark 35 From the theorems above we see that the hyperelliptic locus of
My contains:

1.

10.

11.

12.

15.

a Riemann surface M;zo with automorphism group As x Cs given in
Lemma 12,

a Riemann surface M?G’l with automorphism group (AyxCayx Cy)xCo
given in Lemma 12,

a Riemann surface ﬂgg’l with automorphism group (Cia x Co) x Co
given in Lemma 12,

a Riemann surface ﬂ§8’4 with automorphism group A4 x Cy given in
Lemma 12,

a Riemann surface Méo with automorphism group Ds x C4 given in
lemma 13,

a uniparametric family of Riemann surfaces M?’Z with automorphism
group Asq x Co given in Lemma 12,

a single Riemann surface M?Q, which is also 11-gonal, with automor-
phism group Cao given in Lemma 14,

a uniparametric family of Riemann surfaces M§0,2 with automorphism
group D1g given in Lemma 13,

. . . . 16,1 ,
a uniparametric family of Riemann surfaces M56’ 3 with automor-
phism groupGy 4 given in Lemma 9,

‘ ‘ . . 12,10 .
a uniparametric family of Riemann surfaces M with automor-

phism group C3 x Cy given in Lemma 10,

a family of Riemann surfaces M§’4 with automorphism group Cy X Cy
given in Lemma 8,

a family of Riemann surfaces Mg’s with automorphism group Cy x Co
given in Lemma 8,

a family of Riemann surfaces Mg’lg with automorphism group Co X
Cy x C5 given in Lemma 8,

18



14. a family of Riemann surfaces Mg’l with automorphism group Cg given
i Lemma 10,

15. a family of Riemann surfaces ./\/lg’3 with Cy given in Lemma 8

16. a family of Riemann surfaces M§’7 with automorphism group Co X Cy
given in Lemma 8.

Remark 36 From Theorems 29, 30, 31 and 32 it follows that a cyclic trig-
onal Riemann surface of genus 5 has at most 30 automorphisms and with
exception of one surface, X3, at most six automorphisms. The structure of
the trigonal surfaces in Msy is

——30 _ 46,2 —-—3,0
My e Mg" C Mj

where ﬂgo is a single surface with automorphism group Ds x C3 given in
Theorem 13. Observe that if g Z 2 mod 3 there are cyclic trigonal surfaces
of genus g having Cy441) as a group of automorphisms (See [CI3]).

Acknowledge: The results on genus 5 are part of Bartolini’s Liccentiate
Thesis. The authors are grateful to the referees for helpful comments.

References

[BCIP] Bartolini, G.,Costa, A.F., Izquierdo, M. and Porto A. M. On the
connectedness of the branch locus of the moduli space of Riemann
surfaces. Rev. R. Acad. Cien. Serie A. Mat. 104 (2010) 81-86.

[BI]  Bartolini, G., Izquierdo, M. On the connectedness of the branch locus
of the moduli space of Riemann surfaces of low genus. Proc. Amer.
Math. Soc., (2011) doi:10.1090/S0002-9939-2011-10881-5

[Bo] Bogopolski, O. V. Classification of actions of finite groups on ori-
entable surface of genus four. Siberian Advances in Mathematics 7
(1997) 9-38.

[Br] Breuer, T. Characters and automorphism groups of compact Rie-
mann surfaces. London Mathematical Society Lecture Note Series,
280. Cambridge University Press, Cambridge (2000).

[B1] Broughton, A. The equisymmetric stratification of the moduli space
and the Krull dimension of mapping class groups. Topology Appl. 37
(1990) 101-113.

[B2] Broughton, A. Classifying finite group actions on surfaces of low
genus. J. Pure Appl. Algebra 69 (1990) 233-270.

[BW] Broughton, A. and Wootton, A. Finite abelian subgroups of the map-
ping class group. Algebr. Geom. Topol. 7 (2007) 1651-1697.

[BCC] Bujalance, E., Cirre, F. J. and Conder, M. D. E. On extendability
of group actions on compact Riemann surfaces. Trans. Amer. Math.
Soc. 355 (2003) 1537-1557.

[BCGG]| Bujalance, E., Cirre, F. J., Gamboa J. M. and Gromadzki, G.
On symmetries of compact Riemann surfaces with cyclic groups of
automorphisms. J. Algebra 301 (2006) 82-95.

19



[BCG| Bujalance, E., Cirre, F. J. and Gromadzki, G. Groups of automor-

[BC]

[C11]

[C12]

[CI3]

[CIY]

[CPa]

[CPo]

[gap]

[GK]

phisms of cyclic trigonal Riemann surfaces. J. Algebra 319 (2009).

Bujalance, E., Costa, A. F. and Izquierdo M. A note on isolated
points in the branch locus of the moduli space of compact Riemann
surfaces. Ann. Acad. Sci. Fenn. Math. 23 (1998) 25-32.

Costa, A. F., Izquierdo, M. On the connectedness of the branch locus
of the moduli space of Riemann surfaces of genus 4. Glasgow Math.
J. 52 (2010) 401-408.

Costa, A.F., Izquierdo, M. Fquisymmetric strata of the singular locus
of the moduli space of Riemann surfaces of genus 4, in London Math-
ematical Society Lecture Note Series 368 (Gardiner, F. P., Gonzalez-
Diez, G. and Kourouniotis, C. Editors), Cambridge University Press,
UK (2010) 130-148.

Costa, A. F., Izquierdo, M. Maximal order of automorphisms
of trigonal Riemann surfaces. J. Algebra 323 (2010) 27-31.
doi:10.1016/j.algebra.2009.09.041

Costa, A.F., Izquierdo, M., Ying D. On Riemann surfaces with non-
unique cyclic trigonal morphisms. Manuscripta Mathematica 118
(2005) 443-453.

Costa, A.F. and Parlier, H. Applications of a theorem of Singerman
about Fuchsian groups. Arch. Math. 91 (2008) 536-543.

Costa, A.F. and Porto A. M. On some Galois invariants of branched
coverings. . R. Math. Acad. Sci. Paris 334 (2002) 899-902.

The GAP Group, GAP- groups, algorithms and programming, version
4.4.7, 2006.

Gromadzki, G. and Koz?owska-Walania, E. On the real nerve of the
moduli space of complex algebraic curves of even genus. Illinois J.
Math. 55 (2012) 479-494.

Harvey, W. On branch loci in Teichmiiller space. Trans. Amer. Math.
Soc. 153 (1971) 387-399.

Izquierdo, M., Ying, D. Equisymmetric strata of the moduli space of
cyclic trigonal Riemann surfaces of genus 4. Glasgow Math, J. 51
(2009)

Kimura, H. Classification of automorphism groups, up to topological
equivalencce, of compact Riemann surfaces of genus 4. J. Algebra
264 (2003) 26-54.

H. Kimura, A. Kuribayashi Automorphism Groups of Compact Rie-
mann Surfaces of Genus Five. Journal of Algebra 134 (1990) 80-103.

Kulkarni, R. S. Isolated points in the branch locus of the moduli
space of compact Riemann surfaces. Ann. Acad. Sci. Fen. Ser. A I
MAth. 16 (1991) 71-81.

20



[MSSV] Magaard, K., Shaska, T., Shpectorov, S., Volklein, H. The

(W2

locus of curves with prescribed automorphism group. Communi-
cations in arithmetic fundamental groups (Kyoto, 1999/2001).
Surikaisekikenkyusho Kokyuroku 1267 (2002) 112-141.

Nag, S. The Complex theory of Teichmiiller Spaces, Wiley-
Interscience Publication (1988).

Singerman, D. Subgroups of Fuchsian groups and finite permutation
groups. Bull. London Math. Soc. 2 (1970) 319-323

Singerman, D. Finitely maximal Fuchsian groups. J. London Math.
Soc. 6 (1972) 29-38.

Smith, P. A. Abelian actions on 2-manifolds. Michigan Math. J. 14
(1967) 257-275.

Weaver, A. Stratifying the space of moduli. Teichmiiller theory and
moduli problem, 597-618, Ramanujan Math. Soc. Lect. Notes Ser.,
10, Ramanujan Math. Soc., Mysore, 2010.

Weaver, A. Hyperelliptic surfaces and their moduli. Geom. Dedicata
103 (2004), 69-87.

5 Appendix: GAP-codes

Some GAP-codes to find and classify actions of groups on Riemann surfaces,
beginning with a code to find admissible signatures.

findorders:= function(genus, index)
local orders;
orders:=[];
for d in DivisorsInt(index) do
if d>1 then
if d<4*genus+3 then
Add (orders,d);

fi;
fi;
od;

return orders;

end;;

signcalc:= function(orders,position,sign,signatures,n,g,g0)
local tempsign, sigsum;
tempsign:=ShallowCopy(sign) ;

#Display([position,sign,tempsign]);

if position < Length(orders) + 1 then
sigsum:=[];

Add(tempsign, orders[position]);

for order in tempsign do
Add(sigsum,1-1/order);

od;

if n*(Sum(sigsum)-2+2%g0)=2%g-2 then
Add(signatures, [g0,tempsign]);
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elif n*(Sum(sigsum)-2+g0)<2*g-2 then
#Display("recursion list position:");
#Display([position,sign,tempsign]);
signcalc(orders,position+1l,sign,signatures,n,g,g0);
#Display([position,sign,tempsign]);
#Display("recursion number of elements:");
signcalc(orders,position,tempsign,signatures,n,g,g0);

fi;
fi;

return signatures;
end; ;

findsignatures:= function(genus,index)
local signs;
signs:=[];
for a in [0.. genus] do
Append (signs,signcalc(findorders(genus, index),
1,[1,[],index,genus,a));
if index*(-2+2%a)=2*genus-2 then
Add(signs, [a, [1]);
fi;
od;
return signs;
end;;

Next one finds and classifies group actions with signature (0;my, ...

A slightly modified code is used when g = 1.

elementproducts:=function(elements,position,products)
local templist, templistsl, templists2;
templist:=[];
templistsl:=[];
templists2:=[];
if position>Size(elements) then
return products;
else
templistsl:=elementproducts(elements,position+1,products);
for number in elements[position] do
for list in templistsl do
templist:=ShallowCopy(list);
#Display(templist);
Add (templist,number,1);
Add(templists2,templist);
#Display(templistsl);
od;
od;
return templists2;
fi;
end; ;

HHHRHBRHBHHAFH AR B AR B H AR HAH B AR B HBHHEH B RS

findepi:=function(group,signature)

local orders, elementsoforder, epimorphisms, autorbits,
braidorbits, totalorbits, epiclasses, templist;

orders:=[];

elementsoforder:=[];

epimorphisms:=[];

epiclasses:=[];

templist:=[];

autorbits:=[];

braidorbits:=[];
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totalorbits:=[];
for order in signature[2] do
if (order in orders)<>true then
Add (orders,order) ;
fi;
od;
for order in orders do
templist:=[];
for g in group do if Order(g)=order then Add(templist,g); fi; od;
Add(elementsoforder, [order,templist]);
od;
templist:=[];
for order in signature[2] do
for set in elementsoforder do
if set[1]=order then
Add(templist, set[2]);
fi;
od;
od;
for product in elementproducts(templist,1,[[]1]) do
if (Product(product)=Identity(group)) and
(Size (Subgroup (group,product))=Size(group)) then
Add (epimorphisms,product) ;
fi;
od;
autorbits:=0rbitsDomain (AutomorphismGroup(group),
epimorphisms, OnTuples);
#Display(["auto",autorbits]);
if Size(autorbits)=1 then
epiclasses:=[Representative(autorbits[1])];
else
for epiclass in autorbits do
Add(braidorbits,braidorbit(Representative(epiclass)));
od;
totalorbits:=[1..Size(autorbits)];
for braidclass in [1..Size(autorbits)-1] do
for element in braidorbits[braidclass] do
for class in [braidclass..Size(autorbits)-1] do
if (element in autorbits[class+1]) then
#Display([braidclass,element,class]);
totalorbits[class+1]:=0;
fi;
od;
od;
od;
for n in totalorbits do
if n > O then
Add (epiclasses,Representative(autorbits[n]));
fi;
od;
fi;
#Display(totalorbits);
return epiclasses;
end;;

HEBHHHHHHHHEEE R

braid:=function(genvector,position)

local tempvector;
tempvector:=ShallowCopy(genvector) ;

Remove (tempvector,position) ;

Add (tempvector,genvector [position+1],position);
Remove (tempvector,position+1);

Add (tempvector,
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genvector [position+1] “-1xgenvector [position] *genvector [position+1],
position+1);

return tempvector;

end;;

HEHHHHHRRAE

braidorbit:=function(genvector)
local orbit;
orbit:=[];
Add(orbit, genvector);
for point in orbit do
for position in [1..Size(genvector)-1] do
if (braid(point,position) in orbit) <> true then
Add (orbit, braid(point,position));
fi;
od;
od;
return orbit;
end; ;

To calculate the signatures of subgroups of Fuchsian groups:

subgroupsignatures:=function(signature, epimorphism, orggroup)
local group, subgroup, indsig, subgroupinfo, cycles, order, i, j,
k, sigsuml, sigsum2, genus, sggens;
indsig:=[];
cycles:=[];
order:=[];
subgroupinfo:=[];
sggens:=[];
group:=GroupWithGenerators (epimorphism) ;
for subgroup in MaximalSubgroupClassReps(group) do
indsig:=[];
PermG:=Action(group,RightCosets(group,subgroup) ,0nRight) ;
Permgens :=Generators0fGroup (PermG) ;
#Display (Permgens) ;
for k in [1..Size(Permgens)] do
cycles:=CycleStructurePerm(Permgens [k]) ;
for j in [1..Size(cycles)] do
if IsBound(cycles[j]) then
for i in [1..cycles[j]] do
#Display([sign[2] [k], (G+1)1);
order:=sign[2] [k]/(j+1);
if order>1 then
Add(indsig,sign[2] [k]1/(j+1));
fi;
od;
fi;
od;
if Index(group,subgroup)>NrMovedPoints(Permgens[k]) then
for i in [1..Index(group,subgroup)-NrMovedPoints(Permgens[k])] do
Add (indsig,sign[2] [k]);

od;
fi;
od;
sigsuml:=[];
sigsum2:=[];

for order in indsig do

Add(sigsuml,1-1/order) ;

od;

for order in signature[2] do

Add (sigsum2,1-1/order) ;

od;
genus:=1+(signature[1]-1+Sum(sigsum2)/2)*Index (group, subgroup)
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-Sum(sigsuml)/2;
Sort (indsig);
sggens:=[];
for g in GeneratorsOfGroup(subgroup) do
Add(sggens,Factorization(orggroup, g));
od;
Add (subgroupinfo, [IdSmallGroup (subgroup) ,StructureDescription(subgroup),
[genus,indsig] ,sggens,Permgens,
List (RightTransversal (group,subgroup))]);
od;
return subgroupinfo;
end;;
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