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We apply the mixed Petrov-Galerkin formulation to counstruct finite element
approximations for transient and steady-state creep problems. With the new
approach we recover stability, convergence, and accuracy of some Galerkin
unstable approximations. We also present the main results on the numerical
analysis and error estimates of the proposed finite element approximation for the
steady problem, and discuss the asymptotic behavior of the continuum and

discrete transient problems.

1. INTRODUCTION

This paper is an expanded version of the communica-
tion “A new finite element method for nonlinear creeping
flow” (Loula and Guerreiro, 1989a) presented at the I
Pan American Congress of Applied Mechanics, in which
we apply the mixed Petrov—-Galerkin formulation to con-
struct finite element approximations for steady state creep
problems. We now extend this methodology to transient
or elastocreep problems.

Let S R" 1<n<3, with smooth boundary T, be
the domain occupied by an inelastic body subjected to
volume force f. The steady state creep problem we con-
sider here consists in finding the Cauchy stress tensor o
€ — R"X R" and the velocity field u% @ — R, satisfy-
ing

dive®+1=0 in &,
A(o%)=Bu" inQ,

(1)

(2)

with homogeneous Dirichlet boundary conditions
wW(x)=0 onT, (3)

where Bu=(vu+ wvu’')/2 is the creep strain rate and
A(o) is a nonlinear function of the deviatoric part of the
stress tensor,

(4)

with p being the hydrostatic pressure. The operator 4 is
subjected to the internal constraint rd=4:1=0, im-
plying that the creep strain rate must satisfy the incom-
pressibility condition divu = 0 in §, which is the cause of
the main difficulties in constructing finite element ap-
proximations for this class of problems.

1
S=0~—tral=0~pl
n

We will also consider a transient or elastocreep prob-
lem consisting in finding, for each time ¢ € {t,, 1;]. the
Cauchy stress tensor ¢: & — R"X R”, and the velocity
field u: & — R”, satisfying

dive + f=0in @ X £y, 1,], (5)
Cé+A(o)=Bu in QX[ 1], (6)

with
u(x)=0 on I'Xx {1y, 1], (7)

and
o(x,2,) =0%(x) inQ, (8)

where C is the inverse of the elasticity tensor, the dot
denotes time derivative, and o€ is the stress field which
satisfies the associated elastic problem.

2. VARIATIONAL FORMULATIONS

To present the variational formulations for the pro-
posed problems, we need to introduce some definitions In
function spaces. Let

)
/
l<p<eo, (9

LP(Q) = {f,f measurable, fg]f(x) Fdg <+

be the Banach space of functions whose absolute values
are p-integrable in ©, with norm

i/p ‘
1l = (/Q!fl"dsz) viern(), (10)

and dual L9(§), with the duality pairing between L)
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and L9(§2) denoted by (-, -) and defined as

(f49=1é&d9 VieLr(Q),Vge LY(Q),

with1/p+1/9=1. (11)

Let @ denotes the derivative of f in the distributional
sense,

8l

Y= , 12
f ax{xl axz(" ( )

with «, integer natural and |afj=oy+ -+ +a, Let

W 2({)) be the Sobolev space

nt

W r(Q) = {feL7(Q):Va, o sm, 9% e LN (Q)),
(13)

with its usual norm

i/p
Hfll,,,,,,=( D /Iaafl”dﬂ) viewmr(Q).
lal<m ¥
(14)
We now define

U={r=1[n,]). n,=5€LP(Q);i,j=1,...

L

,n} (15)

as the space of stress tensors with norm

1/p
[17;1[,:(/9)@”(1@) VieU, (16)

and
V={v="{v},v,e WH1(Q),i=1,....,n} (17)

as the space of velocity vectors with norm

1/q
1|v[|V=(fQ(|v|"+[VV[")dQ) vveV, (18)

where

Wy i(Q)={fewh"1(Q), f=0onT}. (19)

We shall also use the subspace LJ(Q)={ge L?(Q),
(g,1) =0} of zero average pressure fields, the subspace
Uy={re€ U;(trv,1) = 0} of stress tensors with zero av-
erage trace and the subspace Uy={Te€ U;trT=0} of
deviatoric stress tensors. The variational formulation for
the steady state creep problem we consider here consists
n

Problem M’ Given f € V*, dual space of V, find (¢ u%)
& U, X V such that

(4(a%),7)=b(r,u%) VreU,

b(a®v) =f(v)

(20)
(21)

vveV,
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with
(A(o),'r):fA(S):TdSZ Vo,re U, (22)
Q

b(fr,v)zfv-:Bde Vrel,VveVl, (23)
Q

f(v)=ff-vdsz Vver.fevs (24)
Q

A complete characterization of Problem M® will
depend on the creep constitutive equation defined by the
operator A(-). In particular, we consider the
Odgvist—Norton power law governing incompressible

creeping flow of metal or non-Newtonian fluid, given by

A(o) = p|S|?*S = Bu, (25)

in which u is a constant. When p=2 in (25), M
becomes formally identical to the linear incompressible
elasticity problem with U and ¥ being Hilbert spaces
obtained by products of L*(2) and HY(Q2)= W}, re-
spectively. The classical results by Brezzi (1974) on mixed
methods could be applied to the analysis of this particu-
lar case of M®. An analysis of M° in Banach spaces can
be done using results by Scheurer (1977), where general-
izations of Brezzi's theorems are presented for nonlinear
variational equations or inequations subjected to linear
constraints. In Loula and Guerreiro (1989b) the following
theorem on existence and uniqueness of solution of M °
in Hilbert spaces is proved.

Theorem 2.1. Let U and V' be Hilbert spaces, and A:
U — U a nonlinear operator strongly elliptic in U, and
Lipschitz continuous on bounded sets of U, ie, there exist
constants « > 0 and M(r) such that

(A(Ty) = A(T)), T, - Ty) 2 a|T, - Tyl;; VT,,T,€ Uy,
(26)

(4(n) —A(7),m) < M(")l7 = nllulinly
Vr,neY(r),vnelU, (27)

where Y(r)={r€ U;||7}l,<r}, is any open ball with
finite radius ». Then Problem A has a unique solution
(c%u ey x V.

For the transient creep problem we have the following
variational formulation.

Problem M: Find (o(1),u(t)) € U X V satisfying, for each
time 1 € [1,, 4],

c(d,7)+ (A(o),7)=b(r,u) VrelU, (28)
b(o,v)=f(¥) vveV, (29)

with
(o(15),7)=(0%,7) VreU. (30)
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The forms (A(o),7), b(7,v), and f(v) were already
defined in (22), (23), and (24), respectively, and c(d, 1)
given by

c(d,~r)=/QCd:Tdsz Vé,reU (31)

is such that
(32)

with v > 0, independent of 7. For homogeneous and
isotropic materials,

1+v» v
C(d,’r)z /Q(d:T~ T

o(r,7)2vllrlly VreU,

E v

trotr 'r) dfd

Vi, reU, (33)

where £ is the Young modulus and » is the Poisson
ratio.

We stress that Problem M is formulated in the whole
space U, and not in U, like Problem M?Y: In the transient
creep problem the hydrostatic pressure is determined by
the initial condition of the stress field since we admitted
that the elastic strains are compressible (v < 0.5). There-
fore, if (o(¢),u(¢)) and (0% u®) are solutions of M and
MO, respectively, then we can prove that (Guerreiro,
1988):

lim o(t)=0¢%+cl,

[inadie ol

(34)

(35)

lim u(t) =’

1= o0
with ¢ € R representing a constant hydrostatic pressure.
Due to the strong nonlinearity of the operator A(-), and
considering (34) and (35) it is usual to approximate the
solution of the steady state creep problem by the solution
of the transient problem for sufficiently large time 7. We
will discuss later some aspects of this methodology when
applied to discrete finite element approximations

3. FINITE ELEMENT APPROXIMATIONS

For simplicity we restrict this presentation to bidimen-
sional creep problems and assume that Q@ C R? is a
polygonal domain discretized by a uniform mesh of Ne
elements such that

Ne
Q=9 and @nNQ=9a, e+f

e=1

(36)

where £2¢ denotes the interior of the ™ element and Q¢

its closure. Let Q!(2)c L*(Q) be the space of C!
piecewise polynomial finite element interpolations of de-
gree [, and let SF(Q)= Q5(Q) N HLQ) be the space of
C" piecewise polynomial finite element interpolations of
degree k, with zero value on the boundary. The mesh
parameter 4 is defined as h=maxh,, e=1,2,..., Ne,
with &, being the diameter of element e. We then define
finite element approximations for U and V as U/

— N3
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C U and Vf = (5F)* © V, respectively, and introduce the
subspaces: Qf, = Q4 N LA, UL, = U/n U, and U, =
UlN Uy. The Galerkin approximation for Problem M°
in the space U/, and V)* is given by

Problem M): Find (o), 1Y) € U}, X ¥} such that
(A(Uls))’¢ll):b<Tll’u(}l) VTIIEUO//N
b(“/?v"h) =f(v)

An analysis of this method can be performed using
Scheurer (1977), where generalizations of Brezzi’s theo-
rem on the discrete problem are also presented. Scheurer’s
analysis is based on the following hypotheses:

(37)

vy, evi  (3%)

(H1) (K, (f)-ellipticity of A): There exists a constant
a;, > 0, independent of /, such that

(A(Uh) —A(Xh)v Oy Xh) 2 ayllo, = xullf

VOII’XIIEKh(f>* pzz* (39)

where
Kh(f) = {TIIE (J()Ilz’ [)(le’v/z) :f(vll) Vvlz € Vlll\}
(40)

(H2) (Continuity of A): There exists a constant M, < oo,
independent of 4, such that

14(a,) = A(7) ],
< M, (lo,lly + Imll)” *lloy = mlly

(41)

(H3) (Discrete LBB condition for the velocity field):
There exists a constant 8, > 0, independent of A,

vlglx*”.llE (']h[’ pzz

such that
b ( Ths Vh) !
sup ———— =Bl ll, Vv,eV (42)
e Ul I7all

Due to the internal constraint A4:/ = 0, the opera-
tor A is not elliptic in the whole space U. For this
reason hypothesis (H1) is generally very hard to
fulfill. Normally it depends on the next hypothesis.
(H4) (Discrete LBB condition for the pressure): There
exists a constant 7, > 0, independent of A, such

that
(qlﬂ diVVh)
sup > "7/1”‘1/;”0,,; A qy € QO/I' (43>
v, € Vh/\ ”Vh”V

As presented here MJ is always unstable. For />k
hypotheses (H2) and (H3) are verified but not (H4) and
consequently (H1). For / <k we may verify hypotheses
(H4) and (H1) but not (H3), which governs the stability
of the Lagrange multiplier, in this case the velocity field.
To construct stable Galerkin finite element approxima-

tions for this txge of constrained eQroblems, we have to
.asme.org/about-asme/terms-of-use
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segregate the pressure field from the deviatoric part of the
stress tensor, and interpolate the pressure, the deviatoric
stress, and the velocity fields independently in order to
fulfill hypotheses (H1)-(H4). This fact, of course, causes
serious limitations in approximating this type of problem
using the classical approach. Violation of any of the
hypotheses (H1)-(H4) may cause nonuniqueness of solu-
tion for Problem M}. The most common loss of unique-
ness is due to violation of the discrete LBB condition for
the pressure field, (H4). We observe that if (o, u%) is one
solution of MY, then any other pair (o + P31, u%), with
P e Q,,, satisfying
(5, divy,) =0 Vv, eVf, (44)

is also solution of M. Nontrivial pressure fields Py,
verifying (44), are usually referred to as spurious pressure
modes. For equal order discontinuous pressure and con-
tinuous velocity interpolations, Eq (44) has many nontriv-
ial solutions especially with lower-order interpolations.
These spurious modes cause the instability of Galerkin
approximations. About spurious pressure modes in finite
element approximations of Stokes problem, see Oden and
Kikuchi (1982) and Oden and Jacquotte (1984).

The Galerkin approximation for the transient creep
problem is given by

Problem M,: Foreacht € [1,, ], find (o,,u,) € U/ X VF,
such that

C(dleh) + (A(Uh)’Th) =b(le’Hh) VTIIE l]hl’ (45)

b(ah’vh) :f(vh) v Vi € I/hk’ (46)

with
(0/,(1())7"'/,):(“8’7/1) v 1,€ U (47)

Contrary to Problem M}, even for / = k, Problem M,
has a unique solution. But in the presence of spurious
pressure modes in MY, we should expect the following
asymptotic behavior for the discrete pressure:

lim p,(t) =p)+pf, (48)

[Sadiv el
where p) is the pressure field satisfying M) with the
spurious pressure modes filtered out, and p, is the pro-
jection of the spurious pressure modes on the pressure
initial condition. Therefore, although M, has a unique
solution, it does not approximate well the real solution of
the continuous problem. We also note that misbehaviors,
like locking and spurious pressure oscillations typical of
unstable approximations of steady state incompressible
problems, are masked in the transient case. To overcome
these limitations, we used the mixed Petrov—Galerkin
method introduced in Loula, Hughes, Franca, and
Miranda (1987) in the context of Timoshenko’s beam
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by

Problem PGJ: Find (¢),u9) € U, X V¥, such that
(A/I(O'/?),’Th)Sb(’fh,ll(/),)—‘gh(T,J VTIIE U()I/1> (49)
b(gl(z)rvh) =f(v,) Vv, eV, (50)

where

8h?
(Ah(oh)’ Th) = (A(G/1)> Th) + T(divah?div’rh)h

Vo, € Uy,

(51)

() = —0*(f,div T )h V7€ Uy, (52)

with 0 being a positive scalar, ¢ a viscosity parameter,
and (-, - ), defined as

Hep

(I‘Lh’ (bh)h = Z

j;lt,“e'qbedgz vu‘h’the(Qllr)k* (53)
e=]1
with

2
Nl = (o) Vo, €(04) (54)

where p, and ¢, are the restrictions of p, and ¢, to
element e.

A detailed analysis of PG can be found in Loula and
Guerreiro (1989b), where the following result on exis-
tence, uniqueness and convergence is proved.

Theorem 3.1. For § >0 and /> k > 2, Problem PG, has

a unique solution (o, u}) € U, X V¥ and the following

estimate holds

6% =601, + [u® = uf, < C(“UO = Tyllp, oy + 0~ Vh“l/)
v T < UO/h v Vi = I/hl\’ (55)

with C independent of 4, and

h(dive,divr,),

Noll,.o=lloll,+ sup .
i v [SREAT

W€ U
Vr,€U,divr,#0,6€ U. (56)

The proof of Theorem 3.1 relies on next lemma which
is similar to the verification of hypothesis (H1) for the
Galerkin method but for a modified discrete operator

Ah( . )
Lemma (K (f)-ellipticity of A,). Let

K,(f)= {"'he Ugp» b{m,v) =f(%) Vv, € Vh/‘}
(57)

Then, for § > 0 and k > 2, there exists a constant vy, > 0,
such that

(Ah(ah) + AII(X’I)’ Op— Xh) = ‘Yh”O'h - Xh”l2/

(58)
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The & term, corresponding to a least-square residual
of the equilibrium equation, added to the Galerkin ap-
proximation is crucial to the stability of PG). Admitting
that the exact solution (0%, u®) of Problem M? has enough
regularity and using classical results of finite element
interpolation theory (Ciarlet, 1978), from (55) we obtain
the following a priori error estimate:

”0 “U/,“/,U+“u uh”V C(U uo)h (59)

with C(c¢” u®) independent of h. The same rates of
convergence were derived in Loula, Hughes, Franca and
Miranda (1987) and in Franca, Hughes, Loula, and
Miranda (1988) for the mixed Petrov—Galerkin formula-
tion applied to the Timoshenko beam and linear incom-
pressible elasticity problems. Nonuniqueness of the pres-
sure field for the Petrov—Galerkin formulation occurs
when nontrival solutions of

(P),divy,) =0 Vv, P} (60)
exist, with p) being a piecewise constant pressure field.
This situation only happens when k=1, where a
checkerboard-type mode is present, but this checker-
board mode can be filtered out by post-processing the
pressure (Hughes, Liu, and Brooks, 1979). For the tran-
sient creep problem we have the following Petrov-

Galerkin finite element approximation.

Problem PG,. For each re€ [ty 1], find (o,u,) €
U/ X VX such that
C(dllf”rll)+(Ah(0h)’7h) b(TINUh gh(Th)
v Th & (]/17 (61)
b(ah?vh) :f(vh) v A € I/hk’ (62)
with
(0,(25), ) = (0%, 7,) V€U (63)

The next theorem on the asymptotic behavior of the
approximate solution of the transient creep problem is
proved in Guerreiro (1988).

Theorem 3.2. 1f (o,(1),u,(1)) and (o},uY) are solutions
of Problem PG, and Problem PG}, respectively, then for
k>2and §>0

lim o,(t) =0+ ¢,1, (64)
t—=w
hm u, (1) =uf, (65)

with ¢, &€ R, representing a constant hydrostatic pressure.

Theorem 3.2 shows that the transient Petrov-Galerkin
approximation, like the transient solution of the continu-
ous problem, tends to the corresponding steady-state
solution up to the natural hydrostatic pressure. There-
fore, in this case we can accurately compute the solution
of the steady state problem as the limit of the corre-
sponding transient solution.
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4. ALGORITHMS AND NUMERICAL RESULTS

To solve the nonlinear system of equations generated
by Problem PG), we derived an Uzawa-type algorithm
(Loula and Guerreiro, 1989b), consisting of finding the
sequence of functions (", u7’) € U/ X V} satisfying, for
all m,

Problem PG': Find (S]"*',pi* L ul*1) € UL, X 0L x
VX, such that

(A/,(Sl':lﬂ)»Th) =b(T,,u}) — g,(T,)
8h?
?(VP’I:I’ChVTh)h
v TII = U7/717 (66)
8h?
'T(VP';',’H>VQ;,) (qh,dIVll”H1)
8h? 8h* .
_ﬁ—(Vqlnf)h*« T(dIVS;;I ’th)h
v qh € Qé)/z’ (67)
d(uy !t —wpv,) + o, (p ! divy,)
p'”(f(vh) ( ))1+1 ‘r ))
Vv, eV (68)

where d(-,-) is a bilinear form symmetric, continuous
and V-elliptic, that is, there exist constants M < oo and
£> 0 such that

d(u,v) < Mu||, v, YaveV,
d(v.v) = &wli7,

It is interesting to note that, at each iteration, the nonlin-
ear equation (66) is solved on the element level while (67)
and (68) are coupled but linear. To make possible the
elimination of the pressure degrees of freedom element-
wise, we added the regularization term ¢(p}' ™, q) to (67).
as usual. In Loula and Guerreiro (1989b), the following
result on convergence of this algorithm is proved:

(69)

ve V. (70)

Theorem 4.1. 1f (S, p),u0) is the solution of Problem
PG), and v, and ¢ are the ellipticity constants appearing
in (58) and (70), respectively, then for 0 < p, < 2&y,

lim S} =S, (71)
lim p)=7p), (72)
- 00
lim uf=ul. (73)
11 Bandie ¥l

To solve Problem PG,, corresponding to the transient
creep analysis, we adopted a first-order finite-difference
approximation for the time derivative of the stress field,

resulting in the followm% equernce of discrete problems:
about-asme/terms-of-use
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Problem PGJ: Find (o)L u"Y) € Ul X V}, satisfying

n+l __ on
( ) Oy
Py

Al +(Ah(0!]1’+1>’7h)

s T

= b(”’hsu';xﬂ) —g(m) Vel (74)

(75)

for any n=1,2,..., N, &t = (¢, = t3)/N, with N being
the total number of time steps, and

17(“;7“»"11) =f(v,) Vv,eVf

(oj.7)=(a%.7) Vm€ U, (76)
At each step 1, Problem PG2 can also be solved using
the algorithm derived for the steady state problem.
To illustrate the performance of Galerkin and
Petrov—Galerkin methods, we present numerical results

S
L i N NI
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S T U T S - Coo g
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I T O T T T S
L T N T S S |

LR S P
N L T - 4
e e e e e e e e .. .
\ e e e - e e e e
, R ... .-
L e e . e e . - R
. e e e e e e e e e e
(a) Steady state golution
e YR
L T Vo
| TN T VR T T - o
LI S S S S VAR
[ A O N N P R
VU N N N s e e L
VNN S N — e e,
A N S N e e s

(b) Limit solution
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obtained with these formulations for the classical wall-
driven cavity problem, governed by the Odqvist—-Norton
law with p=4 and p=1 and Hook’s law for homoge-
neous and isotropic materials with £=1 and » =03,
corresponding to steady state solutions and limit solu-
tions of the transient problem for sufficiently large time.
In this analysis we consider a unit square domain with
u;(x,1)=1, u,(x,1) =0, and u =0 on the other bound-
aries, and adopted a uniform mesh with 17 X 17 nodes
with the nine-node element (biquadratic discontinuous
stress and biquadratic continuous velocity interpolations).
In Fig. 1 we present the plots of the velocity vectors and
pressure elevations obtained with the Petrov-Galerkin
formulation, § = 1. The pressure approximations were
post-processed using a least-square smoothing, for plot-
ting. Note the perfect agreement between the steady
solution and the limit solution for both wvelocity and
pressure fields. In Fig. 2 we present the same type of

FIG. 1. Petrov—Galerkin for-
mulation. Vclocity vector and
pressure clevations for the
driven cavity problem.
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FIG. 2. Galerkin formulation.
Velocity vector and pressure
elevations for the driven cavity
problem.
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(b) Limit solution

plots for the Galerkin formulation, which is unstable.
Observe that, although in this case the velocity field
doesn’t lock completely, as it does for the equal order
bilinear element, the pressure obtained with the Galerkin
method is totally unstable for both transient and steady
state approximations. And most important, the limit so-
lution differs from the steady state one.
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