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Subharmonic and Quasi-Periodic 
Motions of an Eccentric Squeeze 
Film Damper-Mounted Rigid Rotor 
When a squeeze-film damper is operated eccentrically, the nonlinear damper forces 
are no longer radially symmetric and subharmonic and quasi-periodic vibrations 
may be excited by the rotor unbalance. In this study, the unbalance response of a 
rigid rotor, supported on an eccentric squeeze film damper, is first approximated 
by a harmonic series whose coefficients are determined by the collocation method, 
together with a nonlinear least-square regression. The stability of the resulting pe­
riodic solution is then examined using the Floquet transition matrix method. For 
sufficiently large values of the unbalance and the damper static radial misalignment, 
it is shown that the approximate harmonic motion loses its stability and bifurcates 
into a stable subharmonic motion and a quasi-periodic motion at speeds above twice 
the system critical speed. This analytical finding is verified by a numerical integration 
in forms of the Poincare map, the rotor trajectory, the bifurcation diagram, and 
the power spectrum. It is suggested that stability analysis and numerical integration 
should always be incorporated into an approximate analytical method to achieve 
an adequate approximation. The results of this study show that the introduction of 
squeeze-film dampers may give rise to the undesirable nonsynchronous vibrations, 
which limits the maximum speed at which dampers should be used. 

1 Introduction 
Squeeze-film damper bearings have been widely used in aero­

engines to attenuate resonant vibration and to improve the 
stability of rotor bearing systems. Since the development of 
squeeze-film damper bearings, much theoretical attention has 
been paid to the centered synchronous, circular rotor motion 
which only exists when the damper is statically centralized. 
Jump phenomenon of the hardening spring characteristic of 
cavitated damper models has been reported by many research­
ers such as White (1970) and Feng (1988). A nonsynchronous 
mode of operation was mentioned by Mohan and Hahn (1974) 
and was numerically examined by Li and Taylor (1987). 

Botman (1976) observed nonsynchronous vibrations at 
speeds above twice the system critical speed on a high-speed 
rigid rotor-damper test rig. Nikolajsent and Holmes (1979) 
reported their observation of nonsynchronous vibrations in a 
test rig of a flexible, symmetric rotor on two identical plain 
journal bearings supported by centralized squeeze-film damp­
ers. The nonsynchronous vibrations occurred at speeds be­
tween two and three times the first critical speed. Sykes and 
Holmes (1990) also reported subharmonic vibrations in a rigid 
rotor-damper system subjected to an unbalance force and a 
unidirectional static force. 

The difficulty of analyzing the nonsynchronous and non-
circular rotor vibration is well known and such analysis may 
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well provide important damper design information. There is 
no one analytical technique that can accomplish this study 
effectively. The direct integration of the differential equations 
has been commonly used but it proves costly in computing 
time. 

The trigonometric collocation method has been used by Na-
taraj and Nelson (1989) for studying the periodic response of 
nonlinear dynamic systems. To determine multiple solutions 
whenever they exist, an arc-length incremental continuation 
method has been introduced by Zhao, et al. (1992), together 
with a linear polynomial predictor-corrector algorithm for 
nonlinear iterations. The Floquet transition matrix method has 
been extended to investigate the stability of the resulting pe­
riodic solutions (Zhao, et al., 1992). 

It should be noted that the justification of the trigonometric 
approximation is solely that it expected that the rotor response 
will be periodic and can be approximated by a truncated tri­
gonometric series. However, there is no practical criterion to 
determine which, and how many, frequency components are 
required to form an adequate approximation. This paper will 
present an approach for choosing proper frequency compo­
nents in the trigonometric series. Numerical examples are given 
for a rigid rotor supported on an eccentric squeeze-film damper. 
Using the theory of nonlinear dynamics and bifurcations (Ar-
nol'd, 1983), a rigorous analysis of the bifurcation of the 
approximate solutions will be given. A numerical integration 
scheme is incorporated to examine the accuracy of the ap­
proximation and to find any aperiodic solutions. The numerical 
integration results are given in forms of the Poincare map, the 
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Bearing Housing 

Fig. 1 Cross section of a rigid rotor supported by a squeeze-film damper 

bifurcation diagram, the rotor trajectory, and the power spec­
trum. 

2 Approximate Solution 

Figure 1 shows a rigid rotor supported on a squeeze-film 
damper in parallel with retaining springs. To analyze this sys­
tem, the following assumptions are made: 

(a) The rotor speed is constant; 
(b) The rolling element bearings are rigid; 
(c) The Reynolds equation for constant lubricant prop­

erties, the short bearing approximation, and the V film damper 
model are applicable. 
The equations of the rotor motion in Cartesian coordinates 
can be written as: 

mx + dx + kx = muco2 cos cot +fx + kx0, (1) 

my + dy +ky = muco2 sin cot +fy + ky0. (2) 

The origin of the o—xyz-coordinate system is taken to be the 
bearing center Ob. Dividing these two equations by mco>2 and 
defining a nondimensional time T = cot and a speed parameter 
s = co/co„, one obtains the following nondimensionahzed equa­
tions of motion: 

K M
X

J ,, ,B(XFr-YF,) ,X0 
X+ + ^ = 1 / C O S T + + —T, (3) 

s r s e ,r 

» DY Y TT . B(XFt+YFr) YQ 
Y+ + I = U S I H T + - - - + -T. (4) 

s sr s e s 

Using the short bearing approximation and assuming both 
supply pressure and return pressure to be atmospheric pressure, 
the pressure distribution in the damper is 

6/J.UL2{({- l)(e cos 6 + <pe sin 6) 

c2(l + e cos 0)3 (5) 

The resulting damper forces in the radial and tangential di­
rections are determined by integrating Eq. (5) over the area of 
the journal sleeve, viz: 

2 . 2 , - 1 

(F„ F,) =—2 p(cos 6, sin S)dSde. (6) 

The V film damper model was used by setting p to zero when 
p was negative. The film forces were evaluated by a two-
dimensional numerical integration at each step of the nonlinear 
iterations. The steady rotor motion was approximated by a 
trigonometric series of 

bXj sin h(i)r. 
;=i 
N 

Y=ciyo+ ^jdyi cos \\{i)T+byj sin h(i)-r. 

(7) 

(8) 

The coefficients of the trigonometric series were determined 
using the collocation method, together with the arc-length con­
tinuation algorithm, given by Zhao, et al. (1992). 

3 Stability and Bifurcation 
It should be noted that, by using the approximate analytical 

method, one merely finds the equilibrium states, which are 
only realized when they are stable. To examine the local sta­
bility of such an approximate solution q0, one may investigate 
the dynamic behavior of the system by superimposing a per­
turbation <5q on q0> such that 

N o m e n c l a t u r e 

«*o> aXh bXj, a7o> Cyi, byi = trigonometric coefficients 
AH(i) = semimajor axis of /th frequency 

component 
B = bearing parameter = fj.RL2/mc3oi„ 
c = damper clearance = R — r 

D = d/smccal 
e = damper eccentricity = ec 

fx, fy, Fn F, = damper forces 
h = real vector 
L = bearing length 

m, d, k = mass, viscous damping, and stiff­
ness 

M, C, K = mass, damping and stiffness mat­
rices 

N = order of the trigonometric series 
Ob, Oj = geometric centers of bearing and 

damper 
p = pressure distribution in damper 
q = displacement vector 

r, R = radii of damper and bearing, re­
spectively 

r, t = radial and tangent coordinates 
5 = speed parameter = co/u>„ 

t = time; r = cot 
T = driving period = 2TT/« 
u = mass eccentricity of rotor; 

U = M/C 
u(/) = eigenvalue of transition matrix 

over one period 
horizontal, vertical, and axial co­
ordinates 
damper static displacements 
x/c, Y=y/c, X0 = x0/c, Y0=y0/c 
angular speed; co„ = 
= static resonance 

x,y, z 

x0,y0 
X 

--yfkVi m 

CO! = 

/* = 
«0 = 

the second fundamental fre­
quency, Wi=a>i/tO 
oil dynamic viscosity; £=z/L 
static radial misalignment 

•V Xl+Yl 
d = angular position along the lubri­

cant film 
<p = angular displacement of line 

. , °bOj 
( ), (') = derivatives with respect to t and T 
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Fig. 2 Three types of losing stability; (a) Saddle-node; (b) Periodic dou­
bling; (c) Torus 

q = q0 + Sq. 

The perturbed equation of motion is thus 
M5q + (C - Q)6q + (K - P)5q = 0. 

where 

(9) 

(10) 

,M = 
" l 0~ 

l_° l\ 
.c=* 

5 

1 0~ 

1°i 

"1 0" 

L° l\ 
, 0 = 

~bFx 5FX~ 

bX bY 

bFy bFy 

_bX bY_ 

, P = 

' bFx bF~ 

bX bY 

bFy bFy 

bX bY 

K=? 

Thus, the stability of qo is predicted from the examination of 
the stability of Eq. (10), which is a set of linear differential 
equations with P and Q being periodic functions of time. 
Because P and Q are periodic, the investigation of the stability 
of Eq. (10) does not directly reduce to a simple eigenvalue 
problem. 

The Floquet transition matrix method was used by Zhao, 
et al. (1992) to examine the stability of the system of Eqs. (10). 
This theory indicates that the knowledge of the state transition 
matrix over one period is sufficient to determine the stability 
of the system. 

Let u(i), i=\, 2, 3, 4, be the eigenvalues (multipliers) of 
the transition matrix over one period. According to the Floquet 
criterion, the necessary and sufficient condition for the periodic 
solution under investigation to be stable is that the inequalities: 

lw(/)l=VRe[w(/)]2 + Im[«(/)]2<l for i=\, 2, 3,4 
are satisfied. If there is no eigenvalue greater than one, but at 
least one eigenvalue equals one, the stability of q0 will depend 
on the nonlinear terms. 

The stability of an approximate periodic solution is normally 
governed by a leading multiplier or a leading pair of complex-
conjugate multipliers. The multipliers and, hence, the stability 
of the predicted unbalance response vary with the rotor speed, 
s. As the rotor speed is varied, three types of instability, as 
shown in Fig. 2, may occur depending on the point at which 
the unit circle is crossed (Arnol'd, 1983). For increasing sta­
bility, the arrows in Fig. 2 point at the opposite direction. 

In Fig. 2(a), the leading multiplier crosses the unit circle is 
at (1, 0) and the instability of the periodic motion is equivalent 
to the saddle-node type instability of stationary points and so 
is referred to as the cycle saddle-node type. Figure 2(b) shows 
the leading multiplier crossing the unit circle at ( - 1 , 0) and 
the periodic motion becomes unstable and another motion, 
winding twice per driving cycle, appears—a periodic doubling 
occurs. In Fig. 2(c), the unit circle is crossed at a pair of 
complex-conjugate multipliers, the periodic motion becomes 
unstable and bifurcates into a quasi-periodic motion having 
two irrational fundamental frequencies. This bifurcation is 
analogous to the Hopf bifurcation of stationary points and, 
therefore, it is referred to as the secondary Hopf bifurcation. 

Whenever the two fundamental frequencies become rational, 
i.e., the argument angle of the pair of complex-conjugate mul­
tipliers equals ±m2-w/n (m, n are integers), the quasi-periodic 

motion will lock into a subharmonic motion of nth order. For 
example, when the argument angle is ±2TT/3, there will be a 
subharmonic motion of the third order building up from the 
unstable motion. It can be noted that the periodic doubling 
bifurcation is a special case with n = 2. 

4 Numerical Integration 
The nondimensional equations of rotor motion were nu­

merically integrated using a fourth-order Runge-Kutta method 
with a constant time step of 27r/120. To illustrate the numerical 
results, the following plots are used. 

Poincare Map. A Poincare section is a stroboscopic picture 
of a motion in a phase plane and it consists the time series at 
a constant interval of T (T= 2ir/u>). The point on the Poincare 
section is referred to as the return point. The projection of a 
Poincare section on the X( n T) - Y(n T) -plane is referred as the 
Poincare map of the motion, which indicates the nature of 
motion. In case of a periodic motion, the n discrete points in 
the Poincare map indicate that the period of motion is nT. In 
the case of a two-dimensional torus (quasi-periodic motion), 
return points appear to fill up a closed curve in the Poincare 
map. For a chaotic motion, return points form a geometrically 
fractal structure. 

Bifurcation Diagram. For the numerical computation of 
a bifurcation diagram, the rotor speed was increased (de­
creased) in a constant step and the state variables at the end 
of an integration were used as the initial values for the next 
speed. This means that there was a tendency for the integration 
to follow a single response curve. The Y-coordinate of the 
return point in the Poincare section was then plotted versus 
the rotor speed. 

Power Spectrum. Two power spectra were computed. First, 
the power spectrum of the Y-coordinate was computed and it 
is referred to as the displacement power spectrum. Secondly, 
2048 Y-values of the return points were taken and then the 
corresponding spectrum was computed. This spectrum is re­
ferred to as the power spectrum of the Poincare map. 

To avoid aliasing in the displacement power spectrum, a 
"long" spectrum was produced by using a small sampling 
interval and, then, only the first part of the whole spectrum 
was plotted. For an aperiodic motion, a Planning window was 
used to reduce leakage effect. For a subharmonic motion of 
nth order, the number of driving cycles was taken to be a 
multiple of n and a rectangular window was used. The fre­
quency axis of the power spectrum plot was normalized using 
the rotor speed. 

5 Results and Discussions 
CASE 1: e0 = 0.3 

Approximate Solution and Its Stability. For C/=0.3, 
5 = 0.072 and (X0, Y0) = (0.0, -0.3), the rotor unbalance re­
sponse was first approximated by an offset ellipse of {h j = j 1 j 
with N = 1. It was found that the solution did not converge at 
speeds around the resonance and so higher-order approxi­
mations were required. After some initial trial computations, 
it was found that a ^-periodic solution of [h] = (1.0, 2.0, 3.0, 
4.0)T with N=4 was satisfactory both in terms of the error 
criteria and computation time and the coefficients of any higher 
harmonics remain small. 

The second, third, and fourth harmonic terms only become 
significant at speeds close to the resonance. A T-periodic so­
lution is taken to mean that the least common period of the 
solution is the period of the driving force. Some components 
of the predicted unbalance response are given Fig. 3, from 
which one can note that multiple solutions were predicted 
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Fig. 4 Absolute value of the leading multiplier of the periodic solution 
given in Fig. 3 

within two speed regions, namely, the first and second multiple-
solution regions. It is noted that multiple solutions occur in 
both the static and harmonic components of the solution. This 
means that the jump phenomena is characterized by changes 
in both the amplitude and location of the orbit. 

Figure 4 shows the variation of the absolute value of the 
corresponding leading multiplier with rotor speed. The symbols 
m, b, and t denote the multipliers corresponding to the middle, 
lower, and upper branches, respectively. Examining Fig. 4, it 
is noted that in the two multiple-solution regions the solutions 
on the upper and lower branches are stable and the solutions 
on the middle branches are unstable. 

The imaginary part of the leading multiplier versus the real 
part is shown in Fig. 5, from which it can be noted that the 
transition between the stable solutions and the unstable so­
lutions is characterized by this multiplier crossing the unit circle 

Re(u(l)) 

D,E 

Fig. 5 Imaginary part of the leading multiplier versus real part 

0.425 
» : T-Periodic SublB 
O :T-Peiioodlc Unstable 

; 2T-Period!c Solirion 

2.2 2.3 2.4 2.5 2.6 2.7 2.8 
Rotor Speed s 

Fig. 6 Semi-major axes of harmonic and subharmonic components of 
27-periodic solution 

at (1, 0). Therefore, any disturbance to an unstable solution 
will cause the rotor to jump to a stable limit cycle, i.e., to 
either of the two stable solutions of the same type for this set 
of parameters. This instability shows the usual jump and the 
hysteresis loop in the response curve. The stability at the three 
critical points depends on the nonlinear terms, which have 
been omitted in the previous linear stability analysis. 

The solutions on the single branch are stable except for those 
on branch DE (sD = 2.3, sE = 2.655). Examination of Fig. 5 
indicates that the instability of the solutions on branch DE is 
characterized by the leading multiplier crossing the unit circle 
at ( - 1 , 0). This suggests that there is a possibility of buildup 
of the 0.5-subharmonic motion, that is, a bifurcation from the 
/•-periodic motion to a 2T-periodic motion on passing point 
D during run up and passing point E during run down. 

To search for such a 2r-periodic solution, a fourth-order 
27,-periodic approximation of [h\ = (0.5, 1, 1.5, 2}T was used 
initially, and the semi-major axes of the subharmonic com­
ponent of the solution is shown in Fig. 6. However, in this 
speed region, the nonlinear iteration showed poor convergence 
in terms of the error criteria, defined as the norm of the residual 
of the nonlinear algebraic equations, obtained after substi­
tuting the approximate solution into differential equations at 
selected collocation points. 

To include both the subharmonic and the fourth superhar-
monic, an eighth-order approximation of j/z) = {0.5, 1, 1.5, 
2, 2.5, 3, 3.5, 4 j r was used. The results also are shown in Fig. 
6, together with the synchronous component of the T-periodic 
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Fig. 9 Semi-major axis of the first harmonic of T-periodic solution ver­
sus rotor speed (Case 2) 

solution. Again, coefficients for harmonics greater than the 
fourth remained small. From Fig. 6, it can be seen that on 
passing point D during run up, the 0.5-subharmonic motion 
continuously builds up but vanishes suddenly at point F. Dur­
ing run down, the 0.5-subharmonic motion slowly builds up 
and then suddenly jumps to a large amplitude at the tangent 
of the curve (point G). There are three solutions in the region 
of G-F. Stability analysis indicates that the solutions on the 
upper and lower branches are stable and the solutions on the 
middle branch are unstable. The transition between the stable 
and unstable solutions also is characterized by the leading 
multiplier crossing the unit circle at (1, 0). 

Results of Numerical Integration. Figure 7 shows the bi­
furcation diagram for 2 .2<s<2.8 . As the speed is increased, 
the T-periodic motion loses its stability at s = 2.36 and a 2T-
periodic motion starts to build up. As the speed is further 
increased, the 2r-periodic motion loses its stability at s = 2.65 
and a T-periodic motion suddenly appears. 

The rotor trajectory (shown as a solid line), the Poincare 
map, and the displacement power spectrum at s = 2.5 are given 
in Fig. 8, from which the 0.5-subharmonic motion is shown 
by the double loops of the rotor trajectory, two discrete points 
in the Poincare map and peaks at 0.5 in the power spectrum. 
For comparison, the trajectory predicted by the eighth-order 
approximation is shown as circles and it can be seen that it 
lies on the numerically integrated trajectory. 

Thus, it can be seen that the eighth-order approximation 
was necessary to describe the response in the region of the 
subharmonic resonance for larger static misalignments, but 
little improvement was gained by using the eighth-order over 
the fourth-order approximation for small misalignments. 
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CASE 2: e„ = 0.7 

Approximate Solution and Its Stability. Figure 9 is the 
approximate T-periodic solution for an increased static mis­
alignment of 6o = 0.7 (^0 = 0.0, Y0= -0 .7) . The rest of pa­
rameters remained unchanged. For this set of parameters, 
multiple solutions were again predicted over two speed regions. 

Examination of the corresponding multipliers indicates that 
the local stability of the multiple solutions are similar to that 
of Case 1, i.e., the solutions on the upper and lower branches 
are stable, while the solutions on the middle branch are un­
stable. The transition between the stable solutions and the 
unstable solutions also is characterized by the leading multiplier 
crossing the unit circle at (1, 0). 

It also may be seen that the solutions on the single branch 
are stable except for those on branch DE, for which the stability 
is determined by the first two multipliers, as shown in Fig. 10. 
From this figure, it can be noted that a pair of complex-
conjugate multipliers cross the unit circle at sD = 2.56 and thus 
the T-periodic motion becomes unstable at this speed. Crossing 
the unit circle with a pair of complex-conjugate multipliers 
indicates a bifurcation from the T-periodic motion into a two-
dimensional torus having two irrational fundamental frequen­
cies wj and 0} (co is the rotor speed). At point F (s>-=2.89), the 
imaginary parts of the pair of complex-conjugate multipliers 
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become zero and the corresponding two real multipliers move 
in the opposite direction along the real axis as the speed is 
further increased. This indicates a locking to a 0.5-subhar-
monic motion. On passing point G (sG = 2.95), the second 
multiplier moves inside the unit circle and the stability of the 
approximate solutions beyond this speed is governed by the 
first multiplier alone. On passing point E (sE = 4.25), the first 
multiplier also moves inside the unit circle and the 0.5-sub-
harmonic motion bifurcates into a T-periodic motion. 

To seek a 2T-periodic solution between sD and sE, an eighth-
order 2T-periodic approximation of [h] = (0.5, 1.0, 1.5, 2.0, 
2.5, 3.0, 3.5, 4.0)T was used and the results are given in Fig. 
11, together with the synchronous component of the T-periodic 
solution. The loopbacks, shown in Fig. 11, do not appear to 
have a satisfactory physical interpretation and raise the ques­
tion of the necessity for higher-order approximations, which 
would, in turn, involve prohibitively large amounts of com­
putational time. Therefore, numerical integration was used to 
establish the accuracy of the series solution as follows. 

Results of Numerical Integration 
Figure 12 shows the bifurcation diagram obtained by inte­

grating the differential equations with nonzero initial values 
starting from 5 = 0.0 for 800 driving cycles at each of the rotor 
speeds. The first 500 cycles were discarded to insure that only 
the steady-state behavior was plotted. This bifurcation diagram 
shows regions of periodic and aperiodic motions, which was 
considered in terms of six speed ranges. 

0<5< 1.59 (Region 1). In this region, the rotor motion is 
T-periodic as predicted approximately. 
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Fig. 14 Quasi-periodic motion in Region 4 of Fig. 12 (a-/) s = 2.57. (a) 
Rotor trajectory; (b) Displacement; (c) Poincare map; (of) Zoom-in of (c); 
(e) Displacement power spectrum; (f) Spectrum of Poincare map; (g-h) 
Poincare maps at s = 2.68, 2.712, and 2.713. 

1.59<5<2.17 (Region 2). Here, there are two stable T-
periodic motions—which of them the rotor actually follows 
depends on the initial condition. During run up, a T-periodic 
motion jumps to another T-periodic motion at 5 = 2.17 (point 
A) and a reverse jump occurs at 5= 1.59 (point B) during run 
down. The unstable middle branch predicted, using the ap­
proximate solution, was unable to be confirmed using the 
integration method. 

2.17<5<2.56 (Region 3). In this region, there is a T-pe-
riodic motion as predicted approximately. 

2.56<5<2.712 (Region 4). Here the rotor motion is aper­
iodic. At s = 2.56, the T-periodic motion bifurcates into a quasi-
periodic motion. Figure 13 shows the transient behavior of the 
Poincare maps near 5 = 2.56. The initial values, (X, Y, X, Y), 
for the numerical integration also are given in the figure. At 
5 = 2.5 in Fig. 13(a), the convergence of return points shows 
a spiralling characteristic. At 5 = 2.55 in Fig. 12(b), the rate 
of convergence is remarkably slower and, at 5 = 2.57 in Fig. 
13(c), return points move outward toward the stable, invariant 
curve from near the unstable fixed point. Figure 13(d) shows 
the approach to the stable invariant curve from the outside. 

Figure 14 shows a typical quasi-periodic motion at 5 = 2.57. 
The rotor trajectory and the time series for 150 driving cycles, 
after the first 2000 transient cycles, are given in Figs. 14(a) 
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Fig. 15 Subharmonic motion at s = 3.5. (a) Rotor trajectory; (b) Poincare 
map; (c) Displacement power spectrum. 

and (b), from which it can be seen that the trajectory fills up 
a bounded space. The time series shows an amplitude mod­
ulated motion with the second fundamental frequency being 
about 1/25 of the rotor speed. The Poincare map and its zoom-
in are shown in Figs. 14(c) and (d), respectively, and it may 
be seen that return points wind round and fill up a closed curve 
(a drift ring), but never coincide precisely with any previous 
return point. The displacement power spectrum in Fig. 14(e) 
shows that the 0.5-order subharmonic motion is modulated by 
a frequency component of u1=0.04o> and, therefore, it has 
peaks at the combination frequencies of m/2±o>l, m, « = 0, 
± 1, ± 2 . . . . The normalized second fundamental frequency 
Zo, is clearly shown in the power spectrum of the Poincare map 
in Fig. 14(/). 

For comparison, the Poincare maps for three increased 
speeds are given in Figs. 14(g) and (h), from which it can be 
seen that as the speed is increased, return points advance rap­
idly in the regions where points are visibly scarce and advance 
slowly in two regions where points are visibly dense. At 5 = 2.713 
in Fig. 14(A), the quasi-periodic motion locks into a 2T-pe-
riodic motion in a catastrophic way. 

2.712<5<4.25 (Region 5). Here the rotor motion is 2T-
periodic. The 27,-periodic rotor motion at 5 = 3.5 is given in 
Fig. 15, from which it can be noted that the rotor trajectory 
exhibits double loops and the Poincare map consists of two 
discrete points. The displacement power spectrum has peaks 
at frequencies of mo/2. As the speed is further increased, the 
two discrete points in the Poincare map move closer and co­
incide to a fixed point at 5 = 4.25. This indicates that the 2T-
periodic motion bifurcates into a T-periodic motion in a subtle 
way. 

4.25 < 5 < 10 (Region 6). Here there is a T-periodic motion. 
For 5>4.5, the numerical integration failed to find the ap­
proximately predicted stable and unstable rotor motions having 
large amplitudes for the initial values used. 

6 Conclusions 
The stability and bifurcation of the approximate analytical 

unbalance response of an eccentric squeeze-film damper-sup­
ported rigid rotor has been determined. By examining the way 
in which an approximate analytical solution becomes unstable, 
the motion in the neighborhood of the unstable solution was 
able to be estimated. For large values of the unbalance and 
the static misalignment, it was shown that the subharmonic 
and quasi-periodic motions at above twice the system critical 
speed were bifurcated from the unstable harmonic solution. 
The approximate analytical bifurcation values of the rotor 
speed are very close to those obtained by the numerical inte­
gration. The substantial differences between the lower and 
higher-order approximations necessitates the inclusion of 
higher-order terms for larger values of the static misalignment. 

The results of this study provide a further understanding of 
the nonlinear dynamics of rotor damper systems and it was 
shown that the introduction of dampers may give rise to the 
undesirable nonsynchronous vibrations, which may limit the 
maximum speed at which dampers should be used. 
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