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Abstract 

Free flight is one of effective methods to solve airspace congestion in the future. 

In order to guarantee safety of flight in free flight environment, the minimum 

safety distance was studied. Within circumstance that collision avoidance system 

hasn’t started to make TCAS logic judgment to flight nearby, communication, 

navigation and surveillance (CNS) performances play a decisive role to minimum 

safety distance. The position errors, which were affected by CNS performances, 

were regarded as Brownian motion along the coordinate direction respectively. 

Then a model for collision risk in free flight environment was established basing 

stochastic differential equations. Minimum safety distance between flights can be 

obtained using dichotomy to optimize under the given Target Level of Safety 

(TLS). The example shows that the model is feasible. 
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1  Introduction 

With the rapid development of civil aviation industry, air traffic volumes are 

increasing and the current air traffic control mode already can’t satisfy the needs 

of the traffic, so Radio Technical Commission for Aeronautics (RTCA) defined the 

concept of free flight [1]. In free flight environment, the fixed routes and the 

constraints of air lines will be reduced because of operators having the freedom to 

choose optimal flight path, speed and altitude in real time. It alleviates airspace 

tension greatly, but the variability of paths also increases collision risk. Therefore, 

in order to ensure flight safety, the research on minimum safety distance in free 

flight environment is particularly important.  

The scholars had made achievements on research of free flight, but most of 

them focused on the collision risk, the conflict detection and resolution. But there 

was few researches on minimum safety distance in free flight environment. Rick 

Cassell established the risk assessment model for free flight terminal area reduced 

separation and the model made quantitative analyze to the relations between 

separation reduction and collision risk [2]. Daniel established separation minima 

model and analyzed the effects of factors on safety separation [3]. Mariken 

modeled lateral spacing and separation for airborne separation assurance using 

dynamically colored Petri Nets and used Monte Carlo method to simulate [4]. 

Zhang Zhaoning established collision risk assessment models of parallel route and 

crossing track based on CNS in current air traffic control mode and assessed safety 
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separation of routes [5-7]. Cai Ming, Zhang Zhaoning established collision risk 

model in free flight environment using the method of probability theory [8]. 

Zhang Zhaoning, Zuo Jiangli and Zhang Zhaoning, Wang Yiming established 

collision risk model based on stochastic differential equations in free flight 

environment and used Runge-Kutta method [10] and Euler method [9] 

respectively to solve stochastic differential equations rapidly. All were to strive for 

collision risk under a certain distance, but there was few researches on minimum 

safety distance between flights for a given TLS in the actual application. 

In free flight environment, collision risk between aircrafts is mainly affected 

by CNS performances, human factors and collision avoidance system. These 

uncertainties lead to randomness of the states of flight, and such randomness will 

affect collision risk and minimum safety distance directly. Stochastic differential 

equations can integrate the uncertainty factors that affect flight into model and 

solve the problem of randomness better, so it’s suitable for collision risk model in 

free flight environment. Among the uncertainty factors, the most effective one on 

position errors is CNS [10]. The author does not consider the influence of human 

factors on aircraft position error because of complexity of researching. Collision 

avoidance system is essential to free flight. When the distance between aircrafts is 

less than 6 nmile and the height difference is less than 1200 ft, collision avoidance 

system starts to make TCAS logic judgment to the flight nearby. This article takes 

the influence of CNS on aircraft position error into account and studies minimum 

safety distance within the circumstance that the collision avoidance system hasn’t 

started to make TCAS logic judgment to the flight nearby. 

The references [9-10] just overall general regarded affect of random factors 

on position error as Brownian motion, this paper regards the influence of CNS 

performances on position coordinates as Brownian motion along coordinates 
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directions respectively and a model for collision risk in free flight environment 

was established using stochastic differential equations. Because stochastic 

differential equation can’t be worked out directly, we can obtain the minimum 

safety distance between flights using dichotomy to optimize under the situation 

that the Target Level of Safety (TLS) was given. 

 

 

2  Establishment of collision Risk model based on Stochastic 

Differential Equations in Free Flight 

Because civil aircraft maintains a fixed height on route, considering 

passengers’ comfort and fuel consumption when aircraft climbs or descents, 

aircraft usually prefers to maneuver in the horizontal direction rather than change 

their vertical height to avoid collision, so we can convert the three-dimensional 

problem to two-dimensional problem that calculate the minimum safety distance 

between aircrafts in free flight environment. 

In order to establish collision risk model, this paper first regards the influence 

of CNS performances on position coordinates as Brownian motion along 

coordinate directions respectively. Then use stochastic differential equations to 

represent position state of aircrafts. And then study the effect of CNS 

performances on 2σ of Brownian motion variance. Finally a collision risk model is 

established based on stochastic differential equations.  
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2.1 Stochastic differential equations representing position state of 

aircrafts  

Assume that  

1) Coordinates of aircraft 1 is ( )( )1 1( )x t y t， , 

2) Coordinates of aircraft 2 is ( )( )2 2 ( )x t y t， ,  

3) Initial coordinates of aircraft 1 is ( )10, 10x y ,  

4) Initial coordinates of aircraft 2 is ( )20 20,x y ,  

5) Airspeed of aircraft 1 is 1V ,  

6) Airspeed of aircraft 2 is 2V ,  

7) Decompositions of 1V along axis directions respectively are 1 1,x yv v , 

8) Decompositions of 2V along axis directions respectively are 2 2,x yv v , 

Use stochastic differential equations to represent the position state of two 

aircrafts at moment t in free flight environment 

                    

( ) ( )
( ) ( )

, 1, 2

, 1, 2
i ix ix

i iy iy

dx t v dt dw t i

dy t v dt dw t i

= + =


= + =
                  (1) 

( )ix t represents abscissa state of aircraft i at moment t and ( )iy t represents 

ordinate state of aircraft i at moment t . Both ixw and iyw are basic wiener process 

whose mean value is 0 and variance is 2tσ . Probability density function is 

( )
2

2

1 exp
22
wf w

tt σσ π
 

= − 
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2.2 Affect on position error by CNS performances 

Assume that position error cX , nX , sX is resulted from communication, 

navigation and surveillance performance respectively and all met normal 

distribution. 

( )2
cN 0c cX σ ，  

( )2
nN 0n nX σ ，  

( )2
sN 0s sX σ ，  

References [12-14] have already showed RCP(Required communication 

performances), RNP(Required navigation performances), RSP(Required 

surveillance performances) types, but they did not point out the influence on 

position errors variance by CNS performances, then this paper will work 

out cσ , nσ , sσ . 

 

2.2.1 Calculation of 2
nσ  

RNP is defined as: when aircraft operates in a certain route, airspace or area, 

RNP is determined by the value to achieve the expected navigation performance 

accuracy at least 95% of flight time. The accuracy of navigation has direct affect 

on position error. Table 1 shows RNP types. 

 

Table 1: RNP types 

Parameter RNP1 RNP4 RNP10 RNP12.6 RNP20 

Accuracy ±1.0 nmile  ±4.0 nmile  ±10 nmile  ±12.6 nmile  ±20.0 nmile  
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Probability density function of position error resulted from RNP is 

( )
2

2

1 exp
22n

nn

xf x
σπσ

 
= − 

 
 

From the definition of RNP, we know that 

                   

2

2

1 exp 0.95
22

n

n
nn

x dx
σπσ−

 
− = 
 

∫
                  

(2)
 

From formula (2), we can get .
1.96n

nσ =  

2.2.2 Calculation of 2
cσ  

Reference [12] gave out RCP types and described RCP from processing time, 

continuity, availability and integrity aspects. We can get that RCP mainly depends 

on communication processing time, so this paper mainly considers position error 

caused by processing time. Table 2 shows RCP types. 

 

Table 2: RCP types 

Parameter RCP10 RCP60 RCP120 RCP240 RCP400 

Processing 

time 
10 60 120 240 400 

 

Probability density function of position error resulted from RCP is  

( )
2

2

1 exp
22c

cc

xf x
σπσ

 
= − 

 
 

The definition of RCP is similar to RNP, so 
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'

'

2

2

1 exp 0.95
22

n

n
cc

x dx
σπσ−

 
− = 
 

∫
              

(3) 

n′ is the accuracy when processing time is n , so n n v′ = × . 

From formula (3), we can get 1.96c
n vσ ×

= . 

 

2.2.3 Calculation of 2
sσ  

Reference [14] mainly described accuracy (refresh rate and reaction time), 

continuity, availability and integrity of surveillance performance. The accuracy of 

surveillance affects position error directly, so this paper mainly takes position 

error resulted from accuracy into account. With reference to the division method 

of RNP, table 3 divided RSP into three types according to refresh rate. Table 3 

shows RSP types. 

 

Table 3: RSP types 

Parameter RSP5 RSP10 RSP20 

Refresh rate ≤5 ≤10 ≤20 

Reaction time 2 2 2 

 

Probability density function of position error resulted from the accuracy of 

RSP is  

( )
2

2

1 exp
22s

ss

xf x
σπσ

 
= − 

 
 

Similar to RNP, 
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2

2

1 exp 0.95
22

n

n
ss

x dx
σπσ

′′

′′−

 
− = 
 

∫             (4) 

n′′ representing the accuracy of RSP, so 

( )refresh rate + reaction time .n speed′′ = ×  

From formula (4) we can get  

( )refresh rate + reaction time
.

1.96 1.96s

speednσ
×′′

= =
 

 

 

2.3 Establishment of collision risk model 

After period t , position coordinates of two aircrafts are: 

( )
( )

1 10 1 1

1 10 1 1

x x

y y

x t x v t w
y t y v t w

= + + ∆
 = + + ∆

 

( )
( )

2 20 2 2

2 20 2 2

x x

y y

x t x v t w
y t y v w

= + + ∆
 = + + ∆

 

2
1 1(0, )x xw N tσ∆  , 2

1 1(0, )y yw N tσ∆  , 2
2 2(0, )x xw N tσ∆  , 2

2 2(0, )y yw N tσ∆   

( ) ( )
( ) ( ) ( ) ( )( )

2 1

2 2
20 10 2 1 20 10 2 1 1 2

X

N ,x x x x x x x

x t x t

x x v v t w x x v v t tσ σ

∆ = −

= − + − + ∆ − + − +

       

( ) ( )
( ) ( ) ( ) ( )( )

2 1

2 2
20 10 2 1 20 10 2 1 1 2

Y

N ,y y y y y y y

y t y t

y y v v t w y y v v t tσ σ

∆ = −

= − + − + ∆ − + − +

 

The distance between aircrafts is
 

( ) ( ) ( )( ) ( ) ( )( )2 22 2
2 1 2 1X Yd t x t x t y t y t= ∆ + ∆ = − + −  

The collision risk P is the probability of ( )d t less than 1 2

2 2
λ λ
+ , 
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so ( ) 1 2{ }
2 2

P P d t λ λ
= ≤ + . iλ is the average geometric length of aircraft i . The 

collision probability at moment t is 

                       
( )

1 2

1 2

2

2
d dP f d d

λ λ

λ λ

+

+
−

= ∫
                         

(5) 

 

 

3  Calculation of minimum safety distance 

Given CSN performances and initial condition of aircrafts, this paper can 

analysis collision probability at different time in different distance and also can get 

minimum safety distance of aircrafts in different TLS.  

 

3.1  Dichotomy 

The advantages of dichotomy are that error is very small and speed is fast, so 

this paper uses dichotomy to solve approximate solution of non-linear equation. 

Assume the accuracy rating isε and given TLS is TLSP . 

The following are steps: 

1. Determine the interval [ ]start endt t， , 

2. Seek midpoint midt of the interval [ ]start endt t， , 

3. Calculate 
midtP  

(1) If =0
midTLS tP P− , 

midtP  is the required point, 
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(2) If 0
midTLS tP P− 〉 , then let =start midt t , 

(3) If 0
midTLS tP P− 〈 , then let =end midt t , 

4. Judge whether accuracy rating reaches ε  : if -
start endt tP P ε〈 , then approximate 

solution is
starttP (or

endtP ),or to repeat steps 2-4. 

Finally output the distance which corresponds to approximate solution. 

 

 

3.2 Algorithm of minimum safety distance  

Because formula (1) is stochastic differential equation and formula (5) is 

difficult to solve directly, so it’s impossible to solve d from these formulas. This 

paper calculates d through optimization iteration algorithm. The accuracy rating 

isε and given TLS is TLSP . Figure 1 shows algorithm flow chart. 

 

Yes

Start

Initial condition of aircrafts, 
CNS performances, given TSL 

Collision probabilities                      resulted from RCP,RNP,RSP 
at moment     respectively 

, ,ct nt stP P P

Collision probability     at moment 

t

tP t
1-(1 )(1 )(1 )t ct nt stP P P P= − − −

Judge whether accuracy rating 
reach ε t TLSP P ε− <

Minimum safe 
distance

Dichotomy

 

Figure1: Algorithm flow chart 
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4  Numerical example 

However, free flight has not been implemented yet, so relevant parameters 

can't be obtained accurately and this paper references parameters of current flight. 

Assume in certain airspace, an incrossing event will occur with the increasing of 

time. With tP representing collision probability at moment t , there will be 

different minimum safety distance under different collision probability. Parameter 

values are shown in Table 4. 

 

Table 4: Calculation parameters and their values 

Airspeed 1V of 

aircraft 1 
480 knots 

Airspeed 2V  of 

aircraft 2 
480 knots 

Heading angel of 

aircraft 1 
60º 

Heading angel of 

aircraft 2 
120º 

 

Assume that collision probability is 81.5 10−× (times/per flight hour), here we 

just take CNS performances (RCP10, RNP4, RSP10) as example and calculate the 

minimum safety distance under different collision probability using MATLAB. 

Figure 2 shows relations between collision probability and minimum safety 

distance. 

From Figure 2, we can get that minimum safety distance will decrease when 

collision probability increase between aircraft 1 and aircraft 2 in free flight 

environment. Minimum safety distance is 8 nmile when TSL is 81.5 10−× (times/per 

flight hour). The result shows that minimum safety distance decreases apparently 
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with the development of CNS performances under a given TSL and this is 

consistent with actual situation. We also get that collision probability of incrossing 

aircrafts will increase with the decreasing of distance through MATLAB 

simulating. 

-16 -15 -14 -13 -12 -11 -10 -9 -8 -7 -6 -5
0

2

4

6

8

10

12

Collision probability (times/ per flight hour) taken logarithm to base 10

M
in

im
um

 s
af

et
y 

di
st

an
ce

/n
m

ile

 

Figure 2: Relations between collision probability and minimum safety distance 

 

 

5  Conclusion 

In view of aircraft in free flight environment, position error affected by CNS 

performances and minimum safety distance are studied. And this paper establishes 

collision risk model based on stochastic differential equations and uses dichotomy 

to optimize to get minimum safety distance. 

(1) Study the effect of CNS performances on 2σ  of Brownian motion 

variance and establish collision risk model using stochastic differential equations. 

(2) Optimizing minimum safety distance using dichotomy is fast. 
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(3) Giving TLS, CSN performances and initial condition of aircrafts, this 

paper can calculate minimum safety distance between aircrafts. 
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