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Abstract

In the present article, we focus on the numerical approximation of stochastic partial differential equations of It"o
type with space-time white noise process, in particular, parabolic equations. For each case of additive and
multiplicative noise, the numerical solution of stochastic diffusion equations is approximated using two stochastic
finite difference schemes and the stability and consistency conditions of the considered methods are analyzed.
Numerical results are given to demonstrate the computational efficiency of the stochastic methods.
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1. Introduction and preliminaries

Many natural phenomena and physical applications
are modeled by partial differential equations and the
efficiency of the computed solutions are analyzed
and tested. Practically, a great number of
uncertainties are involved in determining these
partial differential equations. So, in many areas of
applicable sciences such as financial mathematics,
mechanic  engineering and many complex
phenomena such as wave propagation, phase
transition and climate change, a stochastic model
for describing these uncertainties is employed.
Hence, the extensive application of random effects
in describing practical sciences has developed the
theory of stochastic partial differential equations, or
SPDE:s.

Thus, providing applicable numerical techniques
and high accuracy computational methods is of
great importance for approximating the solution of
stochastic problems.

Many effective researches for solving stochastic
differential equations as well as their strong and
weak approximation have been implemented by
Kloeden and Platen [1], Komori [2], Milstein [3],
RoBler [4] and Higham [5].

*Corresponding author
Received: 7 June 2011 / Accepted: 23 July 2011

In recent years, some of the main numerical
methods for solving SPDEs like finite difference
and finite element schemes [6-11], and some
practical techniques like the method of lines [12,
11] for boundary value problems, have been applied
to the linear stochastic partial differential equations,
and the results of these approaches have been
experimented numerically. In [13], we have
considered the approximation of stochastic
parabolic equations with real valued Brownian
motion using two various finite difference methods,
and their numerical results are investigated. The
main aim of the current work is to verify the main
properties of unconditional stable finite difference
schemes when they develop to the stochastic case
for approximating the solutions of stochastic
parabolic equations based on the two-dimensional
white noise process. In other words, we illustrate
how stochastic term with space-time white noise
process affects the stability conditions of
unconditional stable Saul’yev and Crank-Nicolson
techniques when they are reformulated for
approximation of stochastic diffusion equations. It
can be shown that these unconditional stable finite
difference methods retain their stability conditions
when they apply to stochastic diffusion equations
driven by one-dimensional white noise process. In
general, for a given physical system many different
perturbations may be considered. Basically, noise
may enter the physical system either as temporal
fluctuations of internal variables or as external
random parameters. Internal randomness is often
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considered as additive noise terms, while external
fluctuations are modeled as multiplicative noise
terms. This paper is concerned with the numerical
approximation of the stochastic partial differential
equation of the form

2 0-r2 1 +hotuix, WD, 05T (1)

u(x,0) =uy(x), 0<X<I,
where U is a real valued function of X e R+ and
x e RY ,with initial value U,(X)e C,([0, 1])

and W(X,t) denotes the space-time white noise

process. The parameter y is the viscosity term and
assumed to be a positive constant. We consider the
numerical solutions of SPDE (1) driven by additive

noise o(U(X, t))=1 using implicit stochastic

Crank-Nicolson scheme, and stochastic explicit
Saul’yev method with multiplicative noise

o(u(x, t))=u(Xx, t), and the qualification of

these stochastic difference schemes will be verified.
The white noise process defined in SPDE (1) is
related to the two parameter Brownian motions or

Brownian sheet W(X, t) by the following
differential equation:

2

. oW
W(xt)zaxat(xt),ogg, 0<x<lI

2

where (X, 1) denotes the mixed derivative

of Brownian sheet. It should be noted that this is
not a derivative in the ordinary sense, since the
Brownian sheet is nowhere differentiable. There are
some important properties of the standard Brownian

sheet that should be mentioned. Firstly, if Y is the

characteristic function on the rectangle S, then for
Sc (0, T)x(a, b)
T pb
[0 ] xsaWx, =wis),

[7]" %aW(x. ) = W(b,d) ~ W(a,d) - W(b, )~ W(a,c).
T b 2
Secondly, if E( L J' f2(x,t)dx dt) < oo then
a

EGT [T oetawW (60 = E(] [P F2(xt)dx o).

Allen et. al. [6] have suggested the following
approximation for one-dimensional white noise

process W(X), for computing the approximated
solution of stochastic partial differential equations.
The partition 0=X <X, <...< Xy, =1 is

defined on the interval [0,1], where
. 1
X, = (i —1)AXand AX= N .Then, the following

approximation is defined for the white noise
process W (X) on this partition

dw 1N
—(X) =— . /A%,
OlX() AXEU.\/

where
1 Xi 41
i dW X,t ,i :1,...,N,
e
ie. 7 ~ N(0,1), and

1 if X <X<Xy
%X {0 otherwise

Clearly, this estimation is similar to the discrete
time approximation of continuous time white noise
when the solution of stochastic differential
equations is numerically simulated. (see for
example Kloeden and Platen [1]). Similarly, an
approximate noise process is constructed to the
generalized zero mean Gaussian process. Following
the approach of Allen et. al.[6], the space [0, 1]
x[0,T] is partitioned by rectangles

[Xis %, 1% [t 585, ], where X, = (i —1)AXand
t, =(j—DAt fori=1,.,Mand j=1,.,N.

The following approximation for the mixed
derivative of the generalized Gaussian white noise
process can then be made with respect to the
partition,

oW (x, )= ! Z Zﬂij Vv AXAtXi(X)Xj(t)9

otox AXAt i=l j=1

where 17, ~N(0, 1), At=T/N, Ax=1/M
and

1 if x <x<x,

0 otherwise

Zi(x)z{

defines the characteristic function for X, and
(1) is defined similarly for T, and



63

1JST (2012) Al: 61-70

”ﬁ:mfx. j dW(x, t).

The outline of the paper is as follows: In section
2, the explicit unconditional stable Saul’yev method
is reformulated for the stochastic parabolic equation
driven by multiplicative noise and the stability and
consistency conditions are investigated for the
stochastic case. In section 3, the stochastic Crank-
Nicolson implicit method is applied to the
stochastic diffusion equation driven by additive
noise and the efficiency of the proposed method is
analyzed. The numerical results are presented in
section 4 to support the theoretical analysis. Finally,
some concluding remarks are given.

2. Multiplicative noise

The Saul’yev method was first introduced by
Saul’yev [14] for solving initial value problems
based on the two approximations that are
implemented for computations proceeding in alter-
nating directions, e.g., from left to right and from
right to left [15, 16]. In applying the left to right
Saul’yev method to the stochastic diffusion
equation, the time derivative is approximated with
the usual forward-difference expression and the
space derivative is approximated by

n+1

1
o%u U —u/" —uf +u
ox? AX?

n
j+1

So, the stochastic difference scheme (SDS) that
approximate the stochastic diffusion equation with
multiplicative noise (c(u)=u) is:

n+l1 n n n n+l n+1 AN
Uj —UJ- _ UM—Uj—Uj +Uj71 n@W
=y 5 + /1uj |in
At AX Otox
or
At
n+l _ _.n n n n+l n+l
LS R e [uj, —uj—uy" +ui]
}\’ n n
+Euj Wj . (2)

where p= AU | Here, u? is intended as an
AX?

approximation to u(jAx nAt); and V\/jn :W(R‘_’n),
where R;  is the rectangle [iAx.(j+DAx]x[nAt, (n + DAL,

Basically, these schemes discretize continuous
space and time into an evenly distributed grid
system, and the values of the state variables are

evaluated at each node of the grids. Considering a
uniform space grid AX and time grid Al in the
time-space lattice, we can estimate the solution of
equation at the points of this lattice. The value of
the approximate solution at the point (KAX, NAt)

will be denoted by UE , where N, K are integers.

We want to approximate the solution of SPDE (1)
for the case of multiplicative noise by random

variable UE defined by stochastic difference

scheme (2), which is the stochastic version of
Saul’yev method. A similar formulation can be
considered for the right to left Saul’yev method.
For all proposed schemes, the increments of Wiener

process are assumed independent of the state UQ .

2.1. Sability analysis

Stability is probably the most important problem in
any algorithm since it is a necessary rather than
sufficient condition for accuracy. Applied to
parabolic equations, Saul’yev’s technique 1is
unconditionally stable and, because it is explicit, it
is not necessary to solve a large system of
simultaneous equations at each time step in the
algorithm like implicit unconditional stable
methods [16]. Consequently, we are concerned with
studying the stability analysis of the Saul’yev SDS
for approximating the stochastic diffusion equation
with space-time process based on multiplicative
noise.

Von Neumann introduced a method to prove
stability using Fourier analysis so that it can give
necessary and sufficient condition for the stability
of deterministic finite difference schemes [17, 18].

If Uel, and U™ are the Fourier transformation

n+l

of U then
1 a
1 ~ AIMAXE AN+
up! = Az @M (£)dE, 3)
T ""ax

or in the discrete form:
AN+l 1 zm:oo
" =——
oz &

where &is a real variable. Substituting in a

e ™ Ul AX, )

stochastic difference scheme, we have

0™ (&) = 9(AXE, AL, AX)G" (£). (%)

that g(AXE,At, AX) is the amplification factor of
the stochastic difference scheme. The decision
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whether a scheme is stable or not can be simplified
by the aid of amplification factor.

Like the deterministic case, we get the following
necessary and sufficient condition for a scheme’s
stability via its amplification factor, see Roth [19]

E | g(AXE, At AX) P < 1+ KA. (6)
Theorem 1. The stochastic Saul’yeu scheme is
stable for:

2
rAX=>

e1+e,12

according to the Fourier-Transformation analysis
for the stochastic diffusion equation (1) with
multiplicative noise.

Proof: According to the Fourier-inversion-formula

U::] has the following transformation:

J_ j Ax e"“AX§ a"(&)de,

substituting in the stochastic Saul’yev Scheme we
have:

(1+7p)0™ (&) - (yp)e ™! (5) =

()" () + (1= )0 (§)+— "W,
or

[(1+ 70) — () ™ 0™ (&) =

[(0)€™ + (1= 7)10"($) +— "W,

and then
_ iAXE

1+ 0 — ype '™

P
__WMan(&). 7
AX(1+ yp — o) e @

So, the amplification factor of the stochastic
Saul’yev scheme is:

IAXE

G(AXE, A, AX) = {%+
L+ yp—ype
A
M
1+ yp - ype ™

3 iAXE
E| g(AXE, At AX) [2= E | 1272778
1+ yp— ype '™
A
AX n,2
+—="W
L+ yp — ype '™ |
A
iAXE -
= E\% +E|¢.AWP ?
1+ yp — ype '™ 1+ yp — ype ¢
A
IAXE -
+2E‘ }/p+7peA X AX = Wn|
L+ yp —ype '™ 14 yp — ype '™

because of the independence of the Wiener process,
we have:

1— + iIAXE
E| g(AXE, At AX) = (— 21182

1+ yp — ype ¢ )
A
+ (%) ’ AtAX.
L+ yp—ype

Since for every v, p and AX we have:

A=mpepe™
1+ yp - ype ™

A

Ax o

l+yp— ype’mﬁ) Ax

If we assume

then we get
}, 1+e4?
E|g(Ax§AtAx)\<1+A At<l+e At

so we have

E | g(AXE, At, Ax) < 1+ KAt

2
2
For K =g Therefore, szl— is a
el+e'12
sufficient condition for stability of the stochastic
Saul’yev scheme applying to stochastic diffusion
equation with multiplicative noise.

2.2. Consistency condition

In general, consistency implies that the solution
of stochastic partial differential equations is an
approximation of the considered stochastic finite
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difference. Consider a stochastic partial differential
equation:

Lv=G

where L denotes the differential operator and
GeL*(R) is an inhomogeneity. Assuming uy is
the solution that is approximated by a stochastic
finite difference scheme denoted by L, and
applying the stochastic scheme to the SPDE, we
have Ljug =G, whereby Gy is the approximation
of the inhomogeneity.

Definition 1. (Consistency of an SDS) The finite
stochastic ~ difference scheme  Ljug =G, is
pointwise consistent with the stochastic partial
differential equation LV =Gat point (x, t), if for
any continuously differentiable function ®=0(x, t),
in mean square

E|l(LO - G)f —[LEd(kAX,nAt) — G T|I* =0 (10)

as  AX—0,At=t, and (KAX (Nn+1)At)
converges to (X,1).

Theorem 2. The stochastic Saul’yev scheme is
consistent in mean square for the stochastic
diffusion equation (1) with multiplicative noise.

Proof: Let ®(x, t) be a smooth function (at least
continuously differentiable in x and continuous in
t), then we have

(\'HI)AI-[(kH)Ax (k+1)Ax

@, (r,s)drds ,YJ':::UA.J.

L@), = L @ (r,s)drds

nAt kAx

*7\4.[.“””& -[(kHJAx O(r, 5)AW(r,5)

nAt kAx

and
At
o [@((k + 1)Ax, nAt)— | D(KAX, nAt)
X

L, (D) = (D(kAX, (n + 1)At) - D(kAx, nAt))Ax
—D(kAX, (n +1)At) + D((k —1)AX, (n +1)At)]Ax
“AD(kAX, nAY[W((k + 1)Ax, (n + 1)At) — W(KAX, (n + DAt)

—W[(k + 1)Ax, nAt) — W(kAx, nAt)].
Therefore in mean square, we obtain:

D, (1,5)

n n (n+1)At (k+1)Ax
E|L(®)[; ~Ly(@)P<E[[ " |

At kAx

_ D(kAX, (n +1)At) — O (kAx, nAt)

At
(n+1)At J(k+1)Ax

dtds [

+27’E| I D (1,5)

nAt kAx

- Lz ((P((k + DAx, nAt) — D(kAx, nAt)

Ax
—D(KAX, (n +1)At) + (D((k —1)AX, (n +1)At))drds [*
+20°E | [

(k+1)Ax J-(nmm
kAx

N (D(1,s) — D(KAX, nAt))dW(T,s) |*,

EIL@) -Ly@)f<[ [ @ (rs)
_ P(kAX, (0 +DA) — D(KAX, A | :
At
(n+1)At (k+1)Ax
+2Y2 ! InAl I q:”"‘ (r,s)

kAx

(n+1)At J-(k+1)Ax

- L, (D((k +1)Ax, nAt) — D(kAx, nAt)
Ax”
—D(KAX, (n +1)At) + (D((k — 1)AX, (n +1)At))drds |*

2 (k+1)Ax (n+1)At 2
+200 |jm jA (®(r,5) - D(kAx, nAt)) [* drds.

Since D (X, 1) is only a deterministic function as,
we have

E[L(@) (@) -0,

when N, K — o0, This proves the consistency.

Essentially, it is extremely important for the
solution of stochastic difference schemes (SDS) to
converge to the solution of the stochastic partial
differential equations or SPDEs.

Definition 2. (Convergence of an SDS) A
n, n n
Leu, =Gy

approximating the stochastic partial differential

stochastic  difference  scheme

equation LV=Gis convergent in mean square at
time tif, as (N+1)At converges to t,

E||un+l_Vn+1 HZ_)O (]1)

for (N+1)At=t, and AX—0

n+1 n+l1 . . . .
whereU  and V  are infinite dimensional vectors

T
n+l Nl el ol ol
u —(...,uk_z,uk_l,uk ,uk+1,uk+2,...),

n+l _ n+l1 n+l1 n+l1 n+l1 n+l1 \r
% _(...,kaz,kal,vk ,vk+1,vk+2,...)

According to the theorems proved about the
stability and consistency of the stochastic Saul’yev
scheme and the stochastic version of the Lax-
Richtmyer theorem [20], stochastic Saul’yev
method is convergent for solving stochastic
diffusion equation (1) with multiplicative noise.
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3. Additive noise

Applying the stochastic implicit Crank-Nicolson to
the stochastic diffusion equation (1) with

Additive noise (O' (U) = 1) we have

um—l_up 8W
i I _ y(DZ D2 n+1)+i |
At otox
n+ n+ n+ aW
=2Zx2(u L —2u Ul Ut 20 1+2uj+11)+/1ata liws

which can be written as

n+l

—yru’

n+l_
i+ T

n+l

+(1+2yu)u - yru

A
}/I’UJ]+(1 27/r)u +7/I’U]+1 AXV\/-n (12)

] 5

At
AX*
approximation of SPDE (1) at ( jJAX,NAt) and
=W(R;,) where R,

],n
[JAX, (] +DAX]x[nNAt,(n+1)At]. We want to
investigate the qualification of this implicit

stochastic difference scheme in the viewpoint of
stability, consistency and convergence.

Assuming U] is the

where I = i

is the rectangle

3.1. Sabhility analysis

Definition 3. (Stability of an SDS) A stochastic
difference scheme is said to be stable with respect
to a norm in mean square if there exist some

positive constants AXO and Ato and non negative

constants K and [ such that

n+l

2 2
Elu skeﬁ‘E||u°|| .

(13)

For all 0<t=(n+DAt,0<Ax <Ax,,0< At <At,

Theorem 3. The stochastic Crank-Nicolson scheme
is stable in mean square with respect to

|.|OO = 4/SUp, ||2 -norm for the stochastic diffusion

equation (1) with additive noise.

2
Proof: Applying E|| to (12), in mean square we
get:

nH 2
j+

E[-yruy +(1+27r)u™ -y

=Efyrd, +(1=2pm +prd

j+

+= /1 Wn |2
Ax

=Elyrul

n |2

n n ﬂ'
+(1=2yr)ul +prul, P +|—XV\/J

s(yr)2E|uj”_1+(1—27r) E\u & +(;/r) E|u

j+ |

j+1

+—E\W"

] j+1

so we have

n+l n+l |2

E|—yrul" +(1+2yr)u}™ —yrul}

< () + (1 2yr) + () + 2|y [+ 291+ 2 ()
2
“2+LAt].
Ax

This holds for every j on the (n+ 1)—th time
step, so we have

+2 ‘yr‘ ‘14— 2yr‘)} [supk E

(O +A+27r) +(rr ) +2]pr [ x| 1+ 2pr |
200 +2]yr | x |14+ 2yr |}>supE|un+1 §

<Ay +1+27r) +(yr) +2|7/r|x|1+27/r|

2
R0y +2]pr | x|1+2p1 |} (supE |, ? +%At).
k

Therefore we have

2
n+1 | A’

supE|u <supE|uk| +A—At

2
<supE|uf |* +(n+1)/1—At,
K AX

and
2
02 , At
u™t 2 <l ™
A%t
U’ |2 1+ ——5—}
Ju™ ||z 4
2 2
2 g — 2t ! (”—)%

T 5 ax 20 u® |l

[oe]

12
Assuming AX > /12/(e”e U |2), we have
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2(1+¢*2) ez(ne“)

+
2! 3!

1+42
Ju™ L=<l [Ju’ I,

l+e}“2
e

1 0
™ l,<le 2 Jlu” |, .

12 02 L+et?
o™ <’ |l 1+e™ + +.)

Therefore, the stochastic Crank-Nicolson scheme
2

is stable for | AX > — applying to

02
e flulli
stochastic diffusion equation with additive noise.

3.2. Consistency condition

Theorem 4. The stochastic Crank-Nicolson scheme
is consistent in mean square for the stochastic
diffusion equation (1) with additive noise.

Proof: If ®(X,t) be a smooth function, then we
have:

(n+1)At

L(®), = I J :::)AX @ (r,s)drds

nAt
(n+1) At p(k+1)4Ax

ot o DPx(r,9)drds
(n+1) 4t ¢(k+1)4x
-1 ot i dw(r,s)

Therefore, in mean square we get

L7 (@) = (D(KAX, (N + 1)At)) - D(KAX, NAL))AX
At
20%

-y [D((K-1)AX, NAt) - 2D (KAX, nAt) + D((K +1)AX, hAt)
+O((k —1)Ax, (n + 1)At) — 2D(KAX, (n + 1)At) + D((k + 1)AX, (n + DAL)]Ax
—A[W((k +1)Ax, (n + 1)At) - W(KAX, (n +1)At)

—W((k +1)Ax, nAt) - W(KAX, nAt)].

E|L(D); ~Ly(®)F<E| |

(n+1)At p(k+1)Ax
nAt I

D (1,5)

kAx
_ D(kAx, (n +)At) — O(kAx, nAt)
At

drds | :

) (n+DAt p(k+1)Ax
2yEI[ @ (1,5)

kAx

- % [®((k —1)Ax, nAt) — 2D(KAX, nAt)

2AX
+@((k +1)Ax, nAt) + O((k — 1)AX, (n + D)At) — 2D (kAx, (n +1)At)
+®((k + AX, (n +1)yAt)|drds|*

+20E

(k+D)Ax [ (n+1)At 2
kAx nAt dW(r, S)| .

Therefore,

h in (M +DAt e (ax
ElL@) -Ly@)P<| [ TR )

_ O(kAX, (n +1)At) - O(kAx, nAt)
At

(n+D)At [ (k+1)Ax
J. nAt J. kAx (I)xx (I', S)

drds | 2

+27°E

1
2AX?

[D((k—1)AX NAt) — 2D(KAX, NA)

+®((k + 1)Ax, nAt) + O((k — )Ax, (n + 1)At) — 2D(KAX, (n + 1)At)

+®((k + AKX, (n + A Jdrds |* + 21 AtAx

since D(X,t) is only a deterministic function as,
we have

E|L(®@), - Ly(®)|” -0,

when AX, At — 0.This proves the consistency.

As a result, the stochastic Crank-Nicolson method
is convergent in its region of stability for
approximating the solution of stochastic diffusion
equation (1) with additive noise according to the
stochastic Lax-Richtmyer theorem.

4, Numerical results

Computational efficiency is another important
factor in evaluating the superiority of the numerical
techniques. In this section, we perform some
numerical tests for approximating the solutions of
SPDE (1). We apply the two stochastic Saul’yev
and Crank-Nicolson schemes to the stochastic
diffusion equation driven by multiplicative and
additive noise. In all our computations, the space
domain is the interval Q = [0, 1] and discretized
into M uniform grid points. We carry out 10000
realizations for each test, and display the averaged
solutions along with the considered simulations.

4.1. Example 1.

We examine the performance of the proposed
Stochastic Saul’yev Scheme for stochastic diffusion
equation with multiplicative noise of the form:

ou(x,t) ou(x, t)

PR R =hu(x, h)W(x,t)

(14)

subject to the following initial condition:
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(x—0.2)°

u(0,x) =exp(— ),x €[0,1],

(x-0.2)

u(0,x) =exp(— ), x €[0,1],

(x-0.2)

u(0,x) =exp(— ),x €[0,1],

), x €[0,1],

u(0,x) = exp(—M
Y

and the boundary conditions:

Lo 004
Jate 1 Pt

u(t,0)= )s

| 0.64
u(t,l) = ——exp(———).
D= ™ @)

Fig. 1. Mean solution of stochastic diffusion equation
driven by additive noise with y =0.005 and A =1.5 using
Saul’yev method with 200 mesh points

In order to examine the behavior of the numerical
solution with respect to the various values of the
SPDE’s coefficients, we used different values for
diffusion constant y and stochastic coefficient A in
our tests. Assuming At =0.01, A =1.5, according to
the stability conditions for approximating the
solutions of stochastic diffusion equation (14) with
multiplicative noise at time t = 1, we obtain:

2

sz/l——>4|x2 6.27x107°

e1+e)L2

In order to qualify the numerical results of the
considered stochastic diffusion equation, we plot, in
Fig. 1, the stochastic solutions using stochastic
Saul’yev Scheme (2) with y = 0.005 on a mesh of
200 gridpoints. The computational results for
approximating the solution of SPDE(14) is shown
in Table 1 considering several values for time step
and space size, y and A.

Table 1. Test of multiplicative SPDE by the
stochastic Saul’yev method

v A At Ax E(u(0.2,1)) E(u(0.2,1))
0.005 2.5 0.005 0.005 0.480932 0.584977
0.05 1.5 0.01 0.01  0.499408 0.265886

0.1 2 0.0025 0.0025 0.472556 0.223612
0.2 1 0.01 0.025 0.506348 0.263021
25-

Fig. 2. Mean solutions of stochastic diffusion equation
using stochastic Saul’yev method

The evolution in time of averaged solution for the
multiplicative stochastic diffusion with y = 0.04 and
A =4 is shown in Fig. 2 during the time interval [0,
1]. In Fig. 3, we plot the results obtained by six
different realizations (plotted by solid lines) at
t=0.75, with the averaged solution plotted by dotted
lines) for comparison reasons. As it can be seen, the
computed stochastic solution preserves the
symmetry in the computational domain and, at
every realization, the simulated solution remains
close to the averaged one.

4.2. Example 2.

We consider another test example for
approximating the solution of stochastic diffusion
equation driven by additive noise of the form

au(x,t) y ohu(x,t)

a 2 =AW(x, )

(15)

with initial condition

1.,
u(x,0) =1—4(x—5) ,
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Fig. 3. Six different simulations with the stochastic Saul’yev scheme at t=0.75

and boundary condition Uu(0,t) =u(l,t) =0,
using stochastic Crank-Nicolson method. In order
to examine the behavior of the numerical solutions,
we provide, in Table 2, the averaged solution of
(15) with some different values for diffusion and
stochastic coefficients.

Table 2. Test of additive SPDE by the
stochastic Crank-Nicolson method

Yy A At Ax  E@u0.5,0.8)) E(u(0.5,0.8))

05 15 001 0.01 0.011012 0.027708
005 2 0005  0.005 0.638203 0.520909
0.1 25 000625 001250  0.394541 0.299308
0.005 3.5 0.003125 0.00625  0.988298 1.867629
In Fig. 4 we have represented the numerical
solutions of SPDE (15) subject to the initial
condition U(X,0) = sin(37X) — 2sin(57 X) and

boundary conditions U(X,0) = U(X,t) = 0, with
vy =0.005 and A = 4 during the time interval [0, 1].

5. Conclusion

This paper has provided two stochastic finite
difference methods for the numerical solution of
stochastic parabolic equations with space-time
white noise process. The stable explicit Saul’yev
and implicit Crank-Nicolson schemes are
developed for the stochastic case for solving the
parabolic SPDEs driven by multiplicative and
additive noise. In this viewpoint, the most
important properties of a stochastic finite difference
scheme have been described and analyzed. Despite

the fact that two explicit and implicit methods are
unconditionally stable for solving deterministic
diffusion equations, applying to the parabolic
SPDEs with two-dimensional white noise process,
the stochastic term limits the stability conditions.

The proposed methods have been illustrated by
numerical examples and stochastic finite difference
approximation for the stochastic diffusion equation
has been demonstrated.

L= I )

[TE31)

- N
¢ F
Z
o
- Y

05 T 08

Fig. 4. Mean solution of stochastic diffusion with
additive noise problem using stochastic Crank-Nicolson
method

Another open question is how to extend such
methods for non-uniform mesh, and how to define
the mesh with regard to local truncation error at
each grid point. This method appears to yeild a
better approximation for computing the numerical
solution of stochastic parabolic equations.
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