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Thermal Coupling in Laminar Flow 
Double-Pipe Heat Exchangers 
Thermal interaction between the streams of laminar flow double-pipe heat exchangers 
is investigated theoretically by accounting for axial conduction along the wall sep­
arating the fluids. In a countercurrent arrangement, thermal coupling is demon­
strated to have a definite influence on all the more important heat transfer parameters, 
such as the wall temperature, the heat flux density, the local entropy production 
rate, and the Nusselt number distributions. The overall performance of the device 
is considered under a second law point of view, and a complete parametric study 
is carried out. 

1 Introduction 
Parallel plate and double pipe heat exchangers find current 

application in industrial processes for energy conversion. The 
need for accurate sizing of the equipment and its thermody­
namic optimization increases when the temperature difference 
between the fluids decreases and becomes paramount when a 
very high efficiency is demanded. 

A basic unit essentially consists of two flow passages sep­
arated by a conducting wall. Through this, the two heat carriers 
thermally interact, flowing either concurrently or countercur-
rently. A double-pipe device can therefore be schematized into 
a couple of concentric tubes, the inner one providing the heat 
transfer surfaces. 

As discussed in classical thermal engineering textbooks (Kays 
and London, 1984; Kakac et al., 1981; Spalding, 1984), two 
essential assumptions are customarily made in the design of 
heat exchangers: (/) The film coefficients are considered to be 
insensitive to the longitudinal distribution of both the heat flux 
and the surface temperature; and (ii) they are taken to be 
uniform, irrespective of the heat exchanger length. There is 
substantial evidence (Stein, 1966a) that based upon the above 
assumptions, the sizing of the heat transfer surfaces is satis­
factory for turbulent flow conditions. The local heat transfer 
rate is scarcely influenced by the thermal boundary conditions 
in those cases, and the thermal inlet region usually covers a 
small part of the heat transfer length. When dealing with lam­
inar flow conditions, however the thermal inlet length can often 
be of the same order of magnitude as the heat exchanger length. 
Film coefficients are by no means uniform and also become 
very sensitive to the thermal boundary condition. Since the 
two streams are thermally coupled by the conducting wall, the 
boundary condition for each of them is not defined a priori. 
It is instead dependent on the geometry and the thermal prop­
erties of the wall, other than the operating conditions of the 
device. The problem is made even more complex when axial 
conduction along the wall is taken into account. Axial wall 
conduction affects both the distributions of the heat transfer 
coefficients and the overall thermal performance of the device. 

In this paper, the effects of thermal coupling in double-pipe 
heat exchangers are dealt with. Heat conduction along the wall 
is accounted for in the analysis and its influence on heat ex­
changer effectiveness and entropy production is discussed. 

2 Literature Survey 
The earliest investigations on double current laminar heat 

exchangers are due to Stein (1964,1965a, 1965b) who presented 
an analytical solution for concurrent flow. The mathematical 
aspects associated with countercurrent flow were first discussed 
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by Nunge and Gill (1965). They also presented extensive results 
for double-pipe heat exchangers (Nunge and Gill, 1966). The 
approach was based upon the reduction of the primitive dou­
ble-region problem into a couple of one-region Sturm-Liou-
ville problems. Coupling conditions had to be matched at the 
common boundary, and an equivalent of the orthogonality 
condition devised over both regions. This constitutes a major 
difficulty in orthogonal expansion solutions and the accuracy 
of the procedure used by Nunge and Gill has actually been 
questioned (see Stein, 1966b, and Blanco et al., 1968, for 
discussion). Stein (1966a, 1966c) presented a generalization of 
the method for both concurrent and countercurrent flow. The 
method was extended by Blanco and Gill (1967) to the case of 
slug flow rather than fully developed laminar flow, while the 
effects of axial conduction in the fluids were considered by 
Nunge et al. (1967). The superposition of known solutions in 
the form of the Duhamel theorem was applied to the concurrent 
case by Gill et al. (1968). An alternative approach is based on 
the expression of the temperature field in each stream in terms 
of unknown functions of the heat flux across the walls, thus 
creating a system of cross-linked integral equations to be solved 
numerically. This was adopted by Bentwich (1970, 1973) to 
deal with two-stream and multistream parallel-flow heat ex­
changers. An original general methodology for conjugated 
problems was presented by Papoutsakis and Ramkrishna 
(1981). The energy equation was decomposed into a system of 
first-order differential equations, which again gave a Sturm-
Liouville problem. Sample temperature distributions in con­
current and countercurrent heat exchangers were presented on 
account of axial heat conduction in the two streams. An ef­
ficient algorithm for solving two Sturm-Liouville equations 
coupled at a common boundary was given by Mikhailov (1972, 
1973a). The analytical solution was based upon a finite integral 
transform and applies to a wide class of conjugated boundary 
value problems. A specialized version of the method for con­
jugated Graetz problems was formulated by Mikhailov (1973b, 
1983) and illustrative examples were presented by Mikhailov 
and Shishedjiev (1976), among which the case of concurrent 
double pipe heat exchanger was treated. The same problem 
has recently been treated by Cotta and Ozisik (1986) using a 
more refined version of the same method. Finally, a fully 

• numerical solution for developing flow in countercurrent dou­
ble-pipe heat exchangers has been presented by Lin and Tsay 
(1986). 

Under the assumptions of fully developed laminar flow and 
constant property fluids, a few general comments can be made 
on the thermal behavior of double-stream heat exchangers. 

With concurrent flow: 
(/') A thermally developed region always exists asymptot­

ically. This may or may not be attained in practical cases, 
depending on the heat exchanger length. The length of the 
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thermal inlet region is a function of the wall thermal resistance, 
fluid properties and the operating conditions. 

(/;) Asymptotic values of the heat transfer coefficient can 
be significantly less than those corresponding to the boundary 
condition of uniform wall temperature, condition (T), for 
single-stream cases. They cannot be larger than values corre­
sponding to the boundary condition of uniform heat flux, 
condition (H) (Stein, 1965a). Such behavior is consistent with 
single-stream heat transfer results when imposing an expo­
nentially decreasing heat flux at the duct wall (Shah and Lon­
don, 1978). 

(Hi) Distributions of the heat transfer coefficient in the 
thermal inlet region show good agreement with single-stream 
solutions for case (T). Despite this, the wall temperature can 
exhibit significant longitudinal variations (Gill et al., 1968). 

With countercurrent flow: 
(/) The heat transfer rate decreases monotonically from 

the extremities to the central part of the heat transfer length 
where a minimum is always achieved. Eventually, a central 
region of thermally developed flow can occur, according to 
the heat exchanger geometry and the operating conditions. 

(ii) Asymptotic values of the heat transfer coefficients are 
never less than values corresponding to case (T), but can be 
significantly larger than reference values for the boundary 
condition (H) (Stein, 1966a). 

(Hi) For each stream, the heat transfer coefficient is 
bounded by single-stream solutions (T) and @ close to the 
entrance (Lin and Tsay, 1986). It may be worth noting that in 
spite of the influence of thermal coupling on the distributions 
of film coefficients an overall heat transfer coefficient can still 
be defined. According to the Seban et al. (1972) approximate 
method, this can be used with sufficient accuracy. 

(iv) The effect of axial heat conduction in fluids is generally 
negligible for Peclet numbers greater than 100 (Nunge et al., 
1967). 

In all the above literature, the effect of axial conduction 
along the wall separating the two streams was overlooked. This 
has been recognized to have a definite effect on heat transfer 
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Fig. 1 Schematic of the double-pipe heat exchanger 

efficiency in countercurrent flow (Kroeger, 1966; Barron and 
Yeh, 1976) and crossflow (Chiou, 1983) heat exchangers. Very 
accurate results for the laminar flow case were given by Mori 
et al. (1980) for parallel plate countercurrent heat exchangers. 
Sample data for both concurrent and countercurrent double 
pipe heat exchangers were presented by the authors (1984a). 

Double-stream heat exchangers have also been extensively 
investigated from a thermodynamic point of view, and many 
valuable second law analyses can be mentioned (see, for ex­
ample, Bejan, 1977; Golem and Brzustowski, 1976; Ciampi 
and Tuoni, 1979). In all of them, however, the lumped system 
approach has been employed, while assuming a uniform heat 
transfer coefficient and omitting axial wall conduction. The 
latter effect was considered by Chowdhury and Sarangi (1983), 
who also derived a simple formula to optimize the thermal 
conductivity of the wall. That criterion has been found to be 
valid even in the case of laminar balanced counterflow heat 
exchangers (Pagliarini and Barozzi, 1984b, 1985). 

3 Analysis 
The system under consideration is schematically depicted in 

Fig. 1. Two Newtonian constant property fluids are assumed 
to flow under steady and laminar conditions through the equip­
ment with fully developed velocity profiles. Internal heat gen­
eration, viscous dissipation, and axial heat conduction in the 
fluids are neglected. 

According to the notation in the figure, indexes 1 and 2, 
respectively, designate the inner and outer stream. It is assumed 
that heat is transferred from stream 2 to stream 1. The fluid 

Nomenclature 

a = internal radius of the inner 
duct (Fig. 1) Nu = 

b = internal radius of the outer Pe = 
wall of the outer duct (Fig. 1) q = 

B = radius ratio = b/a 
cp = specific heat at constant pres­

sure Q = 
dh = hydraulic diameter 
H = ratio between the flow-stream r' = 

capacity rate of outer and in- r = 
ner flow = (m cp)2/(m cp)x 

@ = thermal boundary condition s = 
referring to uniform wall heat 
flux S = 
thermal conductivity T = 
nondimensional thermal con- T0 = 
ductivity = k/k\ (T) = 

Korit = optimum K value = Pei/ 
[2(1 + H~% from Chowdhury 
and Sarangi (1983, equation u' = 
(ID) « = 

L' = dimensional length of the heat 
exchanger U = 

L = nondimensional length of the x' = 
heat exchanger = L'/a x* = 

L* = nondimensional length of the 
heat exchanger = L' /(2 a Pe{) z* = 

m = mass flow rate 

k 
K 

opt 

Nusselt number (equations (8)) 
Peclet number =U dh (cp p/k)f 
nondimensional heat flux at 
the solid-fluid interface (equa­
tions (6)) 
heat transferred per unit time 
from stream 2 to stream 1 
dimensional radial coordinate 
nondimensional radial coordi­
nate = /•'/« 
rate of entropy production per 
unit volume 
rate of entropy production 
absolute temperature 
absolute inlet temperature 
thermal boundary condition 
referring to uniform wall tem­
perature 
dimensional axial velocity 
nondimensional axial veloc­
ity = u'/U 
fluid mean axial velocity 
dimensional axial coordinate 
nondimensional axial coordi­
nate = x'/(2 a PeO 
nondimensional axial coordi­
nate = L*-x* 

r = 

8 
A 

e = 

©iv 

p 
a 

nondimensional inlet tempera­
ture of the outer stream = 

wall thickness 
nondimensional wall thick­
ness = (b/a) 
heat exchanger effectiveness 
(equation (14)) 
nondimensional tempera­
ture = 777q, 
nondimensional bulk fluid 
temperature (equation (7)) 
nondimensional temperature at 
the wall-fluid interface 
density 
nondimensional rate of en­
tropy production per unit vol­
ume (equation (9)) 
nondimensional rate of en­
tropy production 

f = 
s = 
X = 

w = 
1 = 
2 = 

fluid 
solid 
local value 
wall-fluid interface 
inner stream 
outer stream 
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temperature is uniform at the inlet sections; the condition 
7o2> 7M therefore holds. 

For the sake of brevity, the mathematical problem is directly 
stated in nondimensional terms. Use is made of symbols and 
definitions given in the Nomenclature. The system is subdi­
vided into three physically homogeneous regions, namely, 
stream 1, stream 2, and the solid wall separating the fluids. 

For each region the energy equation is written: 

Stream I: 

dx* \r dr dr2 Osx*<L*, 0 < r < l (1) 

Oi(0, r) = Gm 

ae, 
-r1(x*,0) = 0 
dr 

(la) 

(lb) 

Solid Wall: 

d2Qs 

(2) 

(2a) 
ae5 ae, 
^(o, , - )=^(^)=o 

^2^ ' l 3 9 2 + 3je2 

i r dr dr 
0 < x * < L , 

Stream 2: 

dx* H 

1 + A < r < 5 (3) 

©2(0. r) = ©02 (concurrent case) 

Q2(L*, r) = Q02 (countercurrent case) 

ae2 

(3«) 

dr 
(x*,B) = 0 Ob) 

In equations (1) and (3), U\ and u2 are nondimensional dis­
tributions of the fluid velocity, as given in the literature (e.g., 
Shah and London, 1987, Chap. 5, p. 78, and Chap. 12, 
p. 205, for circular and annular ducts, respectively). Pe! is the 
Peclet number for the inner stream, H is the thermal capacity 
ratio of the streams, H=(mc^2/(mc^\, and A is the nondi­
mensional wall thickness. 

Continuity conditions for the temperature and the heat flux 
apply at the interfaces: 

Q,(x\ l) = 9,(x*, 1), 

Q2(x*, 1+A) = 9s(x*, 1+A), 

ae, aes 
-^(x*,l) = Ks-^(x*,l) (4a) 

a©2 
dr 

(x*, 1+A) 

KsdQ< 

=F;-a7(^1+A) <«> 
The wall temperature and the heat flux at the solid-fluid 

interfaces, as well as the bulk fluid temperature and the local 
Nusselt number, have practical significance. They are defined 
as 

ewi=es(x*, i) 
ew2=es(x*, i+A) 

/ae,\ 

*-*'< i+A>(tX 
9^ = 1+8 ]0 <7,rfr 

(5a) 
(5b) 

(6a) 

(6b) 

da) 

eb2=T+-
8 B p 
+ AH J° Qid^* 

Q\ 

Nu, 

Nu^ = 2 • 
6ivi_9fti 

2 £ - ( l + A ) q2 

K, / 1+A G . 2 - 9 . 

(lb) 

(8«) 

(Sb) 
A2 

By definition equation (6b), the heat flux density q2 is referred 
to the inner wall surface (r= 1) to allow direct comparison with 
q{. Equations (5b), (6b), and (8Z?) hold for both the concurrent 
and the countercurrent flow case. Equation (lb) is written for 
countercurrent flow heat exchangers. The proper form for the 
concurrent flow case is obtained by changing the variables z* 
and f* with** =L* -z* and £* = L* - f , respectively. Finally, 
T in equation (lb) is the ratio of the inlet fluid temperatures 
T02 and Tol measured on the thermodynamic Kelvin scale. 

The overall rate of entropy production, S, will be used to 
quantify the heat transfer process according to a second law 
point of view. Following London and Shah (1983), this quan­
tity is nondimensionalized as 

E = 
ST0] 

where Q is the total amount of heat transferred per unit time 
from stream 2 to stream 1. 

The local entropy production rate per unit volume, s, is 
nondimensionalized and is expressed as follows (de Groot and 
Mazur, 1962): 

k,aTm i / / i ae\2 /ae\2\ i / / i aey /ae\2\ 
32 \ \ 2 P e ! dx*) +\dr) J e 

Equation (9) holds for the solid wall. It applies to the fluid 
regions as well, viscous dissipation in the fluids having been 
disregarded. The total entropy production rate can be split 
into three terms E b E2, and Ei( pertaining to the fluid streams 
and the wall, respectively. One therefore has 

E = E, + E2 + ES (10) 

The latter term is given as: 

, J0 asrdrdx* (11) 

Similar expressions can be written for E] and E2. However, 
the following alternative forms have been used here: 

(12«) E ^ P e . J / ^ - ^ 

E2 = 47r(l + A)Pei j 0 92^—-^)dx* (126) 

These or equivalent expressions are commonly found in the 
literature (see, e.g., equation (5) from Bejan, 1982), to calculate 
the entropy production rate in pipe flow heat transfer. Equa­
tions (12) are used here for convenience, since Qb, Qm and q 
are known at the end of the computational procedure, while 
the temperature distributions in the fluids are not. Also, equa­
tions (12) allow the numerical results to be checked against the 
integral entropy balance. This reads 

S = : 
1 

a „ • « r•OneM(L*) + Hln(eM (Z.*) / r ) ) (13) 

The thermodynamic performance of heat exchangers is usu­
ally expressed in terms of the effectiveness, e, and defined as: 

Q 
e = z :— j z , -zrz (14) 

(mcp)^ (T02-T0l) 
From equations (13) and (14), the following relations be­

tween E and e are easily demonstrated: 
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Ks = 1 0 0 0 0 (conduction) 

K s = 1 0 0 0 0 

K„:100 

z* 2 

Fig. 2 Axial distributions of bulk fluid and wall (radially averaged) non-
dimensional temperatures; H = 1 , Pe, = 500, £ = 100, S = 6, A = 0.5, and 
K, = 1 

10" — z * 2 

Fig. 3 Axial distributions of the nondimensional heat flux at wall-to-
fluid interfaces; H = 1 , Pe, = 500, £ = 100, B = 6, A = 0.5, and K, = 1 

1 

i - i / r 6 ( r - i r 
In [ l - f e ( r - l ) ] 

+ / f In •-M-F (15a) 

for H> 1, and 

— - — = - — ^ - 2 J - I n [l + e / / ( r - l ) ] 
1-1/T t(T-\f{H L 

+ ln 1-e 1 (156) 

for H< 1. The quantity (1 - 1/T) is used here as a normalization 
factor for E. 

4 Procedure and Accuracy 
A seminumerical method had been suggested (Barozzi and 

Pagliarini, 1984, 1985) to deal with conjugated heat transfer 
in pipe flow. This has been extended to the case of parallel 
flow heat exchangers. The technique relies upon the application 
of the superposition principle at the solid-fluid interfaces, and 
the numerical solution of the energy equation in the wall, by 
a finite element method. A detailed description of the method 
having been given elsewhere (Barozzi and Pagliarini, 1985), 
the procedure will be simply outlined here. 

By applying the Duhamel theorem at the solid wall bound­
aries, one has 

22 

1" 

10 

6 

\ \ 

(T; 

I ' 

^ < ^ ^ * . 

Ks=10000 - n o axial conduct ion J 

Ks=10000 

Ka=100 

® 

, . 1 . 

2 x * — 10 2 5 10 2 - 5 - 2 10 5 2 10 — z * 2 

Fig. 4 Axial distributions ot the local Nusselt number (or inner stream, 
and reference one-stream data for boundary conditions (H) and ( f ) ; 
H = 1 , Pe, = 500, £ = 100, B = 6, A = 0.5, and K, = 1 

Fig. 5 Axial distributions of the local Nusselt number for outer stream, 
and reference one-stream data for boundary conditions (H) and ( f ) ; 
H = 1 , Pe, = 500, £ = 100, B = 6, A = 0.5, and K, = 1 

ew(X*)-ebl(.x*)=qm Nu„(x*) 

5 xt 

0 

d<7i(D 
N U ^ J C ' - D d$* 

d£* (16) 

The expression holds for both streams 1 and 2. In the case 
of countercurrent flow, however, x* and £* must be replaced 
by z* and f*, respectively, when referring to the outer stream. 
Nu// designates the local Nusselt number distribution for a 
uniformly heated circular (stream 1) or annular (stream 2) duct. 
Nu// values are from the literature (Shah and London, 1978). 
Equation (16) allows the wall-to-fluid temperature differences 
to be computed for arbitrary distributions of the heat flux. 

The computational procedure is iterative. It is initialized with 
guessed distributions of Qb and Nux. These complete the set 
of boundary conditions for equation (2). The energy equation 
in the wall is solved numerically, by a finite element method. 
Triangular elements with linear temperature distribution are 
used in the discretization procedure. From the distribution of 
Qs, updated values of qu g2, 9 J I , and 9(,2 are obtained through 
equations (6) and (7) respectively. Wall-to-fluid temperature 
differences are then computed by equation (16) and Nux dis­
tributions obtained from equations (8) to start a new run. The 
prescribed convergency level was based on the total heat trans­
fer rate, Q, and set equal to 0.001 percent. In all the cases 
considered, convergence was achieved in less than 14 iterations. 
Distributions of Nux, q, Qw, and Qb are available at the end 
of the computational process. The entropy production rates 
are thus computed by equations (9)-(12). Temperature distri­
butions in the fluid streams are not needed and not computed. 
However, they can be obtained by superposition, when nec­
essary. 

Previous numerical experiments with single-stream problems 
(Barozzi and Pagliarini, 1984, 1985) showed that the accuracy 
of Nux values is better than 2 percent. Direct comparison with 
results for the two-stream case is more difficult, since no tab­
ulated data have been found in the open literature. Two checks 
have been attempted against the available results given in 
graphic form for the countercurrent case. Omitting axial con­
duction in the wall, Qw and Nu* distributions have been com­
pared with Nunge and Gill's (1966, Figs. 5 and 7) results. 
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Fig. 6 Axial distributions of local entropy production rate (radially av­
eraged) for the wall; values referred to the mean values of as; r = 2, H = 1, 
Pe, = 500, L = 100, S = 6, A = 0.5, and K, = 1 

Maximum deviations of 6 and 10 percent have been found, 
respectively. This can be considered acceptable in view of the 
moderate level of accuracy of the results given by Nunge and 
Gill (1966), as discussed by Stein (1966b, 1966c). No results 
being available on account of axial wall conduction in double-
pipe heat exchangers, a version of the program has been spe­
cifically prepared to provide comparison with the data of Mori 
et al. (1980) for parallel plate heat exchangers. The agreement 
with the results shown by Mori et al. (1980, Fig. 10) has been 
very good. 

5 Results 
Both the concurrent and countercurrent flow configurations 

have been investigated. However, only results for the coun­
tercurrent case will be presented and discussed in detail. 

From the above analysis, the nondimensional groups rele­
vant to the problem are Ks, Kf, B, A, L, H, and Pe^ The 
absolute temperature ratio T also appears in the formulation 
as far as the problem is considered under a second law point 
of view. Throughout this analysis, T is kept constant at a value 
of T = 2. It is worth pointing out that, for any value of V, 2 
can be computed by equations (15) from given values of e and 
H, Note that the effectiveness concept derives from first law 
considerations; thus e is independent of T. The range covered 
by the present investigation is as follows: Z = 10 and 100; 
A = 0.5 and 2; 5 = 3 and 6; Ks=\, 10, 100, 1000, and 10,000; 
Kf = 0.\, 1, and 5; Pe! = 500,1000, and 10,000; H= 0.5, 1, and 
2. 

The effect of thermal coupling of the two streams is well 
illustrated by the distributions of heat flux and temperature 
at the wall interfaces, as well as the fluid bulk temperature 
and the Nusselt number for the two streams. Plots of those 
quantities are presented in Figs. 2, 3, 4, and 5 for a relatively 
long (L = 100), balanced (H=l) heat exchanger. All these 
quantities are independent of T. Data for that single case allow 
the general trend of the results to be described. Note that in 
the figures use is made of two separate scales for x* and 
Z*=L* -x*, one running left to right and one running right 
to left, from the extremities to the middle of the device length. 

When overlooking axial heat conduction in the wall, heat 
transfer results are characterized as follows (Pagliarini and 
Barozzi, 1984a); (/) The temperature of the incoming fluid 
coincides with the wall temperature at the inlet section; (H) the 
nondimensional heat flux density is point by point equal on 
the two sides of the wall, and, typically, its distribution shows 
a minimum in the central part of the heat transfer region; and 
(Hi) for each stream, the distribution of the Nusselt number 
rapidly decreases near the inlet section of the stream, Nu* 
ranging between Nuj-and Nuwdistributions (i.e., single-stream 

\ \ Ks= 1 

2 I > L - — i 1 L - J — i 1 1 1_—i 1 r r ~ " 

2 x * — 10 2 5 10 2 - 5 - 2 10* 5 2 103 — z- 2 

Fig. 7 Axial distributions of local entropy production rate (radially av­
eraged) for the inner stream; values referred to the mean value of <jf; 
r = 2, H = 1 , Pe, = 500, t = 100, 8 = 6, A = 0.5, and K, = 1 

I 1 L - j - ^ • i-^—i • , 1 - , — , , L _ _ J 1 
2 x * — 10 2 5 10 2 - 5 - 2 10 5 2 10 — z * 2 

Fig. 8 Axial distributions of local entropy production rate (radially av­
eraged) for the outer stream; values referred to the mean value of <r2; 
r = 2, H = 1 , Pe1 = 500, L = 100, B = 6, A = 0.5, and K, = 1 

results for boundary condition (T) and (H), respectively). Nux 
plots take on a minimum, and eventually show a constant value 
region in the central part of the heat exchanger. 

All the above trends are modified in the presence of axial 
conduction in the wall: 

(/') Two isothermal areas are created at the wall-to-fluid 
interfaces, close to the extremities, and the wall temperature 
does not coincide any further with the inlet fluid temperatures 
at x* = z* = 0. The wall-to-fluid temperature difference and the 
length of the isothermal zones both increase for increase of 
axial conduction effects. This is well illustrated in Fig. 2 where 
the effect of the wall conductivity is stressed. It is observed 
that for increasing Ks, the wall temperature tends to become 
more uniform, and the outlet temperature of the internal 
stream, Qti(x* =L*) decreases while 9M(Z* =L*) increases cor­
respondingly. As a consequence, the total heat flux and the 
effectiveness of the heat exchanger reduce. 

(ii) Axial wall conduction also uncouples the heat transfer 
processes on the two sides of the wall. Plots in Fig. 3 still 
display a general trend similar to the one observed in the 
absence of axial conduction up to Ks= 100: A central zone is 
found, where the heat flux density is uniform and equal over 
the two sides of the wall. The situation completely changes for 
high Ks, the q plots taking on a monotonically decreasing trend 
from the inlet to the outlet with one single crossing point. 

(Hi) The effect of axial wall conduction on the distributions 
of the Nusselt number is demonstrated by the coincidence of 
Nux with the corresponding (circular duct or annulus) single-
stream solution, case (T), near the inlet section. Farther down­
stream, both Nux and q reach an asymptotic value in the cases 
shown in Figs. 4 and 5. For low Ks values this may be higher 
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Table 1 Effectiveness of counter-current heat exchangers, 0 = 6 and 
K, =1 

xf w1 K/ w? irf irf TO' itf 103 «J icP 10' io2 itf id110° TO' TO? xf irf K, 

Fig. 9 Normalized nondimensional entropy production rate, as a func­
tion of nondimensional thermal conductivity of the wall, Ks\ T = 2, B = 6, 
and K/ = 1; legend: w: in the wall; 1: in the inner stream; 2: in the outer 
stream; r: total value; o: Pe, = 500; o: Pe, = 1000; • : Pe, = 10,000 

than the fully developed one-stream value, case @ , but ap­
proximates solution (T) for increasing Ks. 

Distributions of the local entropy production rate in the 
streams and the wall are presented in Figs. 6, 7, and 8 for 
T = 2. Here, a has been averaged radially over the section of 
the region (stream or wall) concerned, and referred to the mean 
entropy generation rate in the region itself. The results allow 
some insight to be attained into the irreversible nature of the 
heat transfer process. 

It can be observed first, that distributions of a in the wall 
and the streams are quite sensitive to variations in the wall 
conductivity. For Ks= 10,000, the local entropy production in 
the fluids is maximum at the inlet sections, and decreases 
monotonically downstream. For reducing Ks, the plots of at 
and a2 take on a less regular trend, eventually presenting in­
termediate maxima and minima, and the values decrease pro­
gressively at the inlet, while increasing in the outlet regions. 
The local entropy generation rate in the fluids is related to q, 
Qw, and Qb as from equations (12). The above behavior can 
therefore be interpreted in the light of Figs. 2 and 3 from which 
it is possible to deduce that the maxima in oi and a2 correspond 
to axial positions where either the heat flux density or the wall-
to-fluid temperature difference are relatively high. 

Distributions of as indicate that the effect of the radial ther­
mal resistence of the wall is dominant when Ks is low. Entropy 
generation is a minimum in the central region and a maximum 
at the extremities for Ks=l. Such a trend is typical in the 
absence of axial conduction (Pagliarini and Barozzi, 1984b). 
The situation is completely reversed when Ks is very high. For 
Ks= 10,000 a maximum is found in the middle of the wall 
length, where the axial temperature gradient is higher. The 
entropy production falls to zero at the wall extremities, where 
the wall is isothermal. Case Ks = 100 represents an intermediate 
situation where the entropy production rates due to the axial 
and radial conduction tend to be in balance. All the above 
trends are not substantially modified by variations of H over 
the range covered by this analysis. 

The role of the wall conductivity, Ks, has been particularly 
stressed by the results. However, the significance of the ob­
servations is more general, results for low Ks values being 
representative of situations where the effect of heat conduction 
along the wall is moderate, and vice versa. 
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Ks- 1 

.115 

.063 

.069 

.067 

• .037 

.040 

.010 

.005 

.006 

1 

K5- 1 

.572 

.310 

.378 

.378 

.214 

.234 
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.037 

.040 
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K5- 1 
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.027 
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Ks- 1 

.525 

.305 

.330 
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.184 
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.026 
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10 

.155 

.088 
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.055 
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.019 
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.20? 
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,488 
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.078 
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.157 

.090 

.102 

.098 
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.064 
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.014 
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.662 

.409 
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.305 

.100 
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.066 
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.227 
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091 
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C 
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.099 

.095 

.055 
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.020 
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.014 

E 
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.647 

.401 

.457 
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.268 
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E 
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.227 
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E 
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.702 
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.597 

.376 

.431 

.438 

.257 

.289 
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.056 
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10000 

.227 
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.628 

.437 
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.525 
.597 
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.415 
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.100 

Kopt 

.157 
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.101 

.097 

.056 

.063 
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.013 

Kopt 

.662 
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.464 
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.304 

.100 
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.066 

Kopt 
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.146 
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Kopt 

783 
.509 

582 

602 
.362 

.403 

.153 

.086 

.095 

*: no axial conduction. 

The number of the relevant nondimensional quantities being 
so large, their influence on the thermal behavior of the device 
cannot be considered in terms of the local entropy production 
rate. The effect of each parameter is more conveniently esti­
mated by resorting to the total entropy production rate E, or 
the heat exchanger effectiveness, e. 

The nondimensional entropy generation rate E, and its com­
ponents, Lt, L2, and Es, are shown in Fig. 9. Values of e for 
changing A, L, Peu H, and Ks are presented in Table 1. Values 
of effectiveness corresponding to the optimum value of the 
wall conductivity, A'opt, have also been computed by the same 
procedure for all the cases considered, and results listed in 
Table 1. Kopt is defined according to Chowdhury and Sarangi 
(1983, equation (11)) and is a function of Pe! and H. Finally, 
results in the absence of axial wall conduction are given for 
the sake of comparison. These are for Ks= 10,000. 

It is pointed out that the effectiveness of the heat exchanger 
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no longer increases monotonically with Ks, as it would do in 
the absence of axial conduction in the wall. Instead, for any 
choice of Pe[ and H, a minimum can be identified for E, and 
a corresponding maximum for e at an intermediate value of 

For low Ks, most of the entropy production is concentrated 
in the wall, due to the effect of radial heat conduction. In a 
short heat exchanger (L = 10), while increasing Ks the contri­
bution of the wall decreases monotonically, the wall ap­
proaches an isothermal condition, L„ goes to zero, and Lu E2 
approach a constant value independent of Ks. In a long device 
(L = 100), however, the increase in the entropy production due 
to axial conduction in the wall competes with the reduction in 
the radial contribution for increasing Ks. Thus, a minimum is 
observed in Es for K„ of order 100. This is found to be rep­
resentative of a condition of maximum effectiveness and min­
imum total entropy production. Neither a situation of the wall 
being isothermal nor E having a constant value is usually found 
in a long heat exchanger for Ks up to 10,000. 

From data in Table 1, it is observed that e is a minimum 
for H= 1 irrespective of the choice of other nondimensional 
quantities. When analyzing the results in terms of the entropy 
production rate, however, it is found that E[ decreases and E2 
increases systematically for increasing Hfrom 0.5 to 2. Overall, 
the total entropy production rate, E, is practically insensitive 
to variations of H for short heat exchangers (L= 10). Varia­
tions of E with H are less than 1 percent in those cases. The 
same holds true for long heat exchangers (L= 100), provided 
that Pei > 1000. For lower values of Pej and L = 100, however, 
changing H from 0.5 to 2 produces a definite increase in E 
(from 5 to 20 percent). From a second law point of view, then, 
operating conditions corresponding to values of//higher than 
one should be avoided in high-performance devices. 

Increasing Pei always reduces the negative influence of lon­
gitudinal heat conduction, but also causes deterioration in the 
overall performance of the device. 

Long heat exchangers are found to be more sensitive to the 
variation of the wall conductivity than short devices. This 
finding looks contradictory since the effect of axial heat con­
duction is expected to be more pronounced when L is low. 
However, it must be emphasized that short heat exchangers 
are basically characterized by a very high rate of entropy pro­
duction. Any additional contribution to it is thus of moderate 
importance in relative terms. 

Table 1 indicates that values of e are higher for A = 2 than 
for A = 0.5. When interpreting such a behavior, it should be 
born in mind that increasing A at equal Pej and H produces 
a relative increase of the mean fluid velocity of the external 
stream, the flow rate remaining unchanged. The effectiveness 
of the heat exchanger increases as a consequence. The same 
holds true for reducing B as can be seen by comparing data 
in Table 1 with results given in Table 2. The percentage re­
duction in effectiveness due to axial wall conduction definitely 
increases for increasing wall thickness, while it is little influ­
enced by variations in the pipe diameter ratio. It is worth 
pointing out, however, that the entropy production inherent 
in the fluid-dynamic process is not taken into account in this 
analysis. That term increases for an increase in the mean ve­
locity of flow. 

All other quantities being fixed, the effectiveness also in­
creases monotonically for increasing Kf, as from Table 3. That 
behavior should be ascribed to the reduction of the convective 
thermal resistence of the external stream that occurs for in­
creasing Kp 

The criterion given by Chowdhury and Sarangi (1983) to 
predict the optimum value of the wall conductivity was based 
on some crude approximation. Nonetheless it is found to agree 
very favorably with the results of the present analysis. From 
data in Table 1, the values of e obtained for Ks = Kopt system­
atically approach the maximum. The criterion tends to become 

Table 2 Effectiveness of countercurrent heat exchangers, S = 3 and 
K,=i 

A=0.5 L=100 i c 
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11 

83 
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Ks" 1 

.676 

.414 

.460 

• ,472 
.270 
,292 

.088 

.047 

.050 

10 

.792 

.511 
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.601 

.359 

.398 

.147 

.082 

.091 

100 

.802 

.521 

.593 

.616 

.370 

.412 

.158 

.089 

.099 

1000 

.775 

.510 

.585 

.605 

.366 

.408 

.158 

.089 

.099 

10000 

.682 

.466 

.549 

.561 

.346 

.391 

.154 

.087 

.097 

Kopt 

.802 

.521 

.593 

.615 

.369 

.411 

.157 

.089 

.098 

Table 3 Effectiveness of countercurrent heat exchangers for different 
values of K,; B = 6 and Pe, = 500 

H 
J 

0.5 
1 
2 

0,5 
1 
2 

0.5 
1 
2 

L=I00| 

Ks' - 1 

.192 

.113 
134 

.572 

.340 

.378 

.725 
451 
.501 

10 

,200 
,119 
142 

.655 

.403 

.457 

.857 

.568 

.642 

100 

.201 

.120 

.143 

.662 

.409 

.465 

.867 

.581 

.659 

e 

1000 

.199 

.119 
141 

.647 

.401 

.457 

.833 

.568 

.652 

10000 

.195 

.116 

.137 

.597 

.376 

.431 

.707 

.508 

.614 

slightly less accurate and reliable when the effectiveness is very 
low. 

As far as concurrent flow heat exchangers are concerned, 
computations have been restricted to the case of balanced flow, 
H= 1. Results have been presented elsewhere (Pagliarini and 
Barozzi, 1984a). They indicate that the effects of axial con­
duction in the wall are minor, with respect to the corresponding 
counterflow cases. Local quantities, such as the wall and the 
fluid temperatures, are actually only moderately influenced. 
The overall effectiveness of the device is totally unaffected by 
the presence of heat conduction along the wall. 

6 Concluding Remarks 
Local and overall effects of thermal coupling in laminar 

counterflow double-pipe heat exchangers have been considered 
on account of axial heat conduction in the wall separating the 
streams. The range covered by this analysis has been delib­
erately limited, in view of the considerable number of geo­
metric, thermal, and flow parameters involved in the problem. 
A few conclusions of a general validity are however permitted. 

It is observed first that conduction along the thermally active 
wall may have a definite effect upon the distributions of the 
most important thermal quantities, such as the wall temper­
ature, the heat flux, the bulk fluid temperature, and the Nusselt 
number. The extent of such an influence depends however on 
a number of geometric, thermal, and flow variables, forming 
a set of seven independent nondimensional groups. Therefore, 
local effects of thermal coupling and axial wall conduction 
have been mainly concerned with the effect of the wall con­
ductivity parameter, Ks. The presence of axial wall conduction 
is revealed by the wall temperature tending to become longi­
tudinally uniform. The effect starts at the wall extremities, 
where two isothermal regions are observed, however low the 
value of Ks is. These lengthen progressively for increasing Ks, 
finally covering the entire heat transfer section as the wall 
conductivity tends to infinity. Correspondingly, the two streams 
become thermally uncoupled in the sense that each current 
approaches the thermal behavior typical of a single-stream 
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case, subject to the boundary condition of uniform wall tem­
perature. In the limit of high Ks values, then, single-stream 
Nur correlations apply. 

The thermodynamic behavior of the equipment can either 
be considered under a traditional first law point of view, or 
expressed in terms of the entropy production rate following a 
second law approach. It is observed that the two methods lead 
to perfectly equivalent results as far as the overall performance 
of the equipment is concerned. In fact, the heat exchanger 
effectiveness, e, and the total entropy production rate, E, are 
related in a very simple way. The second law approach, how­
ever, gives a deeper insight into the irreversible nature of the 
heat transfer process, and therefore offers a more reliable 
design tool. 

The performance of countercurrent heat exchangers has been 
investigated, as affected by the operative conditions, the ther­
mal properties of the wall and the fluids, and the geometry of 
the equipment. 

Results indicate that increasing the Peclet number, e.g., by 
increasing the flow rate, while leaving constant the heat ca­
pacity ratio, H, always produces a reduction in the heat ex­
changer effectiveness. On the other hand, for increasing H 
from 0.5 to 2, a minimum is observed in e, for balanced heat 
exchangers. In terms of the entropy production rate, however, 
it is found that the performance of the device is influenced 
negatively by high values of H. That conclusion is of chief 
concern for devices whose effectiveness is basically very high, 
as is the case of a long heat exchanger. Increasing the fluid 
conductivity ratio, Kf, has a strong and positive effect on 
effectiveness. Changing the wall thickness or the diameter of 
the outer duct, i.e., changing A or B, all other conditions being 
unchanged, corresponds to considering a quite different phys­
ical situation. The results must therefore be interpreted with 
some care. In any case they indicate a reduction of the per­
formance in the case of a long and very efficient heat ex­
changer, both for decreasing A and increasing B. Also note 
that relatively high values for the wall thickness have been used 
in the present analysis to emphasize the influence of axial wall 
conduction on local quantities. Results are however of practical 
significance, since they offer clear directions for conduction-
penalty minimization. 

The effects of the wall conductivity have been particularly 
stressed in the analysis. It is found that a region of minimum 
entropy production always exists in the range of variability 
considered for Ks. The need for optimizing the wall conduc­
tivity becomes the more stringent as the equipment effective­
ness increases. In this connection, the simple criterion suggested 
by Chowdhury and Sarangi (1983) has been proved to give 
reliable indications over a wide range of operative conditions. 
Thus, the analysis indicates that a proper choice of the wall 
material is needed for the thermal performance optimization 
of laminar flow double pipe heat exchangers. To exemplify, 
if heat is exchanged between two countercurrent water streams 
separated by a copper wall (Ks=*f>00), axial conduction in the 
wall is expected to produce a small, but definite, decrease in 
the effectiveness. The optimum value could be attained using 
a steel wall, characterized by a Ks value of about 100. If, 
instead, a glass wall is used, the order of magnitude of Ks drops 
to 1, and the effectiveness decreases sharply due to the intro­
duction of a high radial thermal resistance. The effects of axial 
wall conduction are more pronounced when gaseous fluids are 
considered. If, indeed, two air streams and a cooper wall are 
used, Ks becomes higher than 10,000. A reduction of a few 
percentage units in the device effectiveness can result, with 
respect to the optimum value. Once again, the latter can be 
approximated using a steel wall (A^» 1000). 

As far as concurrent flow heat exchangers are concerned, 
previous work (Pagliarini and Barozzi, 1984a) has demon­
strated that the effects of wall conductivity are minor. 

This conclusion, however, is restricted to the case of bal­

anced heat exchangers, and further analyses are needed to 
generalize it. 
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