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ABSTRACT

The atomic force microscope (AFM) system has evolved
into a useful tool for direct measurements of intermolecular
forces with atomic-resolution characterization that can be
employed in a broad spectrum of applications. In this paper,
the nonlinear dynamical behavior of the AFM is studied. This
is achieved by modeling the microcantilever as a single mode
approximation (lumped-parameters model) and considering the
interaction between the sample and cantilever in the form of
van der Waals potential. The resultant nonlinear system is then
analyzed using Melnikov method, which predicts the regions in
which only periodic and quasi-periodic motions exist, and also
predicts the regions that chaotic motion is possible. Numerical
simulations are used to verify the presence of such chaotic
invariant sets determined by Melnikov theory. Finally, the
amplitude of vibration in which chaos is appeared is
investigated and such irregular motion is proven by several
methods including Poincare maps, Fourier transform,
autocorrelation function and Lyapunov exponents.

INTRODUCTION

The atomic force microscope (AFM) system has evolved
into a useful tool for direct measurements of intermolecular
forces with atomic-resolution characterization that can be
employed in a broad spectrum of applications such as
electronics, semi-conductors, manufacturing, polymers,
biological analysis, and biomaterials [1]. Specifically, AFM-
based systems provide additional capabilities and advantageous
relative to other microscopic methods (e.g., scanning electron
microscopy (SEM) and transmission electron microscopy
(TEM)) with regard to studies of metallic surfaces and
microstructures by providing reliable measurements at the
nanometer scale [2-4]. AFM can also be used for nano-

indentation to provide in situ imaging ability without moving
the sample, switching tips, relocating the area for scanning, or
using an entirely different instrument to image the indentation
[5-7]. Assembly of nanoparticles and linking them to electrical
leads, such as random deposition of clusters between electrodes
[8], binding by wet chemistry [9], and electrostatic trapping
[10], all serve as other important applications of the AFM
technique. A typical AFM system consists of a micro-cantilever
probe with a sharp tip mounted to a piezoelectric actuator with
a position sensitive photo detector receiving a laser beam
reflected off the end-point of the beam to provide cantilever
deflection feedback (refer to Fig. 1), [11].

Fig. 1 (Left) Schematic depicting basic AFM operation and
sub-components, and (right) real scale drawing (from [11]).

Though widely practiced, open-loop operation for i)
noncontact modes, ii) tapping modes, and iii) contact modes
exhibit the potential for chaotic behavior in the cantilever tip
displacement thus rendering erroneous topographical
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information. As a result, recent research on AFM systems has
focused on detailed numerical analysis such that this chaotic
behavior region can be well defined and ideally avoided. For
example, a harmonic balancing and averaging technique is used
to predict the behavior of the cantilever during tapping mode
operation [12]. In addition, the Lennard-Jones potential within
the dynamics for the AFM system has been utilized such that
the chaotic region of operation could be determined [13]. In
addition to analytical methodology, several feedback control
strategies have been developed in order to improve the AFM
region of operation. The Melnikov method has been utilized to
analyze a simple model for the possibility of chaotic motion
[14]. A feedback linearization and singular perturbation
techniques have been used to design an output, high-gain
feedback sample surface tracking controller [11, 15-16].

ATOMIC FORCE MICROSCOPY MODELING

The AFM is modeled through a lumped-parameters system
approach as shown in Figure 2. The cantilever is modeled as a
spring—mass system which is excited harmonically by the
motion of the spring base. The dynamics for this system can be
represented in the following form [1, 11].

m, 5(1)+b (x(t) ~d (1) +k (x(t) = d (1) = f,, (1) M

where d(f) and x(f) denote the base motion and the cantilever tip
displacement relative to the fixed base frame, respectively,
m,,b and k denote the cantilever tip mass, damping

coefficient, and spring stiffness coefficient, respectively,

f]L (t) denotes the van der Waals attraction/ repulsion force

(i.e., the interaction forces) for lumped-model which is
explicitly defined in the following form [11]:

;= Dk o'Dk
" (Zo _x)2 30(20 _x)8

where Z; represents the distance from the fixed base frame

2

coordinate to the sample, O denotes the molecular diameter,

and the model parameter D is defined as D = Ay R where

AH denotes the Hamaker constant, and R represents the

cantilever tip radius. Furthermore, the total cantilever tip
displacement is constrained by the following inequality [11].

z—x>R 3)

The cantilever is driven through d(t) as:
d(t) = Asin(wt) C)

where A is the drive amplitude and @) is the drive frequency.
If d(f) is replaced in cantilever-sample interaction equation (1),
it yields:
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Fig. 2. Lumped-parameters model of the AFM system (from
(1D

We intend to use the Melnikov method in order to determine
the region possible for chaos. It must be noted that this method
was used in [14], but the model was simpler and different from
the one used here. To achieve this goal initially, the model is
considered as simple Hamiltonian system and omitted terms
will then be added as perturbation terms. If we exert this
assumption on the system, the Hamiltonian of the system and
the equations of motion in state space form will be in the form:

X, =X,X,=X ©6)
1 1 Dw’ ‘D’
H:§x22+§a)02xf— Do +210- Do - (7
(z, —x,) 0(z,—x,)
X, =X,
P Do, oc'Do; (8)

2 0

it 2 8
(Zo_xl) 3O(Zo_x1)
The equilibrium points of this system are simply:

x,=0
Dw,”  c°Dao,
(z, _x1)2 210(z, _xl)7
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Since the second term in left side of the second equation in (7)
is negligible relative to the first term, we can use the results in

[14] with the critical value of Z, = %(2D)”3. Hence, the

equilibrium points obtained here can be classified in the
following categories:

If zZ, > 7 , there are three equilibrium points of :
S

z,
O<x, < ?“lez <zZy o, X =z (10)

Zs
3
If z, <z there is one equilibrium point of X, =z, Figure

3 depicts the loci of these (equilibrium) points.
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In this paper, we consider only the case for which z; = z_

(i.e., only non-contact operation of AFM) which includes three
equilibrium points. Notice, for z, <z the sample will attract

the tip into contact.
In order to facilitate the study, the following relations are

introduced.
X X z, o 4
T=wt, y=—"r, y,=—2 ,a="2 =" ,d=—
ols V1 z, V2 o,z 2, z, 27 (1)
Hence, the system equations (8) reduce to:
Y=,
, 6°d (12)
Yo ==0

+ 2 8

(@=y)" 30(a-y)
where the prime denotes the derivative with respect to special
variable 7 defined in (11).

— Spriﬁg forcl:e
___ Van der Waals force for Z < ZS
. Van der Waals force for 2 =Z_

_ Van der Waals force for Z > Zs

o: Equilibrium Point

Force

Distance
Fig. 3 Root locus plot of the system equilibrium points.

PHASE PORTRAIT ANALYSIS

The behavior of the system near the equilibrium points can
be revealed by linearizing the system as given by.

. 0 1
X A6 X, .
[x;]{—n 2d . 86°d : Oi[xlj 1<i<3 (13)
(a—-x,) (a—-x,) :

The eigenvalues of the linearized system are purely imaginary

at x; and x5, while they are complex conjugates at X;, . Thus,

the equilibrium point X, is a saddle point. Based on the
center manifold theorem nothing can be concluded about the
stability nature of a point by linearizing when the points are
pure imaginary. To discover the nature of the system behavior
near x;; and x5, the phase portrait of the system can be drawn

as shown in Figure 4.

Fig. 4 Phase Portrait of the original system (12).

The actual system is not Hamiltonian, since it is damped by the
surrounding air and also by the cantilever structure, as well as it
is excited at the base. The actual system equation in the non-
dimensional state space can be represented as:

X = f(x)+ & g(x,1) 9
where:
xZ
-4 s (15)
Ca-x) 30(@-x)'

(x)=g(x,,0) = . a
B =B U= sin(@n + g pQeos(r) - p, 1o

__b -4 -2 17
P mew, 4 z, @ "

In (14), g is a periodic function of period 27 . Note that
Q
this system can be written as an autonomous system in $R* by

defining X; = ¢ =Q.
The Melnikov function, M (¢ 0) , 18 then defined as:

M) = [ TG ) A vy ()
where the wedge product of two vectors u and v eR’ is
defined as uAv=u,v,—vu,. Note that the Melnikov
function M(#,) is proportional to the derivative of the Poincare
map with respect to the parameter € in an interior
neighborhood of the separatrix cycle I (or in a neighborhood
of a cycle).
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M(t,) is a measure of separation of the stable and unstable

manifolds of the Poincare map F,. In the other hand, the

Melnikov function is a signed measure of the distance between
the stable and unstable manifolds for the perturbed system.
Hence, The intersection of manifolds indicates the possibility of
the presence of chaos [17, 18].

Along this line, an attempt is made here to determine

M(t,) in the AFM system as a function of system parameters:

M(1) = [, (0,5, (05, (0.9 +1,)) s

= [, (1) (gsin(Q(¢ +1,))+q pQcos(Q(t +1,)) — px, )dt

w v (19)
=2p[x, () dt+q [x,,(t) sin(Q(t+1,))dt

+q pQ [x,,(£)cos(Q(t +1,))dt

with

©

j Xy, (¢) sin(€(¢ +t,)))dt = 2cos(€x, )T X, (¢) sin(Qt)dt (20)

szh (t) cos(Q(¢t +1,))dt =—-2sin(Q, )T X,, (1) sin(Q1)dt 21

—o0

where x;,(f) and x,,(t) are the homoclinic solutions [14]. In
obtaining the above equalities, we have used the fact that
X, (t) is an odd function of time. Hence, we have:

M(t,)=-2pS(a)-2q:/1+ p*Q* sin(Q1, — 0) N(a,Q) (22)

Where

6= arctan(p%) , S(a) = Ixﬁh (t)dt,
K . S(ex)
N(a,Q)= ! x,, ()sin@Qn)dt, R, = N

(23)

The Melnikov function will have zeros if and only if

q /%_FQZ >R, If this condition is not satisfied, then
P

M (t,) has no zeros.
In order to simplify the procedure of computing

S(a) and N(a,Q), the integration variable is changed to X, as:

S(a)= [, (Ot = [, (x ). =[x, —x). 5% g
0 X x, a-x, (24)

N(a,Q) =[x, ()sin(Qt) dt =

xfsin(Q (- arcsin(x‘ X a) - |25 In(G) - E)) dx, (25)
* X, 3x,—«a 2

The region R can now be computed numerically for different

values of a>1, Q around 1. The results are plotted as

shown in Figure 5.

051

Fig. 5 R, Surface where above the surface is the region where

chaos may exist in the system. The region below the surface is
the region where only periodic motions exist in the system.

Intersection of the stable and the unstable manifolds occurs
for points which lie above the surface plotted in Figure 5. As
a increases, the system tends to the spring-mass-damper
system behavior which does not exhibit chaotic motion when it
is perturbed by the harmonically exciting spring base. In this
case, the exact trajectories of system can be found analytically.
When « is close enough to 1, the possibility of intersection of
stable and unstable manifolds increases. This means small
perturbations may create chaotic motions.

Fig. 6 The region above the curves is the region where chaos
may exist.
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Fig. 7 The region above the curves is the region where
chaos may exist.

Figures 6 and 7 depict dependence of R, on the changes of

o andQ). As Q) increases, both Ra and /%JFQZ increase.
p

This means that, with fixed amplitude (¢ ) and sample position

(&), increasing the excitation frequency may decrease or
increase the possibility of chaos depending on the values of
physical parameters of the system p . All in all, the Melnikov

theory determine the region that chaotic invariant sets exist, but
the presence of a chaotic invariant set does not always imply
the existence of a chaotic attractor. Therefore, in order to prove
the theoretical results, numerical analysis should be focused on
finding chaotic attractors in the region described above. To this
end, a specific system with physical parameters suitable for
chaos is considered where we examine the presence of chaos by
using different tools.

CHAOS DETECTION

Let us consider the system in (14), where the parameters
have been set as follows:
Q=11 ,a=12,0=03,p=0.02 (26)

For these parameter values, the critical value obtained from the
Melnikov function method is ¢4, = 0.01292 . Since

o >1, the unperturbed system (& = 0 ) shows the presence of
three equilibrium points. The system shows the periodic
motions for ¢ < g, - In the following, several methods of

chaotic behavior detection are presented.

Period Doubling Route to Chaos:

If chaos theory is the study of the pathways from simple to
complex dynamics, then period doubling must be considered
one of the principal routes to chaotic behavior in physical
systems with nonlinearities. Periodic doubling is a
phenomenon in which the period of repetition of a cyclic
dynamic process doubles with the change of some control
parameter, and continues to double at successively closer
parameter values until the period is so long and becomes

practically aperiodic [18]. In system considered here, by
increasing ¢ the phenomena of period doubling will appear as

shown in Figure 8.

Poincare Maps:

Poincare maps are one of the principal ways of recognizing
chaotic vibrations in low-degree-of-freedom problems. Chaotic
phase-plane trajectories can often be unraveled using the
Poincare map by taking a set of pictures for different phases as
shown in Figure 9. This is tantamount to sweeping the
Poincare plane in three dimensional phase space with respect to

variable ¢ . While one Poincare map can be used to expose the
fractal nature of the attractor, a complete set of maps varying
from 0 to 27 is sometimes needed to obtain a complete
picture of the attractor on which the motion is riding. Since our
AFM system considered here does not have sufficient damping,
then the chaotic attractor tends to approximately uniformly fill
up a section of phase space and the Cantor set structure, which

is characteristic of strange attractors, is not completely evident
[19].

Fourier Spectrum:

This is by far the most popular measure mainly because the
idea of decomposing a nonperiodic signal into a set of
sinusoidal or harmonic signals is widely known among
scientists and engineers. One detecting chaotic vibration tool is
the appearance of a broad spectrum of frequencies in the output
when the input is a single-frequency harmonic motion. When
three or more incommensurate frequencies are present, one may
not see a nice closed curve in the Poincare map and the Fourier
spectrum should be used. The difference between chaotic and
quasi-periodic motion can also be detected by taking the
Fourier spectrum of the signal. A quasi-periodic motion will
have a few well-pronounced peaks. The assumption made in
this method is that the periodic or nonperiodic signal can be
represented as a synthesis of sine or cosine signals:

f)= i l F(w)edw 27

When the motion is periodic or quasi-periodic, \F(a))‘

shows a set of narrow spikes or lines indicating that the signal
can be represented by a discrete set of harmonic functions
{ei"“’"}, where k= 1,2,...,n. Near the onset of chaos, however,

a continuous distribution of frequency appears (see Figure 10),
and in the fully chaotic regime the continuous spectrum may
dominate the discrete spikes. Given a set of data sampled at
discrete even time intervals

{f(tk):ﬂ)aﬁafza---aﬁm---af]v}: the discrete time fast

Fourier transform is defined as:

T(l’l’l) _ ZN: f(k)e—Zm'(k—l)(m—l)/N 28)

where k and m are integers [19]. As seen from Figure 10, the
Fourier spectrum of the considered system shows a distribution
of frequencies that exists in the signal, confirming the presence
of chaos.
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Fig. 8 The phase portrait of perturbed system for different values of drive amplitude.

Lyapunov Exponents:

Loss of Information about initial conditions is another
property of a chaotic system. The Lyapunov exponent test
measures the sensitivity of the system to changes in initial
conditions. Lyapunov exponents give a means of describing
the stretching and contracting characteristics of attractors and
other invariant sets [20]. Conceptually, one could imagine a
small ball of initial conditions in phase space, while looking at
its deformation into an ellipsoid under the dynamics of the
system. If d is the maximum length of ellipsoid and d, is the
initial size of the initial condition sphere, the Lyapunov
exponent A is interpreted by the below equation [19]:

d-d 2" (29)
(30)

One measurement, however, is not sufficient, and the
calculation must be averaged over different regions of phase
space. This average can be represented by:

Loy d
A=lim1> log, (=) 31
t )OON 1 (Zi _toi) ? d ( )

Then,
A >0 : Chaotic motion

A <0 : Regular motion

In the system considered here with q=12921, the dominant

Lyapunov exponent can be evaluated as: A4, =0.035 which

is an indication of chaotic behavior in the system.
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Fig. 9 The Poincare Maps for different values of phase ¢

Fig. 10 The Fourier spectrum.

7 Copyright © 2005 by ASME

Downloaded From: https://proceedings.asmedigitalcollection.asme.org on 07/02/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use



CONCLUSIONS

A lumped-parameters model for an AFM system modeled
as a cantilever beam was utilized to determine the dynamical
behavior of the sample-tip interaction. The presence of
chaotic invariant sets is theoretically proved by using the
Melnikov method, which reveals the region in the space of
physical parameters where chaotic motion is possible. The
existence of such chaotic invariant sets predicted by Melnikov
theory was then numerically verified through several methods
including  Poincare =~ maps, Lyapunov  exponents,
autocorrelation function, Fourier transform. As expected, the
chaotic attractors lie in a subset of the invariant set predicted
by Melnikov theory.
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