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Two-Dimensional Method for Calculating 
Separated Flow in a Centrifugal Impeller 
A method of calculating a two-dimensional incompressible and inviscid flow within a 
centrifugal impeller where the flow separates from the suction side has been developed. 
Based on experimental observation it has been assumed that mixing of the throughflow 
with the separated region is suppressed. After a description of the calculation method, 
which is rather unusual, some results are presented and the implications discussed. 
The possibility of extending the method to handle compressible flow is outlined. 

1 Introduction 
Many papers have been written on the numerical calculation 

of the flow patterns in centrifugal impellers. There are the 
famous papers of Stanitz [1, 2]1 from the fifties and more re­
cently Katsanis [3] and Senoo and Nakase [4] have produced 
methods more suitable for digital computers. Despite this work, 
the flow in impellers is known to be very often separated; the 
first report of this was made by Fischer and Thoma [5] in 1932. 
Dean [6] has studied this aspect extensively and found that 
the separated region, or wake, may occupy as much as 70 percent 
of the passage area at exit. Moreover the interface between the 
main flow and the wake tends to behave like a low Reynolds 
number shear flow with very little mixing. This effect can be ex­
plained by the stabilizing effect of Coriolis forces on the shear 
layer described by Bradshaw [8] and has been beautifully dem­
onstrated in the work at Stanford University [14, 15]. 

An example of a design calculation method incorporating divi­
sion of the flow into a main throughflow region and a wake 
region is the one-dimensional method of Dean [7], in which the 
mean properties of the flow are treated separately. 

The present two-dimensional calculation is an attempt to 
allow for this separation by means of a simplified mathematical 
model. The steady relative flow in an impeller passage is divided 
into two regions. The flow in the main region is regarded as in­
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viscid and irrotational, while in the wake region there is no flow. 
The boundary between the two is treated as a free shear layer 
without mixing, which behaves rather like an air-water interface. 
The position of this boundary is defined by the condition that 
there is no change in static pressure across it, and that in the 
wake, because there is no flow, the reduced pressure (p — fprQPdr) 
is constant. 

In the throughflow region the equations expressing continuity 
and irrotationality must be solved numerically. The wake 
region affects the solution by determining the position of one of 
the boundaries. During the iterations, the position of the edge 
of the wake varies, and this leads to programming complexity. 
This problem can be avoided by inverting the equation for ir­
rotationality (the continuity equation has been removed by 
using a stream-function ip). The angular coordinate of the lines 
of constant ^ (streamlines) is then the dependent variable, with 
stream-function and meridional distance as the independent 
variables. The value of xf/ is fixed at the edge of the wake. 

The type of impeller considered is one with axial inlet and radial 
outlet, as shown in Fig. 1. Variations in flow properties normal 
to a mean flow surface are not taken into account, this mean 
flow surface being generated by rotation of a meridional line 
about the axis. Between inlet and outlet the shape of the mean 
flow surface, the height of the passage, and the number, thickness 
and shape of the blades are all arbitrary. 

After describing the method, a few results for radial outlet 
and swept-back blades are shown. From these it is possible to 
draw some conclusions about the existing unseparated methods 
of calculation. 

2 Idealization of the Flow 
For the calculation the flow is regarded as inviscid, incom-
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Fig. 1 Impeller with axial inlet and radial outlet 

pressible and irrotational in the absolute frame of reference. I t is 
also considered to be quasi-two-dimensional i.e., not varying 
across the passage in a direction normal to the mean flow surface 
defined previously. The validity of each of these assumptions 
is discussed in the following. 

The inviscid approximation may be criticized for two reasons. 
Firstly, the flow is known to be turbulent over much of the pas­
sage as a result of boundary layer growth, the small passage 
height and the wakes of upstream guide vanes or intake supports; 
secondly considerable losses occur in the passage. Unfortunately, 
the alternatives are also considerably more complicated without 
being much more realistic, while an eddy viscosity with wall slip 
still does not fully model the flow and requires many arbitrary 
constants. 

The incompressible approximation is normally taken to mean 
that density changes resulting from velocity changes may be 
ignored. However, in this case density changes due to the 
centrifugal pressure rise are also being ignored, which is a par­
ticularly bad approximation for compressors, in which pressure 
ratios of six or more are commonly achieved. The possibility of 
incorporating allowance for compressibility into the calculation 
method is discussed in Section 6. 

The assumption that the flow is irrotational in the absolute 
frame of reference is in general incompatible with the quasi-
two-dimensional approximation. Only when the blades are 
shaped so as to accept free-vortex flow can the two assumptions 
be made compatible. In the quasi-two-dimensional approxima­
tion the passage is divided into strips of which PQ in Fig. 3 is 
typical, and then the flow is taken to lie in these strips. However, 
if there is zero absolute rotation of the fluid then there must be 
relative rotation in the sense of the arrows in Fig. 3, which gen­
erally requires a radial component in the flow where the passage 
js axial. Radial flow is not accounted for in this approximation, 

Further along the impeller passage where the mean flow is nearly 
radial the relative rotation of the fluid plays a large par t in 
determining the distribution of velocity. Ellis and Stanitz's 
[9] full calculation of a three-dimensional flow led them to con­
clude that the usual two-by-two dimensional method gave 
adequate results, particularly for the distribution of throughflow 
velocity over the blades. More recent work by Worster [10] 
questions this convenient conclusion. However, for investigating 
the changes produced by allowing a wake region to exist it seems 
reasonable to retain this approximation. 

3 Flow Equations and Boundary Conditions 
3.1 Coordinate System and Equations. I t is usual to have a 

system of coordinates that are orthogonal and fixed either ab­
solutely or relative to a moving impeller. Occasionally stream­
line coordinates are used, in which case they are generally used 
together with their normals, which for irrotational flow in a 
stationary system are the velocity potentials. In the present 
calculation the systems are mixed, with the relative streamlines as 
one coordinate and rotating meridional lines as the other coor­
dinate; together these make up a nonorthogonal curvilinear 
system. 

The equations governing the flow are those of continuity and 
absolute irrotational motion. 

du 

dm 

dv 

dm 

u dr 

r dm 

v dr 

r dm 

u dh 1 dv 

h dm r dd 

r dd dm 

= 0 

= 0 

(1) 

(2) 

These are made nondimensional in terms of ri the tip radius, 
hi the tip height and ui the mean radial velocity a t the tip. In 

c 
h 

H 

hi 

m 
M 

P 
q 

, ,. , £ta 
= rotation number = — 

Ul 
= passage height normal to 

mean flow surface 
= dimensionless height h/hz 
= mesh counters in finite dif­

ference grid (Fig. 4) 
= meridional coordinate 
= dimensionless meridional co­

ordinate = m/n 
= pressure 
= relative velocity 

Q = 

QR --

r = 
R = 
u = 
U = 

v = 
V = 

= dimensionless relative veloci­
ty = q/ui 

= ratio of velocity a t separa­
tion to maximum velocity 
on blade surface 

= radius 
= dimensionless radius = r /r2 

= meridional velocity 
= dimensionless meridional ve­

locity u/u% 
- relative tangential velocity 
= dimensionless tangential ve-

AM, 

a = 

A ^ = 

e = 

e = 
p = 
* = 

o = 

locity = v/tti 
angle between blades in 

radians 
mesh lengths in M, ^ direc­

tions 
angular coordinate in radians 

relative to impeller 
scaled angular coordinate =» 

6/a 
density 
stream function 
angular velocity of impeller 

Suffix 2 value a t impeller tip 
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Fig. 2 Representation of an impeller passage 

addition, 

(7 = ^ 
u% 

e = e-
a 

so that 9 = 0 at the blade tip on the pressure side and 9 = 1 
at the blade tip on the suction side. Capital letters denote the 
dimensionless variables. 

dU 
dM 

V dR 
+ R dM 

VdR 

+ H dM + 
dV 
dM + RdM 

J_ i^7 

Ra ee 

1 dV 
Ra 59 

dR 
dM 

= 0 • (3) 

(4) 

A stream function 41 is introduced, defined by the relations 

U = 
RH ee v = 

—a d\}> 
H dM 

(5) 

These relations satisfy equation (3) identically and also the con­
ditions 

* = 1, 9 = 1 

^ = 0, 9 = 0 
a t f l = 1 

Substitution into equation (4) leads to the stream function equa­
tion 

dty 1 dty 
Q~Mi + RW ~dQi + 

A f f i _ 1_ dH_ \d\fr 
\RdM H dM ) dM 

2CH dR 
a dM 

= 0 (6) 

Fig. 3 Relative rotation at inlet to impeller passage 

When equat ion (6) is solved by finite difference methods there 
are irregular mesh points on blade surfaces t h a t are no t radial . 
More impor t an t there m u s t be irregular mesh points on the free 
shear layer which change as the calculation i teratively con­
verges on the correct shape of interface. I t is to escape from 
this difficulty t h a t the equat ion is changed from the form 

to 

4/{M, 9) = 0 

0(M, f) = 0 

I n the M, 4> system all the boundaries of the flow field are along 
lines either of constant M (far upstream and downstream) or of 
constant \p (s tagnation streamline upstream, blade surfaces, 
free shear layer and wake). This makes solution of the equation 
by a finite difference method much easier. T h e resulting equa­
tion is 

(£\ 
dtj 

dm 
dM* 

de dQ d*e 
d\f/ dM drpdM 

_1 
+ sr. hn; + dp 

m 
/ i . f*5 _ 1 dH \dO / 6*0 V 
\RdM H dM ) dM \ dip ) 

1CB_ dB / 39_ V 
a dM \ d4> ) 

(7) 

T h e derivation of equat ion (7) from equation (6) is given in 
Appendix 2. 

I n the M, ip system the s t ream function relations are 

U 

RH 
dQ 
dip 

V = 

39_ 
dM 

H 
39 

(8) 

3.2 Finite Difference Forms. Equat ion (7) is nonlinear, b u t 
when centered finite difference expressions for all the 9 deriva­
tions are inserted in to the equat ion i t becomes linear in the value 
of 9 a t t he center point . As an example the first te rm of equation 
(7) is wri t ten ou t in full wi th the notat ion of Fig. 4(a), using 
second order differences. 

\d4/ ) ' dM* \ 2&4/ J 

( 
9.-+1,/ - 2&i„- + 9, 

(AM)8 
LhL \ 

9,-,j only appears once and so the expression is linear in 9,-,y. 
Since 9,-,,- only appears in the expressions for the second deriva­
tives, and because second derivatives are no t multiplied together 
anywhere in equation (7), the whole equation is linear in 9,-,,-
when p u t in to finite difference form. 

T h e finite difference form of equation (7) is solved i teratively 
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I' 
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j + 2 

j + 1 

j " 1 

j " 2 

(b) 

Rg.4(a) Within the field 
(6) By the boundary 

1 = 1 2 3 4 5 

at every internal mesh point. Instead of the second order finite 
difference expressions used in the example above, fourth order 
expressions are used for both first and second derivatives at 
every point that is not adjacent to a boundary, and third order 
expressions at every point that is adjacent to a boundary. For 

<926 
the cross derivative . , . - , which is small, a first order expres-

d\j/dM 
sion is used. These expressions are listed in Appendix 2. 

When at other times in the calculation gradients are required, 
for example for evaluating velocities from equations (8), they 
are calculated from third order expressions, also listed in Ap­
pendix 2. 

3.3 Boundary Conditions. (Sections of the boundary de­
scribed below are shown on Fig. 2. The representation in Fig. 2 
of the flow surface in one passage is described in Appendix 1). 

Upstream. Along AB, a few mesh lengths upstream of the 

impeller, the flow is taken to be axisymmetric. Then -r~r — 1, 
of 

Also the flux of angular momentum across AB, which is equal 
to the prewhirl, is specified. The transverse location of the 
boundary is then adjusted in every iteration to maintain this 
prewhirl. 

Stagnation Streamlines. The streamline ^ = 0, BD, is the 
same as the streamline yp = 1, AC, when it is regarded as belong­
ing to the next impeller passage. Therefore values of 9 at points 
along either line may be calculated from 9 and yp at points Q1 

being found by adding 1 to the values at Q. 

Along the Blades. On the blades \p 
as a tabulated function of M. 

0 or \p = 1: 9 is given 

Separation Point G. The flow is taken to separate from the 
suction side when the velocity has fallen to a specified fraction 
of the maximum velocity reached on that side of the passage. 
A more complicated criterion could be used if sufficient data to 
justify it were obtained. The flow is assumed to remain attached 
to the pressure side at all times, 

Ri + R3 

Ri 

-^ 

SI 

R2 = 1 . 0 0 

Fig. 5 Meridional view of impeller passage 
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Along the Free Shear Layer GJ. In the wake there is no flow, 
so there must be radial equilibrium. 

For incompressible flow 

dp 
- = prfJ2 
dr 

p = 1/2pr2fJ2 + const. 

(p - Ihpr2fJ2) is therefore constant throughout the wake and 
along the shear layer. Along the shear layer, which is also a rela­
tive streamline, Euler's equation holds 

dp + pqdq = prfJ2dr 

p - 1/2pr2fJ2 = - Ihpq2 + const. 

So along the shear layer 1/2pq2 and therefore Q are constant. 
From equation (8) 

(a) Attached Flow (QR ~ 0) 

(b) QR ~ 0.70 

(c) QR ~ 0.)0 

(9) 

the value of Q2 at separation. 

The finite difference form of equation (9) is solved iteratively at 
points along the shear layer to find its position. 

Along the Shear Layer FK. From the influence of the Coriolis 
acceleration on stability one would expect to find that mixing 
was intensified on this shear layer, and that the liquid surface 
analogy was therefore particularly inappropriate. However, the 
assumption made here is the same as that for the shear layer GJ. 
This is mainly for simplicity, because an error in the pl'edietion 
of the flow in this region is unlikely to have much influence on 

Flg.6 Relative streamlines In radial-tipped Impeller at C = 3.0 
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the flow in the impeller passage itself. However, the streamline 
FK may be so sharply curved that it is in fact stabilized. Such 
unexpected stabilization of the shear layer leaving the pressure 
surface has been demonstrated experimentally by Senoo and 
Ishida (13), but the corresponding region of GJ is then de­
stabilized. 

Across the Outlet. At the downstream boundary the flow may 
either be still divided into a jet and a wake as in Figs. 2 and 6(c), 
or the wake may have closed up as in Fig. 6(6). In the first case 
the flow across JK is taken to be uniform and at the same 
velocity as on the shear layers. In the second case the flow is 

ae 
taken to be axisymmetric with -r-r = 1. 

In either case the transverse location of the downstream 
boundary is adjusted in each iteration to insure that the flow 
leaves the impeller smoothly in the direction of the trailing edge. 

3.4 Torque and Flux of Angular Momentum. The torque on the 
impeller is calculated by integration of the pressure difference 
across a passage along the length of the passage. Comparison 
of this quantity with the change in flux of absolute angular 
momentum from inlet to outlet serves as an additional check on 
the method. 

The flux of absolute angular momentum across an arc is useful 
for estimation of the upstream whirl and the slip factor. It is 
also useful as a check on the accuracy of the numerical method, 
since it should not vary with radius downstream of the impeller. 

The expression for the flux is 

r Ra(V + Cff)# 

= R*Ca + Raf Vdrp 

Integration is by Simpson's rule. 

4 Preliminary Results 
4.1 Attached Flow. A test of the calculation method is to 

compare its predictions fdr a fully attached flow with those of 
Stanitz [1]. In Stanitz's example the positions of the streamlines 
were calculated for R > 0.675, with the assumption that at that 
radius neither the inlet nor the outlet influenced the flow, so 
that the flow direction was purely radial while at the same time 
the flow was still irrotational. For the comparison, where the 
flow in an entire impeller passage is calculated, an impeller was 

chosen with an arbitrary but convenient shape for R < 0.675. 
In this impeller the blades were thin, straight and radial from 
R = 0.60 outwards, and the shape of the passage in the meridional 
plane was as shown in Fig. 5, with Ri = 0.35, Rz = 0.25, and 
H = \/R throughout the impeller and also in the vaneless dif-
fuser. The blade inlet angle of 45 deg gave approximately zero 
incidence at C = 3.0, the value chosen by Stanitz. 

The streamline patterns obtained with the two calculation 
methods are shown superposed in Fig. 7. The differences be­
tween the two are discussed in Section 5.1. 

4.2 Separated Flows. The cases calculated with separated 
flow fall into two groups, those in which the velocity ratio to 
separation was varied and those in which the rotation number 
(or throughflow) was varied. 

For a radial-tipped impeller the flow pattern was calculated 
at six values of QR; 0.0 (attached flow), 0.60, 0.70, 0.80, 0.90 and 
0.99. From the solutions at QR = 0.0, 0.70 and 0.90 the stream­
line patterns are reproduced in Fig. 6 and the blade velocities 
plotted in Fig. 8. The variation of the slip factor with QR is 
plotted in Fig. 9. 

In both radial tipped and backward curved impellers flow pat­
terns were calculated with varying rotation number for both 
separated and attached flow. The variations in slip factor are 
plotted in Fig. 10. Streamline patterns for separated flow in a 
backward curved impeller at three different rotation numbers 
are reproduced in Fig. 11. 

The coordinate transformation for plotting the streamlines 
is described in Appendix 1. 

4.3 Impeller Shapes. Just two impeller shapes were used for 
all the calculations except the comparison with Stanitz's results. 
The radial-tipped impeller is shown in the meridional view in 
Fig. 5, with Rl = 0.40 and R3 = 0.30. The inlet angle was 60 
deg, and the blades were straight and radial from R = 0.70 
outwards. The blade thickness was 2 percent of the passage 
width, tapering to zero at inlet and outlet. The passage height 
H varied inversely as the square root of the meridional coordinate 
M, where M = 1 at the tip, an arrangement which gave an area 
ratio of approximately 1:2.2. There were twenty blades. The 
vaneless diffuser was of constant depth. 

The backward-curved impeller was identical except that the 
blades were curved back from being radial at R = 0.70 to an 
angle of 30 deg to the radius at the tip. 

5 Discussion of Results 
5.1 Comparison With Stanitz. The comparison in Fig. 7 be-

Fig, 7 Relative streamlines in attached flow 
(a) From present calculation method 

(£>) From Stanitz (Reference [1]) 
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0 0 . 1 0.2 0 .3 0.4 0 .5 0 .6 0 .7 0 .8 0.9 1.0 

F r a c t i o n of Mer id ional Dis tance along passage 

Fig. 8 Blade velocities in radial-tipped impeller at C = 3.0 

tween an attached flow calculated with the present method and of the streamlines a t the impeller tip is that whereas Stanitz 
one calculated by Stanitz [1] shows a slight difference in the predicted a slip factor of 0.892 the present method predicts one 
streamline patterns. The effect of the difference in the directions of 0.92. Whether the difference between these figures is due to 

1 . 0 0 

0 . 9 5 

S l i p 
F a c t o r 

0 . 9 0 — 

0.85 

0 . 8 0 

0 .4 0 .5 0 . 6 0 .7 0 . 8 0 . 9 1 . 0 

QR 
Fig. 9 Variation of slip factor with velocity ratio to separation in 
radial-tipped impeller at C = 3.0 
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attached 
B separated at 

1.00 
QR ~ 0.80 

Backward-curved, attached 

Backward-curved, separated 
at QR = 0.80 

ip 
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D 

------C 0.95 

__ ----------------A 
0.90 c 

A 
~-liesner 

B 

0.85 

0.80 

o 1.0 2.0 3.0 4.0 5.0 c 
Fig. 10 Variation of slip factor with rotlltlon number 

coarseness of the fini te difference mesh or a more fundamen till 
Clll\se has not yet been determined. Downstream of the impeller 
the flux of absolute IIngular momentum ~hould not vary; how­
ever, a variation of 1.2 percent is found in the calculation here. 

Although the agreement between the 8treamline patterns pro­
duced by the two methods is fairly good in this example, it 
would not be so at a higher rotation number. In the finite dif­
ferenee form of equation (7) in Section a.I, e must remain a 
single-I'alued function of .ft, with the result that a recirculation 
bubble of the type calculated by Stanitz at. high rotation num­
ber (low flow) would not be predicted. This is a mino\' drawback 
to the calculation method liS such recirculation is not found in 
real impellers. ' 

S.2 Velocity Ratio to Separation. The choice of the ratio of the 
velocity at separation to the highest velocity attained on the 
suction side i~ at this stage arbitrary. Values quoted range from 
about 0.4 for turbulent to about O.!);) for laminar boundary 
layer" in stationary system~, and it. is likely thttt in the pre~ent 
clISe of a turbulent layer with ~ltppre.~sed mixing the best value 
will be between these two figure~. 

The velocity di~triblttion over the blade surfaces plotted in 
Fig. 8 shows that there is a large reduction in velocity over the 
last part of the blade when the flow is attached. If this actually 
occurred there would be a corresponding large pressure gradient 
in this region which would probably lead to separation. When 
there is separation the modification of the rest of the flow field 
leads to an adver~e pre8sure gradient in the IlISt part of the How 
before it separates, which means that specificatioIl of a maximum 
adverse velocity gradient would be an uIlsuitable criterion for 
determining the position of the Hepamtion point. 

From the streamline patterns of Fig. () it can readily be seen 
how for a higher ratio the sepamtion is earlier, the width of the 
wake i.~ greater and the wake penetrates further downstre!Lm into 
the diffuser before closing lip. In this example the ratio of the 
tip velocity to t,he highest velocity on the suction side is about 
O.;ia when the flow is attached, so specification of a lower ratio 
to separation would lead to prediction of attached flow. 

5.3 Slip Factor. The slip factor is important since it is pro­
pOl·tional to the work input to the impeller. It is therefore useful 
to be able to predict it accurately. As the velocity ratio to separa-
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tion is increa.~ed Fig. 9 shows how first the slip factor decreases 
as the suction surface loses its guiding influence on the flow, and 
then increase!:! again lIS the flow becomes more like a jet following 
the pressure surface. 

Most correlation methods for predicting slip factor, such as 
those discus~ed by Wiesner [121, take no account of any variation 
with flow rate. Indeed Stanitll [2] in hig calculations on a radial­
tipped impeller found no significant variation. However, Fischer 
and Thoma [.11 observed that the flow followed the blades of a 
b!wkward-cltTved impeller more closely, and therefore the slip 
factor increased, as the throughflow was reduced. Also Johnston 
and Dean (13) in Fig. 11 of their paper showed that for a radial­
tipped impeller the slip factor rose from 0.8 to 1.0 as the rotation 
number (the inverse of a flow coefficient) was raised from 2.0 to 
6.5. 

Fig. 10 shows the variation of slip factor with rotation number 
for four cases, i.e., radial and backward curved impellers, each 
with attached flow and flow that separated at a velocity ratio of 
O.SO. In curve A, for attached flow PlISt radial blades, ~he small 
variation of less than 1 percent agrees with the findings of Stanitz 
l2J. In curve B for separated flow there is a reduction of the slip 
factol' to values nearer those of about 0.87 tabulated by Wiesner 
[12] from measurements all impellers. The increase of slip factor 
a.~ the rotation number is raised from 2.0 to 5.0 is in the correct 
sense, but st.ill not large. 

In curves C and D for backward curved blades the variation 
of slip factor with rotation number is in tJlC oppo~ite direction 
to that found with radial blade8. 'fhi.., can be explained by the 
way in which the blades do les'S work on the fluid as the flow rate 
is increased, until at C = 1.0 the fluid is doing work on the blades 
over the last part of the impeller p!lSsage, leading to a slip factor 
grcat{~r than 1.0. The streamline pattern for this case is shown 
in Fig. 11 (c). The situation described by Fischer and Thoma 
[;iJ, where the flow becomes a thin jet along the prC8sure surface, 
lel\ding to I\n increased slip faetor, WIIS not reached because the 
area ratio of the impeUer W!lS not large enough. 

For cOlllparison the slip factor of Wiesner's formula is marked 
on Figs. 9 and 10. For t,he type of impeller considered here the 
value of Busernann':; slip factor is almost identical, according to 
the graphical comparhlOn of the two slip factJrs presented by 
Wiesner [12]. 
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( a ) C 

( b ) C 

Fig. 11 Relative streamlines in backward-curved impeller with 
separation at QK = D.80 

5.4 Effect of Varying Throughflow on the Wake. Fig. 11 shows 
the streamline patterns in the backward-curved impeller at 
three different rotation numbers. As the rotation number is 
reduced from 5.0 to 1.0 (the throughflow is increased) the separa­
tion point moves very little and the width of the wake at the tip 
is almost unchanged. However, the distance that the wake 
penetrates downstream into the diffuser is greatly increased, 
Johnston and Dean [13] considering a jet and a wake entering a 
diffuser predict a much more rapid closing up of the wake, but 
the trend is in the same direction. 

6 Extension to Compressible Flow 
The system of inversion of the stream function equation de­

scribed in Section 3.1 is applicable to compressible flow just as 
to incompressible flow, but the addition of the density as another 

variable further complicates the equations. 
The compressible form of equation (7) contains the density 

and density gradients. The equation defining the compressible 
stream function relates the relative velocity to the density and 
the steam function gradients. A third equation derived from 
the steady flow energy equation and the perfect gas laws relates 
the same variables, so from these three equations there is enough 
information to solve for both the streamline pattern and the 
density distribution. 

On the free shear layer the boundary condition is more com­
plicated than before. Now the absolute static pressure variation 
along the streamline bounding the flow must match the abiabatic 
centrifugal pressure rise in the wake. From this condition an 
equation for the density distribution along the shear layer may 
be obtained, and from this the velocity distribution. 
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7 Conclusions 

7.1 With the jet and wake calculation method described in 
this report it has been shown how the streamline pattern and the 
()v(,rall parameters for the flow in a centrifugal impeller are 
(:hangcd by altering the flow rate, the ability of the suction side 
boundary layer to withstand ditTllsion, or the impeller shape. 
The few result,~ presented here are merely examples of the types 
of variations that ean be studied. 

The magnit.ude of the slip factor predieted with the separated 
flow calculation for 1\ radial-diseharge impeller WItH nearer to 
that found in machines than the higher figures predicted with 
attaehed flow, and the variation with flow rate was in the right. 
direction. In II. backward curved impeller the effect of separation 
on the slip factor was smaller and in the opposite direction. 

7.Z Further Work. The incomprcssihle flow model should now 
be applied to some actual impeller designs to see how its predic­
tions compare wi th observations. 

The efTecls of compressibili t,y should be incorporated in to the 
calculation method so that it can be usc(1 to predict the flow 
ill a high pressure ratio impeller, for comparison with experi­
mental results. 

An experimental program is ill progress in which the incom­
pressible flow in a single rotating reetangular channel is being 
stu(lied. I n this work a eri terion for separation of the flow from 
the suction side is being sought, oi ther of the velocity ratio type 
uscd in the present calculation method 01' perhaps a limit of the 
velocity gradient along the wall before separation occurs. 
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APPENDIX 1 

Representation of the Impeller Passage 

The mean flow surface in an impeller passage cannot he de­
veloped into II. flat surface without distortion. Therefore a 
method has been found to present the flow surface in a diagram 
such as those of Figs. 2, 6, 7 and 11. The transformation de­
Hcribed here is acceptable only if the angle between the blades 
is not large. 

The transformation is 

x = M - ;l { 1 - cos [ (0 - 00) ~~ ] } 

dM 

y= .!!.-sin [(0 - 00 ) dR ] 
dR dM 
dM 

whcre 00 is chosen to keep the distortion small. In the axial inlet 
region these l'ed\\ce to 

X M 

Y R(O - 00 ) 

which represent.~ a true development of the cylindrical flow sur­
face. In the radial outlet region they reduee to 

X R cos (0 - 00 ) 

Y R sin (0 - 00 ) 

which represents the radial plane in a true view. In the mixed 
flow region there is distortion of the flow surface, which is only 
slight for II. twenty-bladed impeller. 

A~PENDIX 2 

Inversion of Stream Function Equation and List 
of Finite Difference Expressions 

Za Der/vat/on of Equat/on (7) from Equat/on (6). In this section 

h . ay; I' d h t f h f .1, t e notatIOn as .I{ IS lise to mean t e ra e 0 c ange 0 ." 

with S at eonst.ant M. 
The firs t necessary relation is 

(A) 

From the identity 

ay; I 
aM 9 

as I 
?M ." 
as I 
oy; M 

(B) 

These relations slIbHtitnted into eq\lations (il) lead to equations 
(il) for the velocities in terms of the other variablcs. 

Maniplliation of the identity 

al<' \ til<' = _ .. - dM + 
aM Ie 

of I aF I aF I - .. de = -- (lL"! + a./: dy; 
at).1f aM ." ." M 

(C) 

where I<' is any dependent variable leads to 
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dM1 

3(3 

3<A 
2 320 
udM* + 2 

30 30 
M dM 

3*0 
,̂ d\j/dM -C-\ Y 3»0 

3^2 

/ 3 0 V 

W My 

(D) 

and 

3V 
302 

_ 3201 

/ 30 I V 
\ 3i^ \M / 

(E) 

Relations (B), (D) and (E) are substituted into equation (6) 
to obtain equation (7). 

2b Finite Difference Expressions. For points that are not 
adjacent to a boundary such as P in Fig. 4(a), the following 
fourth order finite difference expressions for the derivatives are 
used. 

30 = -0.-42.J + 80 i + 1 J - 80J-1,,- + 0<+8,y 
dM 12AM 

- e<ta,j + 160.-+1,,- - 3O0,-,,- + i60;_M - e,-_,.,-320 
dM* 12(AM)2 

• A • -i • * dQ A d*e 

with similar expressions for -r-r and -T-T- . 
3 ^ 3^2 

For points that are adjacent to a boundary, such as Q in Fig. 
4(6), these third order expressions are used. 

50 = - 29i,y - 30 2 J + 603,,- - &,,• 
dM GAM 

320 = 0i.y - 29,,, + 9 3 J 

3M2 (AM)2 

At all points the following first order expression is used for 
the cross derivative, which is small everywhere except close to 
the leading edge when there is incidence. 

320 
dyj/dM 

0J+1.J+1 — 01-1, j+1 + 01-1, J-l — 0if 1,,;-

4A^ • AM 

For calculation of a gradient normal to a boundary, such as at 
R in Fig. 4(6), which is needed to obtain the velocity on a balde 
surface, this third order expression is used. 

— = 2 6 M ~ 9Qa,j + 1802,,- - 1101,,-
dM 6AM 

All the expressions listed above are derived from polynomial 
approximations to the function 0(M, ^) . 

DISCUSSION 
S. Gopalakrishnan2 

This paper is a significant contribution to the state-of-the-art 
in impeller flow calculation. The explicit recognition of separa­
tion within the impeller, originally proposed by Dr. Robert Dean, 
and now extended to two-dimensions in this paper, is important 
to clarify the impeller flow features. For example, the conven­
tional (i.e. unseparated) impeller flow calculations always predict 
negative velocities on the pressure surface, if the flow rate is 
reduced sufficiently. Usually, this is somewhat embarassing be­

cause this kind of reverse flow is not known to occur in practice. 
It is quite possible that if separation is included, such a reverse 
flow may never be predicted. 

I would like to invite the authors to discuss the following 
points: 

(i) The specification of the boundary conditions at the outlet 
is unclear. In general, for incompressible flow in two dimensions, 
the exit is completely specified if uniformity in the tangential 
direction is imposed along with a form of the Kutta condition. 
In this paper, the Kutta condition seems to be imposed by 
"ensuring that the flow leaves the impeller smoothly in the direc­
tion of the trailing edge". When the wake is closed up, the only 
other condition imposed is axial symmetry. This is fine. How­
ever, when the jet-wake pattern is present, both uniformity and 
the velocity are imposed. This appears to be an over-specifica­
tion. In my opinion, the velocities on the two shear layers need 
not be equal, when the wake is not closed up. A straightforward 
approach would be to move the downstream boundary further 
along, until the wake disappears. Axial symmetry alone need 
be imposed then. 

(ii) It appears that the slip factor is deduced from the absolute 
angular momentum that is calculated in the method. However, 
the method of deducing the slip factor is not mentioned.- For 
non-radial blades, for the same angular momentum, the slip 
factor will depend upon the assumed meridional velocity. This 
velocity may have different values depending upon what is as­
sumed for the through-flow blockage. When comparisons are 
made with (say) the prediction of Wiesner it is important 
to state the disposition of the blockage assumption. This is 
also needed to visualize precisely the work input variation from 
the slip factor variation. 

(iii) The separation point is assumed arbitrarily. Even 
though this appears to be a crude assumption, it may not lead 
to large errors in the overall performance parameters. The ef­
fect of varying QR seems to be very small for the radial-tipped 
impeller. Was this found to be the case for the backward leaning 
impeller too? 

It would be very useful at this stage, to apply the method of 
this paper to actual impeller designs. I hope that the authors 
would be able to do this task and publish their findings in the 
near future. 

R. A. Novak3 

Though they were not the first to observe or to discuss the 
phenomenon, it is evident that the comparatively recent work 
of Dean and Senoo (reference [16])4 and Johnston and Dean 
(reference [13]) has brought about an explicit recognition, if 
not yet a full understanding, of flow separation from the suction 
surface of highly loaded centrifugal impellers, and of the com­
plicated behavior of resulting jet/wake flow in the diffuser. The 
authors of the present paper have made an interesting addition 

'Brag-Warner Corp. Roy C. Ingeraoll Research Center, Wolf & Algonauin 
Rds., Des Plaines, 111. 

'Technical Director, Engineering Mechanica Group, Dynatech R / D Co., 
Cambridge. Mass. 

'Numbers in 16-18 in brackets designate Additional References at end of 
discussion. 
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