
1

o
v
p
t

e
i
l
t
b
t
t
i
n
i
t
e
m
l
r
t

t
t
s
h
i

j

L

J
r
S
C

J

Downloaded From:
V. Dravid1

P. B. Loke

C. M. Corvalan2

P. E. Sojka2,3

e-mail: Sojka@ecn.purdue.edu

Maurice J. Zucrow Laboratories,
School of Mechanical Engineering,

Purdue University,
500 Allison Road,

West Lafayette, IN 47907-2014

Drop Formation in
Non-Newtonian Jets at
Low Reynolds Numbers
The objective of this study was to develop an experimentally verified computational
model that accurately predicts evolution of shear-thinning liquid jets. A secondary ob-
jective was to investigate the formation of satellite drops and to determine conditions
under which their diameter can be controlled. The model employs the Galerkin finite/
element approach to solve the complete two-dimensional set of axisymmetric governing
equations and the corresponding kinematic and dynamic boundary conditions at the free
surface. The effect of shear-thinning behavior on breakup was studied in detail for the
case of an infinitely long non-Newtonian jet. It was found that shear-thinning behavior
may be useful in controlling satellite drop sizes. (We observe that increasing the shear-
thinning behavior at Re�5 leads to an initial increase in the satellite drop size, followed
by a subsequent decrease.) Comparison of model predictions with experimental data is
presented for the case of a shear-thinning non-Newtonian jet. The experimental liquid
was pumped through a capillary and drop shapes obtained using a high speed camera.
The experimentally obtained shapes were compared to those predicted by the model and
found to be in good agreement. �DOI: 10.1115/1.2956612�
Introduction
Drop formation in jets of non-Newtonian fluids is a commonly

bserved phenomenon. Applications in industry are widespread,
iz., encapsulation processes for controlled drug delivery, inkjet
rinting, spray drying of starches, spray painting, and emulsifica-
ion.

Liquid jet dynamics were first considered by Rayleigh �1� who
xamined the linear instability of an infinitely long viscous thread
n an inviscid fluid. Linear and nonlinear analyses of Newtonian
iquid thread breakup have been reviewed by Eggers �2�. In con-
rast, the analysis of viscoelastic liquid threads �3,4� and the
reakup of purely viscous, shear-thinning, non-Newtonian liquid
hreads are still in its infancy. Yildirim and Basaran �5� analyzed
he one- and two-dimensional breakup of a shear-thinning stretch-
ng bridge and showed that the difference between Newtonian and
on-Newtonian bridges is significant for a large zero-shear viscos-
ty, but insignificant for low zero-shear viscosity. They also noted
hat the evolution of a shear-thinning liquid bridge can be mod-
led as a Newtonian liquid bridge of lower viscosity, and that
odifying the shear-thinning behavior might be useful in control-

ing or eliminating the formation of satellite drops. Finally, they
eported discrepancies between results obtained from one- and
wo-dimensional analyses.

Doshi et al. �6� and Renardy and Renardy �7� proved the exis-
ence of self-similar solutions near pinch-off for power-law shear-
hinning liquid threads, using a one-dimensional nonlinear analy-
is and a one-dimensional linear analysis in both the viscous and
igh inertia limits, respectively. They concluded that viscous and
nertial forces were equally important near pinch-off.

To summarize, current literature has merely begun analyzing
ets of shear-thinning non-Newtonian fluids. While similarity so-
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lutions explain the singularity of the jet at breakup, they are un-
able to predict drop sizes or drop shapes in shear-thinning jets.

To address this limitation we report the effect of power-law
shear-thinning behavior for the case of a two-dimensional axisym-
metric filament, at Re=5, by solving the entire Navier–Stokes
equations. The arbitrary Lagrangian-Eulerian �ALE� Galerkin/
finite element method, as described by Campana et al. �8�, was
employed to solve the ensuing system of nonlinear governing
equations. We compare model predictions against experimental
data obtained using jets of power-law non-Newtonian fluids exit-
ing from capillary tubes. Drop formation from these capillary jets
was captured using a high speed digital camera. Agreement is
excellent.

2 Method of Approach

2.1 Governing Equations. Consider the deformation of an
incompressible, shear-thinning, axisymmetric liquid filament of
constant density � and zero-shear dynamic viscosity �0 sur-
rounded by an inertialess gas. The cylindrical filament with uni-
form radius a is disturbed at time t�=0 by a sinusoidal wave with
amplitude �0� and wavelength �� �see Fig. 1�. The position of the
interface h� during instability evolution is considered to be a func-
tion of time t� and axial distance z�. Gravitational forces are ne-
glected. The surface tension �0 on the filament interface is
uniform.

Under these conditions, the mass and momentum balance in the
filament are described by the dimensionless continuity and
Navier–Stokes equations as follows:

� · v = 0 �1�

Re
Dv

Dt
= � · T, T = − pI + ���v + ��v�T� �2�

where the following have been used: �vr ,vz�= �vr� ,vz�� / ��0 /�0�,
�r ,z�= �r� ,z�� /a, and p=ap� /�0.

Since the length scale used is a and the velocity scale is �0 /�0,
the Reynolds number becomes Re=�a�0 /�0

2.
The shear-thinning behavior is described by a three parameter
Carreau model
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� = �1 − ���1 + ���̇�2��n−1�/2 + � �3�

here � is the dimensionless apparent viscosity �also referred to
s the effective viscosity� used in Eq. �2�, � is a time constant,
	�	1 is the dimensionless infinite shear viscosity, n is the
ower-law index, and �̇ is the second invariant of the rate-of-
eformation tensor. Neither elastic effects nor strain hardening is
ccounted for in the Carreau model.

Equations �1� and �2� were solved by imposing the symmetry
oundary conditions and �v ·n=0 at the centerline of the filament,
lus v ·n=0 and �h /�z=0 at z=0 and z=� /2, where n is the
utward directed unit normal at the liquid phase free surface. On
he filament interface, r=h��t ,z� /a=h�t ,z�, and the conditions to
e satisfied are the kinematic and dynamic boundary conditions.

At t=0, a sinusoidal spatial perturbation is applied to the gas-
iquid interface

h�z,0� = 1 + �o cos�kz� �4�

here �0=�0� /a is the amplitude of perturbation and k=2
 /� is
he dimensionless perturbation wave number.

2.2 Numerical Method. The set of two-dimensional nonlin-
ar equations governing deformation of the liquid filament were
olved using the Galerkin/finite element method for discretization
n space and the finite difference method for discretization in time
n order to obtain pressure and velocity fields and the location of
he interface. We have previously applied essentially the same
umerical procedure to study two-dimensional Faraday waves in
ef. �9�; it was discussed in detail there.
The jet was partitioned into a set of quadrilateral elements using

he method of spines proposed by Kistler and Scriven �10�. Each
lement consists of two straight sides with fixed axial coordinates
etermined by spines parallel to the radial direction and of two
urved sides that are determined by the deformation of the free
urface. Following the standard finite element procedure �11�, the
our-node bilinear basis functions �i used to weight the residual
ere also used to approximate the pressure field and the nine-node
iquadratic finite element basis functions �i used to weight the
esiduals were also used to approximate the velocity field. On the
nterface, the nine-node biquadratic basis functions �i-collapse
nto one-dimensional biquadratic functions �̃i, which were used to
xpand the shape of the interface.

The procedure described above reduces the set of governing
artial differential equations to a system of nonlinear ordinary
ifferential equations in time. To solve this system we follow the
ethod described by Gresho et al. �12�. After discretization in

ime, the resulting system of nonlinear algebraic equations was
olved using the Newton method at each time step. The time steps
ere adaptively chosen using the method of Crisfield �13�.

Results and Discussion

3.1 Simulations. To ensure model accuracy, predictions were
rst compared with the one-dimensional nonlinear similarity so-

ution near pinch-off for a power-law generalized Newtonian liq-

Fig. 1 System geometry with basic dimensions
id jet, as computed by Doshi et al. �6�. This similarity solution

81504-2 / Vol. 130, AUGUST 2008
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has the form 
�hmin
n , where 
 is the time to breakup, hmin is the

minimum radius of the filament, and n is the power-law index. As
Fig. 2 shows, agreement is within 0.1% for the region of 100

�
�10−2.
All computational results used an initial perturbation amplitude,

�0, of 10−3. When investigating the influence of non-Newtonian
rheological behavior a dimensionless wave number, k, of 0.54 was
chosen. This value was obtained from Timmermans and Lister
�14� and corresponds to the maximum growth rate for a Newton-
ian fluid at Re=10.

All values for variables are reported in dimensionless form. The
time to break up is defined as that at which the radius of the
filament is reduced to, or falls below, 1 /100 of the initial filament
radius. This limit was chosen in order to avoid excessive distor-
tion of the computational grid and to prevent numerical errors
from entering the results.

We begin the discussion by examining the effect of the power-
law index on drop formation at a moderate Reynolds numbers
�Re=5�, in particular, the formation of satellite drops. For the
purposes of computation, we assume a single satellite drop is
formed between two main drops and equate its diameter to that of
a sphere whose volume lies between the two pinch-off points.

Figure 3 shows a steady increase in satellite drop radius as
power-law index decreases from unity to 0.5. However, as n de-
creases below 0.5, satellite drop radius decreases slightly. This
phenomenon has not been reported in scientific literature. To un-
derstand it, we first examine the transition to pinch-off for a New-
tonian jet and compare it with the transition for a non-Newtonian
jet.

As seen in Fig. 1, the initial perturbation imposed on the uni-
form jet causes a spatial difference in curvature along the jet. This
difference in curvature results in a surface-tension driven pressure
gradient. Figure 4�a� shows the flow streamlines in a Newtonian
jet at t=86.05. The forces that act on the fluid are the inertial
force, driving the fluid towards the main drop; the pressure gradi-
ent, also driving the fluid towards the main drop; and the viscous
force, which opposes the flow. Here the entire flow is in the di-
rection of the main drop, due to the initial condition imposed on
the jet.

Bulk flow into the main drop is also observed in Fig. 5, which
presents surface pressure and tangential velocity for the case cor-
responding to Fig. 4�a�. Figure 5�a� shows that the pressure gra-

Fig. 2 Comparison of model predictions „symbols… with the
similarity solution results of Doshi et al. †6‡ „solid line…. Re=0,
ε0=0.5, �=1, �=0.02; n=0.8 „squares…, n=0.9 „diamonds….
dient is from the right to the left. Consequently, as shown in Fig.
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�b�, the entire surface moves toward the main drop. This pressure
radient, in conjunction with the viscous force, finally reverses the
ow from the main to the satellite drop, as seen in Fig. 4�c�, which
hows streamlines at t=92.0. This behavior is further illustrated in
ig. 6, which shows the surface pressure and surface tangential

ig. 3 Satellite drop radius versus power-law index n for Re
5, �=10, and �=0.002

ig. 4 Streamlines for a Newtonian jet with Re=5 at three di-
ensionless times before pinch-off: „a… t=86.05, „b… t=90.05,
nd „c… t=92.00.

ournal of Fluids Engineering
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velocity at t=92.0. Figure 6�a� shows that there is a pressure
gradient from the neck to the satellite drop. The change in direc-
tion of the velocity implies flow reversal.

Having understood the process of drop formation in a Newton-
ian jet, we now explain the effect of shear-thinning behavior on
satellite drop formation at Re=5. Figure 7 demonstrates how the
pinch-off and stagnation times �tstag is defined as the time when
the flow reverses into the satellite drop� change with variations in

Fig. 5 Axial variation in the surface pressure „a… and surface
tangential velocity „b… for a Newtonian jet of Re=5 at t=86.05

Fig. 6 Axial variation in the surface pressure „a… and tangen-

tial velocity „b… for a Newtonian jet of Re=5 at t=92.0

AUGUST 2008, Vol. 130 / 081504-3
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he power-law index. Note that both the time to pinch-off and the
tagnation time decrease as the power-law index decreases. How-
ver, the difference between the pinch-off and stagnation times
ecreases as the power-law index decreases, until eventually there
s no reversal into the satellite drop. This is clearly illustrated by
he streamlines in Fig. 8 �n=0.3�. Figure 8�a� shows streamlines
t t=74.3, which is before neck formation. At this time the entire
ow moves toward the main drop, due to the imposed initial con-
ition as explained previously. Figure 8�b� shows streamlines
ithin the same jet at t=85.5, after the formation of a neck. At this

nstant, the entire flow moves towards the main drop despite neck
ormation.

ig. 7 Pinch-off time „solid line… and stagnation time „dashed
ine… versus power-law index for Re=5

ig. 8 Streamlines for a shear-thinning jet „n=0.3… at Re=5: „a…

=74.3 and „b… t=85.5

81504-4 / Vol. 130, AUGUST 2008
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Figure 9 contains the surface pressure and tangential velocity
for the non-Newtonian jet of Fig. 8�b�, where there is a pressure
gradient from the neck to the satellite drop. However, despite this
gradient, the entire fluid moves toward the main drop, as can be
seen from Fig. 8�b�, which shows no change in direction of the
surface tangential velocity. This behavior can be explained by two
phenomena changes, which occur as a jet transitions from New-
tonian to non-Newtonian. First, the normal pressure increases due
to a decrease in the normal viscous forces. Second, the shear
stresses opposing inertial flow towards the drop decrease due to a
reduction in the effective viscosity.

Figure 10 shows the surface normal pressure at two different

Fig. 9 Axial variation in the surface pressure „a… and surface
tangential velocity „b… for n=0.3 and Re=5 at t=85.5

Fig. 10 Capillary pressure at the liquid interface for two times.
The dashed line denotes a Newtonian jet and the solid lines

denote a shear-thinning jet „n=0.7…
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imes for Newtonian and non-Newtonian jets. Initially, due to low
hear rates, the surface normal pressure is similar for both cases.
owever, the shear rates in the non-Newtonian jet increase more

apidly as time progresses so at a later instant in time the normal
urface pressure in a non-Newtonian jet is much higher than that
n a Newtonian one.

It is also noted that the surface pressure is slightly lower at the
ight end of the domain than at the center for the shear-thinning
et. This is due to the onset of neck formation, whose curvature
eads to a pressure gradient from the neck to the satellite. The
ncreased normal pressure seen in Fig. 10 explains the earlier
inch-off times and earlier flow reversal times as the jet transi-
ions from n=1 to n=0.7. The normal forces that lead to early
eversal result in less fluid drainage into the main drop, which
esults in an increase in the satellite drop size as the power-law
ndex is reduced.

Figure 11 shows the surface normal pressure at two different
imes for two different shear-thinning jets �n=0.3 and n=0.7�.
ere the surface pressure for a shear-thinning jet at n=0.3 is

lightly higher than that for n=0.7, even at low shear rates. As the
hear rates increase with time, the surface pressure in the jet with
=0.3 increases much more rapidly than for a jet with n=0.7. In
ddition, while the normal pressure increases, the reduction in
ffective viscosity fails to resist the initial flow towards the main
rop before the normal forces cause pinch-off. This explains the
ack of flow reversal at low power-law indices as seen in Fig. 7.
his prevention of flow reversal, combined with earlier pinch-off

imes as the power-law index falls, leads to the absence of an
ncrease in satellite drop size as the power-law index is reduced.

3.2 Comparison of Simulations and Experiments. Experi-
ents to provide data for evaluating model accuracy were carried

ut with jets of power-law non-Newtonian fluids exiting from
apillary tubes. Drop formation from these capillary jets was cap-
ured using a high speed digital camera. Digitized drop shapes
ere then compared to simulation results generated using the
odel described above.
The experimental apparatus included the following.

• A KD Scientific syringe pump with controllable flow rate
that was used to force fluid through a Teflon® capillary tube
�Upchurch Scientific®� with an inner diameter of
200�20 �m. The axis of symmetry of the tube was aligned

ig. 11 Capillary pressure at the liquid interface for two times.
ere the dashed line denotes a shear-thinning jet with n=0.7
hile the solid line indicates a shear-thinning jet with n=0.3.
vertically.

ournal of Fluids Engineering
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• A Phantom v7.1 high speed digital camera for visualization
of the drop formation process. It can record images at
14,000 frames /s and has a pixel size of 14 �m. The camera
was mated to a Nikon Nikkor™ lens with a focal length of
70 mm.

• A 200 W incandescent lamp for illumination of the experi-
mental domain. The source was placed to provide backward
lighting through a diffusive screen. Output from the camera
was processed using NIH freeware.

The non-Newtonian liquids were Xanthan gum �XG� water so-
lutions having concentrations of 0.1, 0.2, and 0.3% by weight.
Their viscosities were measured using a Rhelogica Viscotech®
rheometer. Power-law indices were determined by a fit to the
shear stress and strain rate data �see Table 1�. The confidence
interval for the best-fit curves used to determine the power-law
index was 95%.

When comparing experimental data and model simulations,
Table 1 power-law index values were used along with a dimen-
sionless infinite shear viscosity, �, of 0.002 and a time constant,
�, of 10, as prescribed by Doshi et al. �6�. The values chosen �n
ranging from 0.55 to 0.3� serve to validate the model predictions
as all the analyses that have been performed were for n�0.3.
Perturbation wave numbers were determined for each jet Re value
from Timmermans and Lister’s results �14�.

Surface tensions were measured using a DuNuoy tensiometer,
which had an accuracy of 0.001 N /m �CSC Scientific�. Liquid
densities were determined by weighing a known volume of the
fluid on a Sartorius analytical balance �resolution 0.01 g�. Liquid
physical properties are summarized in Table 1. All experiments
and physical property measurements were performed at
24.3�0.1°C.

Experimental operating conditions are listed in Table 2. Rey-
nolds numbers were computed using initial liquid velocities deter-
mined from measured volumetric flow rates. The choice of Rey-
nolds number range �0.19–0.65� is appropriate for assessing
model accuracy since we have shown that shear-thinning behavior
has the strongest effect on drop formation at low Re �15�.

In passing, we note that that the Froude number �gdc /u0
2, where

dc is the dimensional diameter of the capillary and u0 is the di-
mensional jet mean velocity� is �10−5, while the Bond number
��gr�2 /�� is �10−4. These values provide support for our assump-
tion that gravitational forces are negligible in comparison to
surface-tension and inertial forces.

Based on the work of Gaster �16�, who found that spatially

Table 1 Physical properties for XG-water solutions

XG concentration �%� n �0 �mPa s� � �mN/m� � �kg /m3�

0.1 0.55 359�9 72�1 999�1
0.2 0.40 732�2 73�1 999�1
0.2 0.30 884�1 73�1 1000�1

Table 2 Experimental operating conditions

XG concentration �%� Reynolds number

0.1 0.46�0.01
0.55�0.02
0.67�0.02

0.2 0.22�0.01
0.28�0.02
0.33�0.02

0.3 0.19�0.01
0.23�0.02
0.28�0.02
AUGUST 2008, Vol. 130 / 081504-5

Use: http://www.asme.org/about-asme/terms-of-use



i
c
r
s
w
=
v
t
a
i
t
a

i
b
i
r
c
b
p

t
r
t
i
p
U
n
t
t
t
c
V
fl
l

p
a
i

c

0

Downloaded From:
ncreasing instability is negligible compared to temporally in-
reasing instability for an infinitely long Newtonian liquid jet sur-
ounded by an inviscid environment, we have assumed that the
ame holds true for shear-thinning jets. Therefore, drop shapes
ere captured at various times, with the time defined as t�
dn /v0, where dn is the distance from the nozzle to the drop and
0 is the initial liquid velocity. The experimental data collection

imes were arbitrarily chosen. Their magnitudes and uncertainties
re included in the figure legends. Since each of the result figures
s for jet breakup at a different time value, results were acquired
hroughout the breakup process thereby helping us to assess the
ccuracy of the model at all times up to pinch-off.

A typical screenshot is provided in Fig. 12. Individual droplet
mages were clipped from their corresponding total image, jet
oundaries defined using a MATLAB routine, and then processed
nto black and white images �see Fig. 13�. The image analysis
outine then divided the droplet into two halves by imposing a
enterline. The locations of the pixels at the left and right drop
oundaries were determined for each image row, averaged and
lotted for comparison with model predictions at the same time.

Uncertainty in the experimental results arises from �i� uncer-
ainty in digitally processing the images and �ii� uncertainty in
heological data. For �i�, the uncertainty ud /d=1 /Np is defined by
he smallest measurable unit �a pixel� where ud is the uncertainty
n the distance measured, d is the distance measured during image
rocessing, and Np is the number of pixels counted in an image.
ncertainties in the rheological data enter through the Reynolds
umber since it is an input to the model. This includes uncertain-
ies in the liquid density and viscosity, in the jet diameter, and in
he jet velocity. Density uncertainty includes contributions from
he measured volume and mass. Viscosity uncertainty includes
ontributions from the measured torque and the sensor diameter.
elocity uncertainty includes contributions from the measured
ow rate �volume and time� and the jet diameter. All were calcu-

ated using the approach of Kline and McClintock �17�.
Comparisons of model predictions and experimental data are

resented in Figs. 14 through 19 uncertainties. Model predictions
re represented by solid lines, with their associated uncertainties
ndicated by dashed lines.

Figures 14 and 15 contain results for the highest and lowest Re
ases when using the 0.1% XG-water solution. Model predictions

Fig. 12 Typical experimental droplet streams
Fig. 13 Typical extracted images of postprocessed droplets

81504-6 / Vol. 130, AUGUST 2008
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are equal to experimental data to within the sum of their uncer-
tainties. Agreement is better for the higher Re case, especially
nearest the pinch-off point.

Figures 16 and 17 contain results for highest and lowest Re
cases when using the 0.2% XG-water solution. Model predictions
are again equal to experimental data to within the sum of their
uncertainties, and agreement is again better for the higher Re case,
especially near pinch-off.

Figures 18 and 19 contain results for highest and lowest Re
cases when using the 0.3% XG-water solution. As in the two
previous cases, model predictions are equal to experimental data
to within the sum of their uncertainties. Also, agreement is better
for the higher Re case, especially nearest the pinch-off point.

In summary the data in Figs. 14–19 demonstrate that model
predictions accurately match experimental data.

Fig. 14 Comparison of model predictions „solid line… with ex-
perimental data „square symbols… for 0.1% water-XG solution at
Re=0.46, n=0.55, and t=9.61±0.09 ms. The dashed lines indi-
cate the uncertainty in model predictions.

Fig. 15 Comparison of model predictions „solid line… with ex-
perimental data „square symbols… for 0.1% water-XG solution at
Re=0.67, n=0.55, and t=9.09±0.08 ms. The dashed lines indi-

cate the uncertainty in model predictions.
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Summary and Conclusions
This study examined the effect of shear thinning on the behav-

or of a cylindrical jet. At Re=5, a decrease in the power-law
ndex leads to an increase in satellite drop size. However, beyond
limiting power-law index, any further decrease leads to a slight

ecrease in the satellite drop size. This behavior is due to the twin
ffects of the increase in normal pressure and a reduction in vis-
osity as the power-law index falls. The increase in pressure leads
o a reduction in pinch-off time, and also to earlier flow reversal as
he power-law index is reduced. This lessens drainage into the

ain drop, which leads to an increase in the satellite drop diam-
ter. Beyond a limiting power-law index there is no flow reversal
nto the satellite before pinch-off. This leads to the subsequent
ecrease in satellite drop size as the power-law index reduces
urther.

ig. 16 Comparison of model predictions „solid line… with ex-
erimental data „squares… for 0.2% water-XG solution at Re
0.22, n=0.40, and t=12.48±0.05 ms. The dashed lines depict

he uncertainty in model predictions.

ig. 17 Comparison of model predictions „solid line… with ex-
erimental data „square symbols… for 0.2% water-XG solution at
e=0.33, n=0.40, and t=10.88±0.07 ms. The dashed lines de-

ict the uncertainty in model predictions.

ournal of Fluids Engineering
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Model predictions were compared with experimental data.
Agreement is within the sum of their uncertainties.
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