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Abstract:

The proportional hazards model with partially informative censoring has been studied by Gather
and Pawlitschko [1998. Metrika 48, 189-207] and their partial Abdushukurov-Cheng-Lin
(PACL) estimator is a nonparametric estimator of the underlying survival function of the model.
Zhang and Rao [2004. Metrika 59, 125-136] have derived the generalized maximum likelihood
estimator of the underlying survival function using Kiefer-Wolfowitz theory. In this note, we
show that these two estimators are asymptotically equivalent.
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Article:
1. Introduction

Let X,Y, and Z be independent non-negative random variables with unknown distribution

functionsF,G;, and G, respectively, and with respective survival functions F, Gy, and G2 with
the following property:

equation(1)

Gi(0) = (F@©Y, =0


http://libres.uncg.edu/ir/uncg/clist.aspx?id=8162
http://www.dx.doi.org/10.1016/j.spl.2005.10.032

for some p>0. The entity X is called a lifetime or failure random variable and the estimation of
its distribution is one of the main goals in Survival Analysis. The entity X is partially
observable, i.e. we observe U=min{X,Y,Z}=XAYAZ and

| ifX<YAZ,
A={0 IFY<SXAZ,
~1 fZ<X AY.

The random variable A indicates which one of X,Y, and Z is the minimum. In order to avoid
ambiguities in the definition of A, certain conventions are adopted. If min{X,Y,Z}=X and even
ifY orZ equalsto X , we take A=1. If min{X,Y,Z}=Y and even if Y=Z, we take A=0. The
lifetime variable X could be censored by Y on the right, which is the case of informative
censoring in view of (1) above, or be censored by Z on the right, which is the case of
uninformative censoring. This model is called a proportional hazards model with partially
informative censoring ( Gather and Pawlitschko, 1998).

Gather and Pawlitschko (1998) proposed a nonparametric estimator of the survival function
of X. Zhang and Rao (2004) derived the generalized maximum likelihood estimator of the
survival function of X using Kiefer-Wolfowitz theory ( Kiefer and Wolfowitz, 1956). In this
note, we show that these two estimators have the same asymptotic distribution.

2. The estimators

Let (U1,A1),(U2,A2),...,(Un,An) be n independent realizations of (U,A), Ug)<Up)<--<Upthe
ordered statistics of Uy,Uy,...,Uy, and Apyp,Ap,.. ., Afn the concomitant A-values of the

ordered Uj's. Non-parametric estimation of the distribution function of X based on the above
data has been discussed by Gather and Pawlitschko (1998) and Cs6rgd (1998). The non-
parametric estimator of F, namely partial ACL or PACL for short, given by Gather and
Pawlitschko (1998), is an analogue of Abdushukurov-Cheng-Lin (ACL) estimator

( Abdushukurov, 1984; Cheng and Lin, 1987). It is given by

equation(2)

Tl

pact(D) = (R(O)PPacL, (30,

where

- n ﬂ[i' I[U{i] =1]

with 1[A] being the indicator function of the event A , and

equation(3)



- _ Y 14i=1]
PR L T 1)

=0, if the denominator above is 0

which is a reasonable estimator of P = Pr(d = 1[4 — 1) = 1/(1 + ) Here g=1[Ai%-
1] andegyy, . . .,e[n denote the concomitant e-values of the ordered Uj's. The estimator of B is given

by
equation(4)

ﬁl-‘.-‘l.{'.'L = “ - PHP.-'IL{'.'L).-'IPAP.-'ILCL‘

If one ignores the partially informative censoring by Y , the proportional hazards model with
partially informative censoring can also be treated as a general random censorship model with

right censoring by combining Y and Z . Consequently, the Kaplan-Meier estimator ( Kaplan
and Meier, 1958) can be used to estimate the survival function F

equation(b)

s n i [0y =t]
FKM([}=H(| —m) , =0,

i=1
where ni=I[A;=1] with the concomitant n-values n,...,nm corresponding to the ordered Uj's.

A generalized maximum likelihood estimator (GMLE) has been derived by Zhang and Rao
(2004). In principle, the GMLE involves maximizing the likelihood of the data over all
distributions F of X and G, of Z . See Johansen (1978) and Miller (1981) for an exposition of
the generalized maximum likelihood method. In this paper, we focus on the GMLE based on the
situation when 0=U<U1)<U»)<---<U(y) are distinct. It is sufficient to consider distinct U;s in
view of the fact that asymptotics of the GMLE are derived under the assumption of

continuous F and G,. For notational simplicity, we define Di=I[A[;=1],Ci=I[A[;;=0],

and E;=I[Aj=-1]. Obviously, C;+D;+E;=1,j=1,2,...,n.

Under this provision, the generalized likelihood of the data is given by
L(E,G1,Go) =L = [] p;(PY 2 U)Pi(P,(Z 2 U )Pig '(P,(X > Uy )
i=1

(P (Z 2U ) e (P (X > U )P (Y = U ),

where for i=1,2,...,n,

pi=P (X =Upl, q=PY =Uy), =PJ(Z=Uy;)



Therefore, our problem reduces to maximizing the likelihood L over all
distributions F and G, which must satisfy proportional hazards condition (1). Applying the

=1 -
transformation &i = Pi':z.i:%i pi)” 1= 12,....0, the likelihood of the data, up to a constant
independent of unknown parameters, is given by (see a detailed derivation in Zhang and Rao,
2004)

equation(6)

L = H a C +{n—|]{l+ﬂ]+{l+ﬂ]E — a }f]C

with unknown scales 0<a;j<1 and >0. It can be shown (see Zhang and Rao, 2004), that the
GMLE is given by

equation(7)
; m_{ j"llf] ~ &) ifUin=t<Ug, i=1,2,...,n,
R DU SRR L
with the convention that the empty product is equal to 1. Here ai is given by
equation(8)
(14 (0 =D+ Bopare) ™" ifDi =1, Ci=E =0,
. LifemLe
di=141- (' bl (fj_“}“ +’?‘3MLE}) ifCi=1, D =E; =0,
(n =i+ (I + fomee)
i} ifEi=1, Di=C;=0.

]

=0

n h.
Note that the estimator is proper, i.e. nj=l (I'—aj) only if the last observation U, is

uncensored. In our asymptotic analysis, we set deliberately Fomue(t) = 0 if t=Ugp).
Plugging (8) in the likelihood L (6), one can see that the maximized loglikelihood in j is given

by

equation(9)
A= a+p, n—i)1+§) b
Iogum_gc'[ ﬁ g((n—1+|} +ﬁ})+log(tﬂ—1+” “‘})]

"D, ! (6 (n—1)1+ )
+.1D'['“g( Y m) AT+ Blo ( T +ﬁ})l




Therefore, the GMLE estimator SamLE of B is the solution of the following estimating equation:
equation(10)

_— (n =31+ M (n—i)+1 (n—=1)1+ /M
2 l(n_]}D'log(l-i-En—i}(l+ﬁ})_CI Iz 'Og(cn—1+|} +m)]

Ci+Di=|'

It has been shown that the PACL estimator (2) is more efficient than the KM

estimator (5) (Gather and Pawlitschko, 1998). Simulations based on small and large samples
have suggested that the PACL estimator and the GMLE are asymptotically equivalent (Zhang
and Rao, 2004). In this note, we provide a theoretical justification of this equivalence.

3. Main results

Let F(t) and Ga(t) be fixed continuous distribution functions and p=p, be fixed.
Leto=P(A=1),i= 0 1 and po=1/(1+fo)=01/(o1+ap). We also

let 71 = sup{t, F(t) >0} and 72 = sup{t, Ga(t) >0}, We focus on the time interval [0,Tg],
where To<min{t1,72}. Our main results are given by the following theorems. The proof
of Theorem 1 is given in the Appendix.

Theorem 1 Asymptotic equivalence of estimators of F(t)
FamLe(t) and FracL(t) are asymptotically equivalent, i.e.

1/2 [l fu]
sup 0 F guue(t) — FpacL(t)—,:0.
1]£t£Tu

From Theorems 4.3 and 4.4 of Gather and Pawlitschko (1998) and our Theorem 1 above, we
immediately have the following asymptotic results for GMLE.

Theorem 2.

1. Law of the iterated logarithm: With probability one,

sup  |Fome(t) — E(0)] = O~ (log log n)'/?).
0=t Ty

2. Weak convergence : The sequence of random processes

(n"*(F amLe(t) — F(1)),0 <t <T o} converges weakly to the Gaussian process W(t)with
mean EW(t)=0, and for s,te[0,Tq],

1
Cov(W ES}W(E}}—PnF(S}F(E}( (s, 0) + +P" log (F (1)) log (F ES}})



with

cle [}_f“ 1 dE(u)
R (F(u}}l’ap"dz(u} F(u)

Remarks.

A variant of the GMLE (7), referred as GMLE1, was also considered in Zhang and Rao (2004).
This estimator is given by

equation(11)
T2 (=6 if Ugoy<e<Ug, i=1,2...,n,

Fomiei(f) = ;
oMLELTD) [T (1) ift2U,

with
(14 (0= D1 + Bpac )™ ifDi=1, Ci=E; =0,
. {FpactL
bi = |—('+(“_’} +ﬁp"‘“}) ifC,=1,D,=E; =0,
(n =i+ (1 + BpacL)
0 ifEi=1, Di=C;=0.

%

The essential difference between GMLE and GMLEL is that in GMLE (7) PamLE is used while

in GMLE1 Pract is used. One can also prove that the PACL estimator and the GMLEL are
asymptotically equivalent. Therefore, the same asymptotic properties as those in Theorem 2 hold
for GMLEL1 as well.

Computationally, PACL estimator is easier to compute than the GMLE and GMLE1. However,
when assessing the performance of the estimators, GMLE and GMLE1 estimators do better than
the PACL estimator for certain regions of t-values. See Zhang and Rao (2004). One has to take a
balanced view of computational simplicity and efficiency.

Appendix

First from (9), the loglikelihood of p=1/(1+p) from GMLE method is given by

n

n—1
IOEL’GMLE(P}:ZDillogn—?-i-P-{_ p Iog(l_n—?-i-P)]

=l

—i+ 1 — 1 —

I—P




We want to keep the subscript GMLE for L to indicate the underlying method of estimation.
Recall PracL = 2_i=t 1[4i = 1]/22i2 (1[4i = 114 1[4i = OD] _ Therefore, the loglikelihood
of p from PACL method is given by

log Leace(p) = ¥ _[1[4i = 1]logp +1[4i = 0]log (1 —p)] = > [Dilogp + Cilog(l — p)].
i=1 i=1

Let Usmie(p),Vomie(p),UpacL(p), and VpeacL(p) denote the first and second derivatives
oflogLemie(p) and logLpact(p), respectively. Then

Lemma 1.

n™|Usmie(p)-UpacL(p)|—>as0-
2. " VomLe(p)-VeacL(p)|—as0.
Proof.

From simple algebra, one can have

i 11 0—i p n—i+1 I —p
PUcmie(p) =072 > | -D; log( 1= —2— ) +Ci —— log( 1 - ———
n aMLE(p) =0 [ P og( R +P) + (1 —p) og( n—i+ I)]

i=1

=2 i[—Di - _,i [— P (n—1+p)” }”

— p- n—1+p
- — n—i+ 1 l—p . A
+ -t C; - | = - +O(n—i+1)"
| (._p}-[n-m =i+
—1/2 i[D 1 n—i C 1 ] + U‘( 142 Iog }
=n ‘" [ —— /2 n
— pon—i+p I —p

~ n~2y pacLip) + U(n_l'ﬂ log n).

The second equality is from the Taylor expansion of lo0g(1 —x) for small x>0 and the fact
that 2_i=1 (1/1) = O(logn), and the asymptotic equivalence = is in the almost sure sense. The
second part can be proved analogously. []

We need the following lemma for the proof of Theorem 1.
Lemma 2.

1. Strong consistency of PaMLE : PaMLE *as Po.

2. Asymptotic equivalence of PamLe and Peact :

1/2n .
0 (PamLE — PracL)as 0.



Proof.
To prove the strong consistency, we exploit the technique used in Andersen and Gill

(1982) (AG82 for short) in proving the consistency of regression parameter in Cox's model. Let

1
Xu(p) =~ (log Lanie(p) — log LamLe(py))-
The technique of AG82 involves the following steps:

1. ﬁGMLE, the maxima of logLcmiLe(p), or equivalently the maxima of X,(p), exists and is unique.
2. Xn(p) converges almost surely to a concave function of p  with a unique maximum at p=py.

Then it follows, from Theorem 10.8 in Rockafellar (1970) or the discussion in Appendix Il of
AGB82, that ﬁnmm"a-s- Po .

To prove the first part, noting that

for 0<p,po<1,

—n~"Wpacr(p) = 07! 3L [(Di/p?) + (Ci/(1 = pY)—as. o1 /p* + 2o /(1 — p)* =0 by strong
law of large numbers, we have, from Lemma 1, that

equation(12)
-n"'VemLe(p)—as 0a/p*+ao/ (1-p)*>0.

Therefore, (1/n)logLemie(p) is a sequence of strictly concave functions, which gives Part 1. Now
for the second part,

n

] P l—p
Xalp) = - lDilo —~+Cilo l
i “Z an gl_Pn

i=l

Ry P~ Po ) n—i ( P ) n—i ( Po )
+ - D; [log| 1 — - + log| | — : - log{ | ———
n; l g( n—i+p p g n—i+p Po 8 n—1+py,

+|_ ! C. n—H—pIGg | Il —p _n—i+p”mg | I — py
n 4= ‘Ll -p n—i+| I = pg n—i+1

I < p l—p I n—i n—i
- Dilog —+Cjlo + - Di|— - + -
“;l an gl_Pnl “; l n—1+p “_‘+Pul

| n—i+p n—i+pg -1
- Ci|— O |
+nzl l n—i+|+n—i+| + 0™ log(n)

1H

= (1 + a0)[pg(logp — logpy) + (1 = pgllog (1 — p) — log (1 — py))] = f(p)



say. Here asymptotic equivalence = is in the almost sure sense.
Since f(p)|p=po=0 and f'(p)|p=po=(0+0to)[-1/po-1/(1-po)]<0 for 0<po<1, the second part follows.

Finally, with Lemma 1 above, consistency of PamLE and l_5|w:1, and (12), the “almost sure”
version of Part 2 in Lemma 2 follows along the lines of the proof of Theorem 1 in Bailey (1984),
where the asymptotic equivalence of the GMLE and the partial likelihood estimator of the
regression parameter in Cox's model was given. L]

To prove Theorem 1, we note that if X3,Xs,..., are independent copies of X , the assumption

ofte[0,To] implies (1/m) 22 T[X; }Tﬂ]}M =0 almost surely for sufficiently large n and for
some constant M.

Proof of Theorem 1.

Obviously, it is sufficient to prove

equation(13)
sUp nl-'*z|;'im."_|3([} - ftlphCL([}l—?a.s_{}:
D=t=T,
where AamLe(t) = —log Famie(t) and ApacL(t) = —logFpaci(t). First,

let nKa(t) = > I[Ui <] denote the number of observations of U 's up to time t . For

notational simplicity, we let P = PpacL and P = PamLE throughout the proof.
Then (7) and (2) can be rewritten as, respectively, for t<Ty

equation(14)
. nk pi{t) - Oy nk pit) - Cipfil=p)
2 P
Fomue(t) = |- — ,
ame(t) E ( n—]-{-p) * H ( n—1+|) '
equation(15)
- I'I[{n{t:l - JE'
= L[,]
E = |-
Therefore,
nk (1) ﬁ ﬁ nkKgit) I _ﬁ
AcmLp(t) = — D; 1 | — — C;l | —————|,
GMLE(T) ; og( n—i+1_5) I —p ; Dg( n—i+ I)'

I'Ir{nh]
- R & . & _
inau() == 3 tog(1 ) =5 > 06

i=1



nEnit) : 2 - .
Hence, from Lemma 2 and the fact that >/ (n—i4p) =0(n™) uniformly and almost

surely over [0,To],
I'I[{n*t] e I'Ir{rdt] a I'I[{n{t]
D; D,
R (I BN o D -
: : =t (h—1+p)y
I'Ir{rdt] o I'Ir{n“:]

i=1
[ — [ 0 =y - =1
- Zn—i-{-ﬁ+ (o) igl?—]+| O(a™)

The asymptotic equivalence = above is in the uniform and almost sure sense over the compact
interval[0,To]. Similarly,

nk pit) | _ﬁ nk pit) | — P
Cilog(| ————— ] = — C; O(n").
Z Og( n—i+|) Z n—]-{-l+ (o)

i=1

Il
|
i
|
+
g H
+
-

Therefore,

I'Ir{.n“:] ~ ~ I'Ir{.n“:]
" N p p T Ci+ D -1
AGMLE([} = Zl lDi m—l—(‘. ml + GI.:D } = P Zl m+ U‘(l‘] }
We have

0! 2 Agmie(®) = Apace ()] = (025 — DO + O(n~1?)

nknit) .
due to the fact that 21 (Ci +Di)/(n =14 1) = O(1) yniformly and almost surely
over [0,To]. Therefore, (13) follows from Part 2 of Lemma 2 and the proof is completed. []
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