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1. Introduction and preliminaries

Let N, R, and C be the sets of all natural, real, and complex numbers, respectively. We denote

o= {x=(X):X, €RorC}

the space of all real or complex sequences.
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Let Z_, ¢, and ¢, be denote the Banach spaces of bounded, convergent, and null sequences of
reals, respectively with norm

Xl = sup | X |

Any subspace 4 of w is called a sequence space. A sequence space A with linear topology is called a
K-space provided each of maps p; — C defined by p,(x) = x; is continuous, for alli € N. A space 4 is
called an FK-space provided A is complete linear metric space. An FK-space whose topology is nor-
mable is called a BK-space.

Definition 1.1 Let X and Y be two normed linear spaces and T: D(T) — Y be a linear operator, where
D(T) c X. Then, the operator T is said to be bounded, if there exists a positive real k such that

Il X I< k|| x |I, forallx e D(T)
The set of all bounded linear operators B(X, Y)is a normed linear space normed by (see Kreyszig, 1978)

ITl= sup |ITxI

XeX,lIx|I=1

and B(X,Y) is a Banach space if Y is Banach space.
Definition 1.2 Let X and Y be two normed linear spaces. An operator T:X — Y is said to be a com-
pact linear operator (or completely continuous linear operator), if

(1) Tis linear,

(2) T maps every bounded sequence (x,) in X onto a sequence T(x,) in Y which has a convergent
subsequence.

The set of all compact linear operators C(X, Y) is closed subspace of B(X, Y) and C(X, Y) is a Banach
space if Y is Banach space.

Following Basar and Altay (2003) and Sengéniil (2009), we introduce the sequence spaces S and S,
with the help of compact operator T on the real space R as follows.

S={x=(xper, :Tx) ec}

and

So={x=x) €L, :TX)ECy}

Definition 1.3 A function f : [0, c0) — [0, c0) is called a modulus if
(1) f(t) =0ifand only ift =0,
(2) ft+u) <f®+fforallt,u>0,
(3) fisincreasing, and

(4) f is continuous from the right at zero.

For any modulus function f, we have the inequalities
[foo-fyIsfdx-yD
and

f(nx) < nf(x), forallx,y € [0, o]

A modulus function f is said to satisfy A, — Condition for all values of u if there exists a constant
K > 0 such that f(Lu) < KLf(u) for all values of L > 1.
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The idea of modulus was introduced by Nakano (1953).

Ruckle (1967, 1968, 1973) used the idea of a modulus function f to construct the sequence space

X(f) = {x = (x: Y fllx D < oo}

k=1

This space is an FK-space and Ruckle (1967, 1968, 1973) proved that the intersection of all such X(f)
spaces is ¢, the space of all finite sequences.

The space X(f) is closely related to the space ¢, which is an X(f) space with f(x) = x for all real x > 0.
Thus Ruckle (1967, 1968, 1973) proved that, for any modulus f.

X(f)ce, and X(f)" =7

where
X(f)a = {y = (Yk) € w: Zf(lykxkl) < 00}
k=1

Spaces of the type X(f) are a special case of the spaces structured by Gramsch (1967). From the point
of view of local convexity, spaces of the type X(f) are quite pathological. Symmetric sequence spaces,
which are locally convex have been frequently studied by Garling (1966), Kéthe (1970), and Ruckle
(1967, 1968, 1973).

The sequence spaces by the use of modulus function was further investigated by Maddox (1969,
1986), Khan (2005, 2006), Bhardwaj (2003), and many others.

As a generalization of usual convergence, the concept of statistical convergent was first introduced
by Fast (1951) and also independently by Buck (1953) and Schoenberg (1959) for real and complex
sequences. Later on, it was further investigated from sequence space point of view and linked with
the Summability Theory by Fridy (1985), Salat (1980), Tripathy (1998), Khan (2007), Khan and Sabiha
(2012), Khan, Shafig, and Rababah (2015), and many others.

Definition 1.4 A sequence x = (x,) € w is said to be statistically convergent to a limit L € C if for
every € > 0, we have

1
,EEEEI{HENWX,,—LIZ&”ﬁk}|=0

where vertical lines denote the cardinality of the enclosed set.
That is, if 5(A(g)) = 0, where
Ale)={keN:|x, —LI|>¢}

The notation of ideal convergence (I-convergence) was introduced and studied by Kostyrko, Macaj,
Salat, and Wilczynski (2000). Later on, it was studied by Salat, Tripathy, and Ziman (2004, 2005),
Tripathy and Hazarika (2009, 2011), Khan and Ebadullah (2011), Khan, Ebadullah, Esi, and Shafiq
(2013), and many others.

Now, we recall the following definitions:

Definition 1.5 Let N be a non-empty set. Then a family of sets I € 2" (power set of N) is said to be
an ideal if

(1) I'is additivei.eVA,Bel=>AuBel
(2) IishereditaryieVAelandBCA=>Bel.
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Definition 1.6 A non-empty family of sets £(I) € 2Vis said to be filter on Nif and only if

(1) @ ¢ £(1I),
(2) YA, B € £(I) we have AnB € £(),
(3) VAe £I)and A C B = B € £().

Definition 1.7 AnIdeal I C 2Vis called non-trivial if T # 2™

Definition 1.8 A non-trivial ideal I ¢ 2Vis called admissible if

{{x}:xeN} I

Definition 1.9 A non-trivial ideal I is maximal if there cannot exist any non-trivial ideal J # I contain-
ing I as a subset.

Remark 1.10 For each ideal I, there is a filter £(I) corresponding to I. i.e £(I)={K C N:K® € I}, where
K =N\K.

Definition 1.11 A sequence x = (x,) € w is said to be I-convergent to a number L if for every € > 0,
theset{keN:|x, - Ll >¢} el

In this case, we write I —limx, = L.
Definition 1.12 A sequence x = (x,) € wis said to be I-nullifL = 0.In this case, we writeI — limx, = 0.

Definition 1.13 A sequence x = (x,) € w is said to be I-Cauchy if for every £ > 0 there exists a num-
berm = m(e) such that {k e N:|x, — x| > ¢} € L.

Definition 1.14 A sequence x = (x,) € wis said to be I-bounded if there exists some M > 0 such that
{keN:|x| >M} el.

Definition 1.15 A sequence spaceE is said to be solid (normal) if (¢, x,) € E whenever (x,) € E and for
any sequence (a,) of scalars with| a, |< 1, for allk € N.

Definition 1.16 A sequence space E is said to be symmetric if (x,,,) € E whenever x, € E. where z is
a permutation on N.

Definition 1.17 A sequence space E is said to be sequence algebra if (x,) * (y,) = (x,.y,) € E when-
ever (x,), (y,) € E.

Definition 1.18 A sequence space E is said to be convergence free if (y,) € E whenever (x,) € E and
x, = Oimplies y, = 0, for all k.

Definition 1.19 LetK = {k; <k, <k; <k, <k, ...} c NandE be a Sequence space. A K-step space of
E is a sequence space Aﬁ ={(x) €Ew:(x,) € E}.

Definition 1.20 A canonical pre-image of a sequence )€ Aﬁ is a sequence (y,) € w defined by

X, if k€K,
Y= .
0, otherwise

A canonical preimage of a step space /lﬁ is a set of preimages all elements in /lﬁ. i.e. yisinthe canoni-
cal preimage of Aﬁ iff y is the canonical preimage of some x € /15.

Definition 1.21 A sequence space E is said to be monotone if it contains the canonical preimages
of its step space.
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Definition 1.22  (see, Khan et al., 2015; Kostyrko et al., 2000). IfI = If, the class of all finite subsets of v.
Then, I'is an admissible ideal in v and I; convergence coincides with the usual convergence.

Definition 1.23  (see, Khan et al., 2015; Kostyrko et al., 2000). If I = I, = {A C N:5(A) = 0}. Then, I'is
an admissible ideal in N and we call the I,-convergence as the logarithmic statistical convergence.

Definition 1.24  (see, Khan et al., 2015; Kostyrko et al., 2000). If I = I, = {A C N:d(A) = 0}. Then, I'is
an admissible ideal in N and we call the I -convergence as the asymptotic statistical convergence.

Remark 1.25 IfI;—limx, =l thenI, —limx, =1

Definition 1.26 A map % defined on a domain D c Xi.en:D c X — R is said to satisfy Lipschitz con-
dition if |a(x) — A(y)| < K|x —y| where K is known as the Lipschitz constant. The class of K-Lipschitz
functions defined on D is denoted by # € (D, K).

Definition 1.27 A convergence field of I-covergence is a set
F) = {x=(x,) €l : there exists I — limx € R}

The convergence field F(I) is a closed linear subspace of I with respect to the supremum norm,
FI)=1_nc (see Saldt et al., 2004, 2005).

Definition 1.28 Let X be a linear space. A function g: X — Riis called paranorm, if for all x, y € X,

PHgx)=0if x=80,

(Py) g(=x) = g(x),

(P3) g(x +y) < g(x) +9y),

(P,) If (4,) is a sequence of scalars with 4, - 1 (n - o) and x,,a € X with x, > a (1 - ) in the
sense that g(x, —a) - 0 (n — ), theng(4,x, — 4a) = 0 (n — o).

The notation of paranorm sequence spaces was studied at the initial stage by Nakano (1953).
Later on, it was further investigated by Maddox (1969), Tripathy and Hazarika (2009), Khan et al.
(2013), and the references therein.

Throughout the article, we use the same techniques as used in Tripathy and Hazarika (2009, 2011).

We used the following lemmas for establishing some results of this article.

LEMMA 1 (see, Tripathy & Hazarika, 2009, 2011). Every solid space is monotone.
LEMMA 2 (see, Tripathy & Hazarika, 2009, 2011). IfI ¢ 2YandM C N.IfM ¢ I, thenMnN ¢ I.
LEMMA 3 (see, Tripathy & Hazarika, 2009, 2011). LetK € £0)and M C N. IfM ¢ I, thenM nK ¢ L

Throughout the article, st S(I), 5;, MIS, and MIS represent the I-convergent, I-null, I-Bounded ,

bounded I-convergent, and bounded I-null Sequences spaces defined by a compact operator T on

the real space R, respectively.

2. Main results
In this article, we introduce the following classes of sequences.

Sl = {X=(xk)ef°o:{keN:f<|T(xk)—L|)ze} el, forsomeLeC} (2.1)

Shf) = {x:(xk)efm:{ke N:F(1 T 1) > e) eI} (2.2)
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SLf) = {x:(xk)efm:{keN:EIK<0 suchthqtf(|T(xk)|)2K}eI}

S.H= {x =(Xx,) € fm:sukpf( [ T(x) | ) < oo}

where f is a modulus function.

We also denote

(2.3)

(2.4)

THEOREM 2.1 Let f be a modulus function. Then, the classes of sequences S'(f), Si(f), ML(f), and

MIS (f) are linear spaces.

Proof We shall prove the result for S'(f). The proof for the other spaces will follow similarly.

For,letx=(x), ¥y =) € S'(f) and «, g be scalars. Then, for a given ¢ > 0, we have

{keN:f(lT(xk)—L1 |)z§, for some LleC}eI

{keN:f(|T(xk)—L2|>z§, for some LleC}eI
Let

A= {ke N:f (IT(x) = Lyl) < %, forsome L, € C} e ()

A, = {ke N:f (IT(y) = L,l) < %, for some L, € C} e
be such that A7, A5 € I.

Since f is a modulus function, we have
A, = {ke N:f (I@T(x) + BT(y,) = (al, + pLy)I) < e}
5 [{ke N:F (JallTo) - Ly) < %}
n {ke N:f (IBIT,) - Lyl) < §}]
5 [{ke N:f (1T — Ly 1) < %}
n {ke N:f (1T - Lyl) < %}]
Therefore,
A= {ke N:f (1T + BT, = (aly + ALy)I) < €}
5 [{ke N:f (1T — Ly 1) < %}
n {ke N:F(ITW - L) < %}]

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

implies that A; € £(I). Thus, AS = A{ UA; € I. Therefore, ax, + gy, € S'(f), for all scalars a, g, and

X0, ) € S'(f).
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Hence, S'(f)is a linear space.

THEOREM 2.2  The classes of sequences MX(f) and MISO (f) are paranormed spaces, paranormed by
g(x) = g0x,) = supf (IT(x,)1)

Proof Letx = (x,), y = (¥,) € M5(f).

(P,) It is clear that g(x) = 0if x = 6, a zero vector.
(P,) g(x) = g(—x) is obvious.
(P3) For x = (x,), y = (¥,) € Mis(f), we have

gX+Yy) =gX, +Y,) = Slipf (ITx, +Y0l)
= St;pf (ITx) + TI) < sgpf (1IT(x 1)
+Stipf (IT(yY) | = 9(x) + gy)

Therefore, g(x +y) < g(x) + g(y)
(P,) Let (4,) be a sequence of scalars with (4,) > A(k - «0)and (x,), L € M’S(f) such that

X, = Lk - )
in the sense that
g(x, —L) > 0(k > o)
Then, since the inequality
9(x) < gix, — L +9L)
holds by subadditivity of g, the sequence {g(x,)} is bounded.
Therefore,
g[(Ax, — AD)] = g[(Ax, — AX, + Ax, — AL)]
= g[(4 — DX, + A, — L)]

< g[(4 = Hx ]+ g[ax, - L)
<A =D 1 g+ 1 419X, —L) -0

as (k — o). That is to say that scalar multiplication is continuous. Hence, M (f) is a paranormed
space.

For MY, (f), the result is similar.

THEOREM 2.3 A sequence x = (x,) € ¢_ I-converges if and only if for every e > 0, there exists N, € N
such that

{keN:f(lT(xk)—T(ch)l><e} e £(0) (2.10)
Proof Letx=(x,)e?_.

Suppose that L = I — limx. Then, the set

B, = {keN:f(|T(xk)—L| ) < %} e£I) forall e<0

FixanN_ € B_.Then we have,
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F1T0=To) 1) <F(1To=L1 ) +F(ITo)—L1 ) < 5+ 5 =e
which holds for all k € B.. Hence {k € N:f( [ Tx) —T(xy) | ) < e} € £(I) Conversely, suppose that

{k € N:f( | T = Tty ) | ) < e} € £

That is{k eN:| f(|T(xk)|) -f (|T(xN ) |) |< e} e £(1), for alle > 0. Then, the set

C = {k eN:f(ITxl) € If <TG ) 1) =& f(ITO) 1) + e]} e £(D) forall e <0
LetJ = [f(|T(xNF)) - e,f(|T(xN€)) + e]. If we fix an e > 0 then we have C, € £1) as well as Cg e £().
HenceC_n C§ € £(I). This implies that

J=Jn Jg #¢

That is

{keN:f(IT(x)I) € J} € £0)

That is

diamJ < diamJ,

where the diam of J denotes the length of interval J.

In this way, by induction, we get the sequence of closed intervals

2.2, 2..

with the property that diamlI, < %diamIH for (k=2,3,4,..) and {k e N:f(|T(x)I) € I} € £1) for
(k=1,2,3,4,..). Then, there exists a & € nI, where k € N such that & =1I—limf(|T(x,)|) showing
that x = (x,) € 7 is I-convergent. Hence the result.

THEOREM 2.4  Let f, and f, be two modulus functions and satisfying A, — Condition, then

(a) X(f,) € X(f,f),
(b) X(f)n(fy € X(f, +1,)
for x= 5", s, M’ and MIS

Proof (a) Letx =(x,) € Sj(fz) be any arbitrary element. Then, the set

{keN:f2<|T(xk)|)ze}eI (2.11)
Lete > 0and choose § with 0 < § < 1such thatf;(t) <e, 0 <t <6.

Let us denote

ve=h(1Tx01)

and consider

likmf1(.Vk)= im fi(y)+ lim f ()

Y, S6,keN Y >6,keN
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Now, since f, is an modulus function, we have

lim fi(y) <f,(2) lim (y) (2.12)

Y, <6,keN Vi <8,keN
For y, > 6, we have

Y Y
yk<§k<1+gk

Now, since f, is non-decreasing and modulus, it follows that

Y 1 1, (2
fl(yk) < f1 (1 + Ek> < §f1(2)+ Efl <Tk>

Again, since f, satisfies A, — Condition, we have

1, W)

1,0)
fl(yk)<§KT SK==

Thus, f, (v,) < K22f, (2) Hence,

lim f,(v,) <max{1,Ks7'f,(2) lim (v, (2.13)

Y, >6,keN Y >8,keN

Therefore, from Equations 2.11-2.13, we have (x) € S!(f,f,) Thus, S!(f,) ¢ S(f,f,). Hence,
X(f,) € X(f,f,) for ¥= SI. For x= 8", M’, and M, the inclusions can be established similarly.

(b) Let x = (x,) € S(f,) N S!(f,). Let e > 0 be given. Then, the sets

{keij|nﬁn)ze}eI (2.14)
and
{keij|nﬁn)ze}eI (2.15)

Therefore, from Equations 2.14 and 2.15 the set

{keNxﬁ+gm|n&n)ze}eI

Thus, x = (x,) € S'(f, + f,)- Hence, S'(f,) n S(f,) € S!(f, +f,). For ¥= 5", M., and M., the inclusions
are similar.

For f,(x) = x and f;(x) = f(x), Vx € [0, c0), we have the following corollary.
COROLLARY 2.5 X C X(f) for X= S, S, M, and MISQ
THEOREM 2.6  For any modulus function f, the spaces Si (f)and Mlsn(f ) are solid and monotone.
Proof we prove the result for the space Sj(f). For Méﬂ (f), the proof can be obtained similarly.
For, let (x,) € Si(f) be any arbitrary element. Then, the set
{keN:f(|T(xk)|>2e}eI (2.16)

Let (a,) be a sequence of scalars such that
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| |<1, forallk e N

Then the result follows from Equation 2.16 and the following inequality.

f( [ T(ex,) | ) =f< [ T(x) | ) <l o | f< [ T(x) | ) Sf< [ T(x) | ) forallk e N

That the space Sj(f) is monotone follows from the Lemma (I). Hence Sﬁ(f) is solid and monotone.
THEOREM 2.7 The spaces S'(f)and Mg(f ) are not neither solid nor monotone.

Proof Here we give a counter example for the proof of this result.

Counter example. Let [ = I and f(x) = x for all x € [0, ). Consider the K-step Z, of Z defined as
follows.

Let (x,) € Z and let (y,) € Z, be such that

X, ifk iseven,
Y = .
0, otherwise

Consider the sequence (x,) defined as by x, = 1for allk € N. Then(x,) € S'(fyand M’s(f) but its K-step
preimage does not belong to S'(f) and Mls(f). Thus, S'(f) and Mfg(f) are not monotone. Hence, S'(f)
and M(f) are not solid by Lemma(l).

THEOREM 2.8 If (x = x,) and (y = y,) be two sequences with T(x - y) = T(x)T(y). Then, the spaces S
and S!(f) are sequence algebra.

Proof Let(x = x,) and (y = y,) be two elements of S!(f) with T(x - y) = T0)T().
Then, the sets

{keN:f(|T(xk)|>ze}eI (2.17)

and

{keN:f(lT(ka)zG}eI (2.18)

Therefore,

{keN:f(|T(xk).T(yk)|>ze}el

Thus, (x,).(y,) € SX(f).

Hence, S!(f)is sequence algebra. For S'(f), the result can be proved similarly.
THEOREM 2.9 Let f be a modulus function. Then, SX(f) c S'(f) c SL(f).

Proof The inclusion S!(f) c S'(f) is obvious.

Next, let (x,) € S'(f). Then there exists some L such that

{keN:f(ITx)-L])>e}el
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We have

F(ITo) 1) < SF(1Te)=L1) +F(51L1)

N| =

Taking supremum over k on both sides, we get (x,) € Sio(f)
Hence, S!(f) c S'(f) c SL(H)
THEOREM 2.10 If f(x)=x for all x €[0,00] Then, the function h:M’S(f) — R defined by

h(x) =1 -limf(| T(x,) ), where M(f)=S_(f)nS'(f) is a Lipschitz function and hence uniformly
continuous.

Proof Clearly, the function 72 is well defined. Let x = (x), y = (y,) € MIS(f), X#Y.
Then, the sets

Ac={keN:f(ITO-hx) )2l x-yll, } €l

A = {keN:f(1ITw)-hy 1) 2l x=y I, } €1

where
Ix-=yl,= Sl:Pf( [Tx)-TW 1)

Thus, the sets

B, ={keN:|Tx)-hax) <]l x=Yy |, } € £D

B, ={keN: [Ty -y <l x-yl, } € £D)

Hence, B =B, nB, € £(I), so that B # @ Now, taking k € B, we have

[ 2G) = W) 1120 =T 1+ 1 T =T 1+ T - I3 T x =y |,

Therefore, h is Lipschitz function and hence uniformly continuous.

THEOREM 2.11 If f(x)=x for all x € [0, 0] and if x = (X,), y = (¥,) € Mls(f) with T(x - y) = TOOT(y).
Then (x - y) € M(f) and h(xy) = h(x)h(y) where h: My(f) — R is defined by h(x) = I - limf(| T(x,) |).

Proof Fore > 0, the sets

B, = {k e N:|T(x,) — h(x)| < €} € £(I) (2.19)
B, = {k e N:|T(y,) — h(y)| < €} € £0) (2.20)
where|| x -y |.=e€

Now,

IT(X) = ROORW)] = ITXITY,) — TR + TXORY) — AOORY)|
< TOIIY, = RO+ 1)1 1X, — AKX (2.21)

As Mg(f) c S_(f), there exists an M € R such that|T(x,)| < M and |a(y)| < M.
Therefore, from Equations 2.19-2.21, we have

IT(XY,) — hOOR(Y)| < Me +Me = 2Me
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forallke B, n B, € £().

Hence (x -y) € MIS(f) and a(xy) = A(X)hy).
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