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Abstract

The detour index of a connected graph is defined as the sum of the detour distances
(lengths of longest paths) between unordered pairs of vertices of the graph. A graph with
n vertices and n+ 1 edges is called a bicyclic graph. In this paper, we consider the detour
indices of bicyclic graphs with two cycles or three cycles and determine the graphs with

the first four smallest detour indices in the class of n-vertex bicyclic graphs for n > 5.

1 Introduction and Preliminaries

Let G be a connected graph with the vertex set V(G) and edge set E(G). The distance
between vertices u and v in G is the length (number of edges) of a shortest path between
them, denoted by d(u,v|G) [1, 2]. The Wiener index of the graph G is defined as [3, 4]
W@ = > du,|G).
{uv}CV(@)
As one of the oldest topological indices, the Wiener index has found various applications
chemical research [5-7] and has also been studied extensively in mathematics [7-10]. See

[11-13] for more new results on the Wiener index. The detour distance [14, 15] (also


https://core.ac.uk/display/357358479?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

-358-

known under the name elongation) between vertices v and v in G is the length of a
longest path between them, denoted by I(u,v|G). The detour index of the graph G is
defined as [14-17]

w@= Y Ilu]G).

{uv}CV(@)

The detour index has been applied to chemistry, especially in quantitative structure-
activity relationship (QSAR) studies, see [14-19] for more details.

For the computation aspect of the detour index, some computer methods were dis-
cussed in [16,20-22]. Recently, Zhou and Cai [23] established some basic mathematical
properties of the detour index, especially, they gave bounds for the detour index, deter-
mined the graphs with minimum and maximum detour indices respectively in the class of
n-vertex unicyclic graphs with cycle length r, where 3 < r < n — 2, and determined the
graphs with the first three smallest and largest detour indices respectively in the class of
n-vertex unicyclic graphs for n > 5. Then in [24, 25] Qi and Zhou studied the detour index
of unicyclic graphs whose vertices on the unique cycle have degree at least three and the
unicyclic graphs with given maximum degree, respectively. In [26], they also studied the
Hyper-detour index of unicyclic graphs. Qi [27] determined the graphs with the smallest
and largest detour indices respectively in the class of n-vertex bicyclic graphs with ex-
actly two cycles for n > 5. Du [28] determined the graphs with the second and the third
smallest and largest detour indices in the class of n-vertex bicyclic graphs with exactly
two cycles for n > 6. In this paper, we consider the detour indices of bicyclic graphs with
two cycles or three cycles and determine the graphs with the first four smallest detour
indices in the class of n-vertex bicyclic graphs for n > 5.

Let S,, P, and C, be respectively the n-vertex star, path and cycle. A connected
graph G with n vertices is a unicyclic graph if |[E(G)| = n and is a bicyclic graph if
|E(G)| =n+ 1. Obviously a bicyclic graph contains either two or three cycles.

Lemma 1 ([8]) Let T be an n-vertex tree different from S, and P,. Then (n — 1)? =
W(S,) < W(T) < W(P,) ==

—n

6
For a connected graph G with u € V(G), let D(u|G) = ¥ ey (q) d(u, v|G) and let L(u|G) =
Yveve) L(u,v|G). Then W(G) = § Tuevie) P(ulG), w(G) = § Tuev(e) LulG).

Lemma 2 ([23]) Let v be a vertex on the cycle C,, withn > 3. Then L(v|C,) = +(3n* —

4dn + ng) and w(C,) = én(i’mZ — 4n + ng) where ng = 1 if ng is odd and ng = 0 if ng is
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even.
Lemma 3 ([27]) Let x be a cut-vertex of a connected graph G, and let u and v be vertices

occurring in different components which arise upon the deletion of x. Then
l(u,v|G) = l(u, z|G) + I(z,v|G)

Obviously, if w is a pendent vertex of a connected graph G order n and y is the unique
neighbor of w, then L(w|G) = L(y|G) +n — 2.
For a graph G, let |G| = |V(G)|.

Lemma 4 ([25]) Let x be a cut vertex of a connected graph G and G — x consists of two
vertez—disjoint subgraphs G and GYy. Let G; be the subgraph of G induced by V (G})U{z},
1=1,2. Then w(G) = w(G1) + w(Gs) + (|G1| — 1) L(z|G2) + (|G2| — 1) L(z|G1).

2 Bicyclic Graphs with Small Detour Indices

Let B, be the set of n-vertex bicyclic graphs. Let B} and B2 be the sets of n-vertex
bicyclic graphs respectively with two cycles and with three cycles. Then, B,= BLUB?.
Let GP:? and GE™ be the sets of n-vertex bicyclic graphs respectively with two cycles C,
and C, without common path, and with three cycles Cpi,_a, Cqir_g and Cpiq_o, where
2 <r <p < qare all integers and Cpi,_o, Cgyro have a common path P..

For integers 1 <i < p, 1 <j<gq, 1 <k <r T, T, T, are trees attached at
u;, vj, wy, vertices of B,, P, and P, respectively. We denote a bicyclic graph with three
cycles by G2™UT,, Tuy ... Tuy. To, Toy - .- Toy, Ty Ty - - - T, ), where S0 | T [+ X025 | T, |+

UP7 1}(17
Sy | Ty | = n. In particular, if only one tree T, (= T, = T, ) is a star with center vertex

uy, and the other trees T, T, To, (i,j,k # 1) are all trivial, the graph is denoted by SE"¢
(see Figure 1). Let us define an n-vertex graph ©2™4 in G2™4 to be a graph with all trees

are trivial, i.e., |T(u;)| = |T(v;)| = |T(wg)| = 1 for each 7, j, k. Obviously, p+r+q¢—4 = n.

Theorem 1 Let G € GE™, where p,g > 3,7 > 2 and p+q+1r —4 < n. Then
w(G) > w(SE™9) with equality if and only if G = S,

Proof. Let G be a graph with the smallest detour index among graphs G?™9. We need
only to show that Gy = SE"™4.

Claim 1. T,,;, T,,;, T, are all stars with their centers at u;, v, wy for each i, j, k.
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Suppose without loss of generality that the tree T, is not a star. Let G be obtained
from Gy by deleting all edges of T,,, and connected all isolated vertices to w;; that is, the
tree rooted at u; in Gy and T7), is a star with its center at u;. For Gy, u; is a cut vertex, and
T,, and Gy — (V(Ty,) \ {u;}) are two induced subgraphs. By Lemma 1, w(T}) < w(Ty,).
On the other hand, it is easily seen that L(us|T},) < L(w;|Ty,,). Then w(G1) < w(Go) from
Lemma 4, which is a contradiction to the choice of Gy. Hence, Claim 1 follows.

Claim 2. Only one tree of T,,, T,,, T, is nontrivial for all 4, j, k.

Without loss of generality, suppose that T, and T, are nontrivial. By Claim 1, we
know that T, and T, are both stars. If L(u,|Go) > L(up|Gy), let Gy be obtained from
Gy by deleting a pendent vertex x of T, and attaching it to u,. By Lemmas 3 and 4, it
follows that w(Go) —w(G2) = L(z|Go) — L(x|G2) = [L(ua|Go) +n—2] —[L(up|G2)+n—2] =
L(ug|Go) — L(up|G2). Since L(up|Ga) = L(up|Go) — [1(up, ug) +1]+1 = L(up|Go) — U (up, ug),
w(Go) — w(G2) = L(ua|Go) — L(up|Go) + Lup, ug) > 0. If L(ug|Go) < L(up|Gy), let Gy be
obtained from Gy by deleting a pendent vertex y of T, and attaching it to u,. Similarly,
we have w(Gp) — w(G2) > 0. This contradicts the choice of Gy. Hence, Claim 2 follows.

Claim 3. Only one tree of Ty, and T, is nontrivial.

For Gy, suppose that only T,,(i # 1,p) is nontrivial and |T,,| = «. Let G5 be the
graph constructed from Gy by deleting all pendent vertices of T,, and connecting all
isolated vertices to uy, that is, Gz = S2™9. Let G be constructed from Gy by deleting all
pendent vertices of T,,,, that is, G = @ZTIQT.,ZHI' It follows that w(Go) —w(G3)=[L(u;|G) —
L(u1|G)](cv — 1) by Lemma 4. By the definition of detour distance, we know L(w;|G) >
L(u1|G). Tt implies that w(Gy) > w(G3), which is a contradiction to the choice of Gj.

Hence, Claim 3 follows.
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Claim 1, 2, 3 yield Theorem 1. O
We need the following three Lemmas to prove the Theorem 2. Note that w(G) =

3 Suevieo) LlG) = Lw|G) + 5 I(u,v]G)
{0} SV(G)\(uw}

Lemma 5 w(0OP™) > w(SPr=19) forr > 3.
Proof. Let © = ©7™9 where p+¢+r—4 = n. Let © be constructed from © by deleting
the vertex w,_1, adding edge w,_sw,., and attaching the isolated vertex x to u; as a pendent
vertex. It implies that © = SP"~14 Considered the transformation from © to @', we
found that only the detour distance between z and any other vertex has the possibility
of increasing, the increment is denoted by integer A\;. That is Ay = L(z]|®') — L(z|©).
The detour distance between any other two vertices will reduce or keep to be unchanged.
That is > l(u,v|®) — > l(u,v]®) < 0. Now we will to show that
At < 0, whith wil lead to (&) < 5(6).

M = L(z|®) — L(z|®) = L(w|©) +n — 2 — L(2]|O). It is easy to know that

> lor(uy,y) = > lo(u1,y), denoted by m (integer). Thus
yeV (Pp)UV (Py)\{wr} yeV (Pp)uV (Py)\{wr}
r—1
L(w|®) = ¥ lor(uy,w) +m +lor(uy,z) = 3(r —2)(2¢+7 —5) + m+ 1 and L(z]©) =
k=2

L(w,—1]©) > L(w,]©) + n — 2 = L(w|0) +n —2 = Zr: lo(u, wg) + m+n—2 =
E=2

%(r— 1)(2¢+7r—4)+m+n—2. Since n =p+q+r— 4, we obtained \; <p—n < 0.

Therefore, Lemma 5 holds. a

In the following Lemmas 6 and 7, we consider the cases of r =2, p >4 and r = 2,p =

3,q > 4. The proofs of them are similar to that of Lemma 5.
Lemma 6 w(O>7) > w(Se~1249) for p > 4.

Proof. Let © = O%7 where p + ¢ — 2 = n. We construct the graph ©” from © by
deleting the vertex wu,_;, adding edge wu,_ou,, and attaching the isolated vertex z to u;
as a pendent vertex. This implies that ©” = SP~1249. Since L(2|0") = L(u1|0") +n —
2 = L(u1|Ch-1) + n — 1 and L(2|©) > L(u,—1|Cy) = L(u1]|C,), by Lemma 2 we obtain
L(2]0") = L(2]0) < L(w1|Cro1) = L(wa|Cr) +n =1 = H(=2n+ 3 —r, +71,-1) < 0, where

rn =1 for odd n and r,, = 0 for even n. Thus, w(©”) < w(0). Hence Lemma 6 holds. O

Lemma 7 w(©3%7) > w(S32171) for g > 4.
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Figure 2: The graphs S22 and S,,(a, b, ¢, d)

Proof. Let © = ©3%% where ¢ + 1 = n. We constructed the graph ©” from © by
deleting the vertex v,_;, adding edge v,_2v,, and attaching the isolated vertex h to u; as
a pendent vertex. It implies that ©” = §3%4-1,

We will show that L(h|©") — L(h|®) < 0. In fact, since L(h|®") = L(u|0") +
n—2= L(u|Cp—1) +n — 1 and L(h|O©) = L(h|C,) + 1, we have L(h|®") — L(h|O) =
L(u1|Cro1) — L(A|C) +n — 2 = —[5] < 0. Hence, Lemma 7 holds.

]

Theorem 2 Among graphs of B2 for n > 4, S3%3 is the graph with the smallest detour

index, which is equal to n® + 3n — 11.

Proof. At first, we will prove that w(S&"™) > w(SE"~19) for r > 3. For SP™, let us
delete the vertex w,_1, connect w,_o and w,, and attach the isolate vertex y to u; as a
pendent vertex. Then we obtain a graph SE"~14. Since u; is a cut-vertex of SE"9, T,
and G’ are two induced subgraphs of S?™4 by V(T,,,) and V (S2™\ T,,,) U{u; }. u; is also
a cut-vertex of S2"~14 and T,, and G” are two induced subgraphs of S2"~14¢ by V(T,,)
and V(Spr=19\ T, ) U {y} U {u}. Here, G’ = Gfi’\unlHl and G” = Szf‘}i‘ Then
w(G") > w(G") by Lemma 5. Since

q
Q41

L@ — Ll = 3 o () — [3 T (ur, we) + g (s, )]
k=2 k=2
e (=R R R e
= q+r—4>0

and by Lemma 4, we have

WS — w(ShTH) = w(G) + [T | L(wa| G) = w(G") = [T | L(wa|G") > 0,
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which implies that w(SP"7) > w(SP"=19). The rest may be deduced by analogy, then
W) > w(SETTN) > w(SETEN) > L > w(Sh2), (1)

Secondly, by Lemmas 4 and 6 we obtain

W(SPHM) > w(SETHHM) > w(SETEM) > L > w (S, (2)

By Lemmas 4 and 7, we have
W(SE2T) > (ST > (S32972) > > w(S3P). (3)

Hence, the result holds. O

For positive integers a, b, ¢, d, let S,(a,b,c,d) € G323 formed by attaching a — 1,

. 32,3
b—1,c—1and d — 1 pendent vertices to uy, ug, ve, and uy of Oy

respectively, where
a>b,¢c>dand a+b+c+d =n (see Figure 2). Let A, = {S,(a,b,c,d)|a+b+c+d =n}.

Let TL € G323 and for any graph G € TL, |T,,| = n —3 (u; = v; = wy), |T,| =
|T,,| = |Tw,| = 1fori,j,k#1. Let I'2 C G3*3, and for any graph G € I'2, |T,,,| =n —3,

n?
[T, | = |T,,| = [T, | = 1 for other 4, j, k.

Any n-vertex tree of diameter 3 is of the form 7,,.,; formed by attaching a and b
pendent vertices to the two vertices of P, respectively, where a +b=n — 2 and a,b > 1.
Let S, = Typs1 for n > 4 and S = T,,.,_40 for n > 5. For n > 6, let D, and E/,
respectively be the n-vertex bicyclic graphs formed by attaching n — 6 pendent vertices
and a path Py to uy for D! and to uy for E!, of ©3**. For n. > 7, let D” and E” be the
n-vertex bicyclic graphs formed by attaching n — 7 pendent vertices and the star Sz at
its center vertex to u, for D and to uy for E” of ©3*°. Obviously, D, D € T’} and E,
E! € T2 (see Figure 3).

Let A, = {G € GR™|8 < p+¢+r < n+4}. Since G223 = {G € GB™|p+q+r =8}
and p + ¢ +r > 8 for any G €B2, obviously, B2= G323 U A,,.

Lemma 8 Among the graphs in A, with n > 5, S>3 is the unique graph with the

smallest detour index, which is equal to n® + 5n — 18.

Proof. Without loss of generality, let » < p < ¢. By the proof of Theorem 2, we have

the inequality sequences:

W(STH) > w(SE9) > w(ST M) > > w(S30) ()
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Figure 3: The graphs D), and D!

and

W(SpH) > w(SpPah) > w(SHH7) > > w(SP). ()

Combining Theorem 1 and inequality sequences (1)~(5), it follows that the graph with
the smallest detour index among A,, is from {5222, 5324} By lemma 4, we compute that
w(5333) = n? + 5n — 18 < w(S>21) = n? + 8n — 28. Hence, the result holds. O
Lemma 9 Among the graphs in U} with n > 7, the D!, and D! are the graphs with the
second and third smallest detour index, which is equal to n® + 4n — 14 and n® + 5n — 19,

respectively.

Proof. For any n-vertex bicyclic graph G € T'}\ {S2%3, D!, D!}, Note that |T,,| =n—3,
[T, = T, = [Ty, | = 1, for i,j,k # 1. Let G1 = 03%* and G5 be an induced subgraph
of G by V(G \ G1) U{u}. Obviously, G, is a tree not S,_3, S,_5 or S._;. By Lemma 3
of [23], we have w(G2) > w(S)_3) > w(S),_3) for n > 7. Then, L(ui|G2) > L(uw|S_5) >
L(uq|S),_3) together with Lemma 4, we obtain that D/, and D) are respectively the unique
graphs in I'} with the second and third smallest detour indices, where w(D},) = w(S!,_3)+
W(OF**) 4+ 3L(u1|S,_3) + 8(n — 4) = n® + 4n — 14 and w(D") = w(S"_,) + w(©F>%) +
3L(u1|S”_3) +8(n — 4) = n® + 5n — 19. This proves the result. 0

Also, the following lemma is obvious.

Lemma 10 Among the graphs in T2 with n > 7, the E! and E" are the graphs with the
second and third smallest detour index, which is equal to n® 4+ 5n — 18 and n? + 6n — 23,

respectively.
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Lemma 11 Among the graphs in A, \ {S>*3} withn > 7, S,(1,1,n — 3, 1) is the unique
graph with the smallest detour index, which is equal to n* +4n —15. S, (n —4,2,1,1) is
the unique graph with the second smallest detour indez, which is equal to n® 4 5n — 21.
Proof. Suppose that G is the graph with the smallest detour index of A, \ {S222}. The
proof of Theorem 1 Claim 2 implies that there are at most two trees of Ty, T,,, Ty, for
1<i4,7<3and 1<k <2 tobe nontrivial.

If only one tree is nontrivial, G € {S,(a,1,1,1),5,(1,1,¢,1)} for a,c > 2. Since
Sp(a,1,1,1) = §323 then G = S,(1,1,¢,1), i.e. G = S,(1,1,n — 3,1) and w(G) =
n?+4n — 15.

If the two trees are nontrivial, G € {S,(a,1,¢,1), Sy(a,b,1,1),S,(1,1,¢,d)} for a,b, c,d
> 2. We consider the following three cases.

Case 1. G € {Sy(a,1,¢,)jJa+c+2=n}. For2<c<n—-4anda=n-2-c,
we have w(S,(a,1,¢,1)) = w(Su(n —2 — ¢, 1,¢,1)) = =3¢ + (3n — 5)c + n? — 3. Let
fle) = =3¢ + (3n — B)c + n? — 3, then f/(¢) = —6c+ 3n — 5. f(c) is an increasing
function if 2 < ¢ < [#25] and f(c) is a decreasing function if [2%2] < ¢ < n —4. So,
we have the sequences: f(2) < ... < f([2%2]) and f([2%2]) > ... > f(n —4). By
direct computation, we have f(2) < f(n —4) < f(3) < ..., ie. w(Sy(n—4,1,2,1)) =
n?+6n—25 < w(S,(2,1,n—4,1)) = n’+n—31 < w(S,(n—>5,1,3,1)) = n’4+9n—45 < .. ..
Then G = S,(n —4,1,2,1) and w(G) = f(2) = n? + 6n — 25.

Case 2. G € {S,(a,b,1,1)|a + b+ 2 = n}. Without loss of generality, let @ > b >
2. Thus 2 < b < \_"T’Qj Analogous to the proof of Case 1 given above, we deduce
w(Sn(a,b,1,1)) = w(S,(n —2 —b,b,1,1)) = —2b> +2(n — 2)b+ n® + n — 5. It implies
that the sequence w(S,(n —4,2,1,1)) =n?+5n — 21 < w(S,(n —5,3,1,1)) = n’>+7Tn —

35 < w(Sa(n —6,4,1,1)) = n*+9n —53 < ... < w(Suln — 2 — |252],[%52],1,1) =
3n2—n—3 : forevenn
§n2 —n— % . for oddn
Then G = S,(n —4,2,1,1) and w(G) = n® + 5n — 21.

Case 3. If G € {S,(1,1,¢,d)|c+d+2 = n}. Without loss of generality, let ¢ > d > 2.
Thus 2 < d < \_"T’ZJ Also analogous to the proof of Case 1 given above, we deduce
w(Sn(1,1,¢,d)) =w(S,(1,1,n —2—d,d) = —3d*+ 3(n — 2)d +n*+n — 6. It implies that

the sequence w(S,(1,1,n—4,2)) = n?+Tn—30 < w(S,(1,1,n—5,3)) =n?+10n—51 <

_ _ Tn?—8n—12 for even n
o< w(S(1,L,n—2— L"TZJ,L"TZJ) =19 s 1s For odd n

1
Then G = S,(1,1,n — 4,2) and w(G) = n? + Tn — 30.
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In conclusion, G € {S,(1,1,n — 3,1),S,(n —4,1,2,1),S,(n — 4,2,1,1),S,(1,1,n —
4,2)}. Together with their detour indices, we obtain G = S,(1,1,n — 3,1). Furthermore,
it is easy to know that S,(n —4,2,1,1) is the unique graph with the second smallest
detour index in A, \ {223} with n > 7, which is equal to n? +5n — 21. Hence, the result
holds. a

The main results of this paper are Theorems 3 and 4.

Theorem 3 Among the graphs in B2 with n > 5, the following holds:

(i) Forn =5, Sg’*“ is the unique graph with the smallest detour indez, which is equal
to 29; S5(1,1,2,1) is the unique graph with the second smallest detour index, which
1s equal to 30; S§’3"3 is the unique graph with the third smallest detour index, which

is equal to 32;

(ii) Forn =6, SS“*S is the unique graph with the smallest detour index, which is equal
to 43; Ss(1,1,3,1) and Se(2,2,1,1) are the graphs with the second smallest detour
index, which is equal to 45; Dy is the graph with the third smallest detour index,

which is equal to 46.

(iii) Forn > 7, S>3 is the unique graph with the smallest detour index, which is equal
ton®+3n—11; S,(1,1,n —3,1) is the graph with the second smallest detour indez,
which is equal to n® + 4n — 15. Forn > 8, D!, is the graph with the third smallest
detour index, which is equal to n* + 4n — 14. Forn =17, D!, and S,(n — 4,2,1,1)
are the graphs with the third smallest detour index, which is equal to 63.

Proof. Among the graphs in B2 with n > 4, by Theorem 2, we know S3%2 is the unique
graph with the smallest detour index, which is equal to n? + 3n — 11.

Let G and Gg be the graphs with the second and third smallest detour index respec-
tively.

For n = 5, there are only four graphs Sg*®, S5(1,1,2,1), S2*% and S2** in B2. By
directed computation, the result holds.

For n = 6, if p+q+r > 8, we have G = Sg®® by Lemma 8; If p+¢+r = 8, then G # F,
by the Claim 1 of Theorem 1. Thus G € {Dj, Sg(1,1,3,1),56(2,1,2,1), S6(2,2,1,1), Se(1,
1,2,2)}. By the proof of Lemma 11 and a little computation, w(Sg™*) = w(Ss(1,1,2,2)) =
48 > w(S6(2,1,2,1)) =47 > w(Dg) = 46 > w(Se(1,1,3,1)) = w(Se(2,2,1,1)) = 45. Thus
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G = S6(1,1,3,1) or S4(2,2,1,1). Furthermore, it is easy to know that Gy € {Dj, E§}.
Since w(E§) = 48 > w(Dy), then Gy = Dy,

Forn>7,ifp+q+r>8 G €A, Thus by Lemma 8, G = S333; If p+q+r =S8,
we know that G € T, U A, \ S3%3 by the proof of Theorem 1. By Lemmas 9 and 11,
G € {D},S,(1,1,n —3,1)}. Since w(S>33) =n? +5n — 18 > w(D)) = n® +4n — 14 >
w(Sa(1,1,m — 3,1)) = n® + 4n — 15, we have G = S,(1,1,n — 3,1). Then combining
Lemmas 10 and 11, Gy € {D., E.,S,(n —4,2,1,1)} and w(D,) = n®> +4n — 14 <
w(Sn(n —4,2,1,1)) =n? +5n — 21 < w(E,) = n® + 5n — 18 with the second equality if
and only if n = 7. Thus Gy = D), for n > 8 and Gy = D!, or S, (n —4,2,1,1) forn =17.

Hence, the proof of theorem is completed. a

We will recall the conclusion of bicyclic graph with exactly two cycles in Lemma 12.
Let SP4 € Bl be the graph formed by attaching n + 1 — p — ¢ pendent vertices to the
unique common vertex of the two cycles C, and C,. Let B!, € BY be the n-vertex bicyclic
graph with two 3-cycles sharing a common vertex u;(v;), and attaching a path P, and
n — 7 pendent vertices to the vertex u;. Let Bl € B be the n-vertex bicyclic graph with
two 3-cycles sharing a common vertex u;(v;), and attaching a star Sz at its center and
n — 7 pendent vertices to the vertex u;. Let ¢,(a,b,c) € BL be a bicyclic graph with two
triangles having a common vertex u(vq) formed by attaching a — 1 pendent vertices to
uy, and attaching b — 1 and ¢ — 1 pendent vertices to the two neighbors of u; in the same
triangle respectively. Let v,(a,b,c) € BL be a bicyclic graph with two triangles having
a path P, formed by attaching a — 1 pendent vertices to u; which is one of the common
vertices of triangles and terminal vertices of P, and attaching b — 1 and ¢ — 1 pendent
vertices to the two neighbors of 4 in the same triangle respectively.
Lemma 12 ([27, 28]) Among the graphs in BL with n > 5, the following holds:

(i) Forn >5, 533 is the unique graph with the smallest detour index, which is equal to
n?+2n—7;

(i) Forn =6, ¢s(1,2,1) and 1s(1,1,1) are the unique graphs with the second smallest
detour index, which is equal to 45; 52’4 is the unique graph with the third smallest
detour index, which is equal to 50.

(iii) Forn > 7, Bl is the second smallest detour index, which is equal to n*+3n—10; For

n="7, ¢7(2,2,1) and 17(2,1,1) are the unique graphs with the third smallest detour
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index, which is equal to 62. Forn > 8, B!, ¢,(n—>5,2,1) and ¥, (n—>5,1,1) are the
unique graphs with the third smallest detour index, which is equal to n® 4 4n — 15.
The following Theorem 4 is obvious from the Theorem 3 and Lemma 12.

Theorem 4 Among graphs of B, with n > 5, the following holds:

(i) For n > 5, S>3 is the graph with the smallest detour index, which is equal to
n?+42n—7. S323 is the graph with the second smallest detour index, which is equal

ton® +3n — 11.

(ii) Forn =5, S5(1,1,2,1) is the third smallest detour index, which is equal to 30. S2**

is the forth smallest detour index, which is equal to 32.

(iii) Forn =6, Se(1,1,3,1), S(2,2,1,1), ¢6(1,2,1) and (1, 1,1) are the third smallest
detour index, which is equal to 45. Dy is the forth smallest detour index, which is

equal to 46.

(iv) For n > 7, B is the third smallest detour index, which is equal to n* + 3n — 10.
On(n—5,2,1), ¥p(n—5,1,1), S,(1,1,n — 3,1) and Bl (for n > 8) are the unique

graphs with the forth smallest detour index, which is equal to n* + 4n — 15.
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