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Using Cu/Al diffusion couples initially composed of pure Cu and Al, the reactive diffusion in the binary Cu–Al system was experimentally
examined in a previous study. The diffusion couple was isothermally annealed in the temperature range of T ¼ 973{1073K. Due to annealing,
compound layers of the �, � and " phases are formed between the Cu-rich solid (�) phase and the Al-rich liquid (L) phase, and the L=" interface
migrates towards the " phase. At each annealing time, the migration distance of the L=" interface is much greater than the total thickness of the
compound layers. Furthermore, there exists the parabolic relationship between the migration distance and the annealing time. This means that
the migration of the interface is controlled by the volume diffusion in the L phase. The mathematical model for the interface migration controlled
by volume diffusion was used in order to analyze quantitatively the migration rate of the interface. Through the analysis, the interdiffusion
coefficient D of the L phase was evaluated to be 1:24� 10�9, 2:91� 10�9 and 3:62� 10�9 m2/s at T ¼ 973, 1023 and 1073K, respectively.
Expressing the temperature dependence ofD asD ¼ D0 expð�Q=RTÞ, values ofD0 ¼ 1:42� 10�4 m2/s andQ ¼ 93:5 kJ/mol were obtained by
the least-squares method. According to the analysis, the interdiffusion coefficient is much greater for the L phase than for the solid phases.
Consequently, the L=" interface migrates towards the " phase, and the migration rate of the interface is much greater than the overall growth rate
of the compound layers. [doi:10.2320/matertrans.47.2480]
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1. Introduction

There are many binary alloy systems where intermetallic
compounds appear as stable phases.1) Reactive diffusion has
been experimentally studied for such alloy systems by many
investigators.2–31) In those experiments, diffusion couples
were prepared from different pure metals or alloys and then
isothermally annealed at appropriate temperatures. After
annealing, some of the stable compounds were observed as
layers at the interface in the diffusion couple. When the
reactive diffusion is controlled by volume diffusion, the total
thickness l of the compound layers is expressed as a function
of the annealing time t by the parabolic relationship l2 ¼ Kt.
Here, K is the parabolic coefficient. The parabolic relation-
ship may be believed to hold good in many alloy systems.
However, the volume diffusion is not necessarily the rate-
controlling process of reactive diffusion for all the alloy
systems.

The reactive diffusion in the binary Au–Sn system was
experimentally observed using Sn/Au/Sn diffusion couples
in previous studies.15–17) The diffusion couple was isother-
mally annealed at temperatures between T ¼ 393 and 473K.
Due to annealing, compound layers composed of AuSn,
AuSn2 and AuSn4 are produced at the Au/Sn interface in the
diffusion couple. The total thickness of the compound layers
is proportional to a power function of the annealing time, and
the exponent of the power function is 0.48, 0.42 and 0.36
at T ¼ 393, 433 and 473K, respectively. Consequently, the
exponent is smaller than 0.5 at most of the annealing
temperatures, and thus the parabolic relationship does not
hold good for the reactive diffusion in the binary Au–Sn
system. This means that grain boundary diffusion as well as
volume diffusion contributes to the rate-controlling process

and grain growth occurs at certain rates in the compound
layers. Such a mixed rate-controlling process was recognized
also for the reactive diffusion in the binary Ag–Sn,18) Ni–
Sn19) and Cu–Sn20) systems.

For the binary Fe–Al system, the reactive diffusion was
experimentally observed using Al/Fe/Al diffusion couples in
a previous study.21) Owing to isothermal annealing at T ¼
823{913K, a single compound layer of Fe2Al5 is formed at
the interface in the diffusion couple, and grows according to
the parabolic relationship. This indicates that the growth of
the Fe2Al5 layer is controlled by volume diffusion. This type
of rate-controlling process was observed also for the binary
Pd–Sn system.22) In this case, compound layers consisting of
PdSn4, PdSn3 and PdSn2 are formed at T ¼ 433K, but those
composed of only PdSn4 and PdSn3 are produced at T ¼ 453

and 473K. At all these temperatures, there exists the
parabolic relationship between the total thickness of the
Pd–Sn compound layers and the annealing time. As pre-
viously mentioned, however, the parabolic relationship does
not hold good for the binary Au–Sn, Ag–Sn, Cu–Sn and
Ni–Sn systems. Therefore, the rate-controlling process of
reactive diffusion varies depending on the alloy system.

The kinetics of the reactive diffusion controlled by volume
diffusion was theoretically analyzed using a mathematical
model in a previous study.32) In the theoretical analysis, a
hypothetical binary alloy system composed of two primary
solid solution phases and one intermetallic compound was
considered in order to evaluate the growth rate of the
compound in various semi-infinite diffusion couples initially
consisting of the two primary solid solution phases with
different solubility ranges and interdiffusion coefficients. The
mathematical model was also used to analyze numerically the
relationship between the temperature dependence of the
interdiffusion in each phase and the kinetics of the reactive
diffusion.33–35) As mentioned earlier, the single compound*Corresponding author, E-mail: kajihara@materia.titech.ac.jp
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layer of Fe2Al5 is formed during reactive diffusion in the
binary Fe–Al system.21) Furthermore, the growth of the
Fe2Al5 layer is controlled by volume diffusion. Thus, the
mathematical model32) was used to analyze numerically the
growth behavior of the Fe2Al5 layer in a previous study.36)

Through the analysis, the interdiffusion coefficient of Fe2Al5
was evaluated quantitatively.

Recently, the reactive diffusion in the binary Cu–Al
system was experimentally observed using Cu/Al diffusion
couples by the present authors.28) In that experiment, the
diffusion couple was isothermally annealed in the temper-
ature range between T ¼ 973 and 1073K. In this temperature
range, Cu is solid, but Al is liquid. During annealing,
compound layers composed of the �, � and " phases are
formed at the interface between the Cu-rich solid (�) phase
and the Al-rich liquid (L) phase. The total thickness l of the
compound layers is proportional to a power function of the
annealing time t, and the exponent of the power function is
0.15, 0.41 and 0.33 at T ¼ 973, 1023 and 1073K, respec-
tively. Hence, the exponent is smaller than 0.5 at all the
annealing temperatures. As a consequence, like the binary
Au–Sn,15–17) Ag–Sn,18) Ni–Sn19) and Cu–Sn20) systems, grain
boundary diffusion as well as volume diffusion contributes to
the rate-controlling process and grain growth takes place at
certain rates in the compound layers for the binary Cu–Al
system. Unfortunately, however, the mathematical model32)

mentioned above cannot be applicable to such a rate-
controlling process. On the other hand, the interface between
the L and " phases migrates towards the " phase during
reactive diffusion in the binary Cu–Al system. Furthermore,
the migration distance w of the L=" interface is much greater
than the total thickness l of the compound layers, and the
square of the migration distance w is proportional to the
annealing time t. This means that interdiffusion occurs more
remarkably in the L phase than in the �, �, � and " phases, and
the migration of the L=" interface is controlled by the volume
diffusion in the L phase. In the present study, the interdiffu-
sion coefficient D for volume diffusion in the L phase of the
binary Cu–Al system was quantitatively evaluated from the
experimental result for the migration behavior of the L="
interface.

2. Experimental Summary

As mentioned in Section 1, the reactive diffusion in the
binary Cu–Al system was experimentally observed in a
previous study.28) In that experiment, columnar diffusion
couples consisting of pure solid Cu and pure liquid Al were
isothermally annealed in the temperature range between T ¼
973 and 1073K. Here, the diameter is 8 and 8.5mm for Cu
and Al, respectively, and the initial thickness is 5 and 4.8mm
for Cu and Al, respectively. The interface between Cu and Al
is flat and perpendicular to the columnar axis. During
annealing, compound layers of the �, � and " phases are
produced at the interface in the Cu/Al diffusion couple.
According to a recent phase diagram in the binary Cu–Al
system,37) the �, � and " phases are the only stable
compounds at T ¼ 973{1073K. At these temperatures, the
� and " phases are in equilibrium with the Cu-rich solid (�)
and Al-rich liquid (L) phases, respectively. Consequently, all

the stable phases were recognized in the annealed Cu/Al
diffusion couple. The layer composed of the �, � and " phases
is hereafter called the intermetallic layer. The total thickness l
of the intermetallic layer was determined experimentally.
The values of l are plotted against the annealing time t in
Fig. 1. In this figure, the ordinate and the abscissa show
the logarithms of l and t, respectively. Furthermore, open
triangles, squares and circles indicate the results of T ¼ 973,
1023 and 1073K, respectively. As can be seen, the thickness l
monotonically increases with increasing annealing time t.
The plotted points at each annealing temperature are located
well on a straight line. This yields that the thickness l is
expressed as a power function of the annealing time t by the
equation

l ¼ kðt=t0Þn: ð1Þ

Here, t0 is unit time, 1 s. It is adopted to make the argument
t=t0 of the power function dimensionless. The proportionality
coefficient k has the same dimension as the thickness l, but
the exponent n is dimensionless. From the plotted points in
Fig. 1, the values of k and n were determined by the least-
squares method. The determined values are shown in Fig. 1.
Using these values of k and n, the thickness l was calculated
as a function of the annealing time t from eq. (1). The results
of T ¼ 973, 1023 and 1073K are indicated as dotted, dashed
and solid lines, respectively, in Fig. 1. At each experimental
annealing time, the thickness l monotonically increases with
increasing annealing temperature T . Thus, the higher the
annealing temperature T is, the faster the intermetallic layer
grows.

According to the result in Fig. 1, the exponent n is 0.15,
0.41 and 0.33 at T ¼ 973, 1023 and 1073K, respectively. If
the volume diffusion of the constituent elements in each
phase is the rate-controlling process for the growth of the
intermetallic layer, n is equal to 0.5. On the other hand, the
growth will be controlled by the grain boundary diffusion

Fig. 1 The total thickness l of the intermetallic layer versus the annealing

time t shown as open triangles, squares and circles at T ¼ 973, 1023 and

1073K, respectively. Straight lines indicate the calculations from eq. (1).
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along grain boundaries with a finite thickness in the
intermetallic layer at annealing temperatures where the
volume diffusion is much slower than the grain boundary
diffusion. When grain growth occurs in the intermetallic
layer, the volume fraction of the grain boundaries monotoni-
cally decreases with increasing annealing time. Such de-
crease in the volume fraction causes the decrement of the
effective cross-section, and decelerates the grain boundary
diffusion. As a result, n becomes smaller than 0.5.38) When
the grain growth occurs very sluggishly, the volume fraction
of the grain boundaries remains almost constant during
annealing. In such a case, the effective cross-section for the
grain boundary diffusion hardly varies, and thus n is almost
equal to 0.5. According to the result in Fig. 1, n is smaller
than 0.5 at all the annealing temperatures. Consequently, it
is concluded that the grain boundary diffusion as well as the
volume diffusion contributes to the rate-controlling process
and the grain growth occurs at certain rates in the inter-
metallic layer for the reactive diffusion in the binary Cu–Al
system at T ¼ 973{1073K.

During growth of the intermetallic layer, the interface
between the L and " phases migrates towards the " phase.
Subtracting the thicknesses of the intermetallic layer and the
� phase from the initial thickness of the � phase, we can
determine the migration distance w of the L=" interface at
each annealing time.28) The values of w are plotted against
the annealing time t in Fig. 2. In this figure, the ordinate
indicates the migration distance w, and the abscissa shows
the square root of the annealing time t. Open triangles,
squares and circles indicate the results of T ¼ 973, 1023 and
1073K, respectively. Although the open triangles are rather
scattered, most of the plotted points lie well on the
corresponding straight line. This means that the parabolic
relationship holds good between w and t as follows.

w2 ¼ Kt ð2Þ

Here, K is the parabolic coefficient with a dimension of m2/s.
From the plotted points in Fig. 2, the value of K was
evaluated at each annealing temperature by the least-squares
method. The evaluated values of K are shown in Fig. 2.
Using these values of K, w was calculated as a function of
t from eq. (2). The results of T ¼ 973, 1023 and 1073K are
indicated as dotted, dashed and solid lines, respectively, in
Fig. 2.

The ratio r of the thickness l to the migration distance w is
defined as

r ¼ l=w: ð3Þ

The values of r are plotted against the annealing time t in
Fig. 3. In this figure, the ordinate shows the ratio r, and the
abscissa indicates the logarithm of the annealing time t. Open
triangles, squares and circles show the results of T ¼ 973,
1023 and 1073K, respectively. As can be seen, the ratio
r takes values between 0.03 and 0.08 under the present
annealing conditions. Although the plotted points are slightly
scattered in Fig. 3, various straight lines indicate that r is a
monotonically decreasing function of t. Consequently, we
may conclude that the thickness l is much smaller than the
migration distance w even at longer annealing times.

The values of K are plotted against the annealing temper-
ature T as open circles in Fig. 4. In this figure, the ordinate
shows the logarithm of K, and the abscissa indicates the
reciprocal of T . If the temperature dependence of K is
expressed by the equation

K ¼ K0 expð�QK=RTÞ; ð4Þ

the pre-exponential factor K0 and the activation enthalpy QK

are evaluated to be 3:01� 10�3 m2/s and 127 kJ/mol,
respectively, from the open circles in Fig. 4 by the least-
squares method. Here, R is the gas constant. Using these
parameters, K was calculated as a function of T from eq. (4).
The result is shown as a solid line in Fig. 4.

Fig. 2 The migration distancew of the L=" interface versus the square root

of the annealing time t shown as open triangles, squares and circles at

T ¼ 973, 1023 and 1073K, respectively. Straight lines indicate the

calculations from eq. (2).
Fig. 3 The ratio r versus the annealing time t shown as open triangles,

squares and circles at T ¼ 973, 1023 and 1073K, respectively.
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3. Model

As mentioned in Section 2, the thickness l of the
intermetallic layer is much smaller than the migration
distance w of the L=" interface. This means that interdiffu-
sion occurs less remarkably in the �, �, � and " phases than
in the L phase. In such a case, the migration rate of the
L=" interface is predominantly determined by the interdiffu-
sion in the L phase, and thus can be described by a simple
mathematical model. This model will be explained briefly
below.

Let us consider a semi-infinite diffusion couple composed
of the � and � phases with initial compositions of c�0 and c�0,
respectively. Here, the � and � phases are the A-rich and B-
rich phases, respectively, in a binary A–B system, and c is the
concentration of element B measured in mol per unit volume.
In the semi-infinite diffusion couple, the thickness is semi-
infinite for the � and � phases, and the �=� interface is flat.
Therefore, the interdiffusion of elements A and B occurs
unidirectionally along the direction perpendicular to the flat
interface. This direction is called the diffusional direction. If
the diffusion couple is annealed at temperature T for an
appropriate time, the �=� interface will migrate towards the
� or � phase depending on the flux balance at the interface.
The concentration profile of element B along the diffusional
direction across the �=� interface is schematically drawn
in Fig. 5. In this figure, the ordinate shows the concentration
c, and the abscissa indicates the distance x measured from
the initial position of the �=� interface. When the migration
of the �=� interface is controlled by the volume diffusion in
the � and � phases and the molar volumes of these phases are
equivalent each other, the migration rate dw=dt of the
interface is related to the flux balance at the interface by the
equation39)

ðc�� � c��Þ
dw

dt
¼ J�� � J��: ð5Þ

Here, w is the migration distance of the �=� interface
measured from the origin of the distance x, c�� and c�� are the
compositions of the � and � phases, respectively, at the
interface, and J�� and J�� are the diffusional fluxes of
element B due to the volume diffusion in the � and � phases,
respectively, at the interface. According to Fick’s first law,
the diffusional flux J� is proportional to the concentration
gradient @c�=@x as follows.

J� ¼ �D� @c
�

@x
ð� ¼ �; �Þ ð6Þ

In eq. (6), D� is the interdiffusion coefficient for the volume
diffusion in the � phase, where � stands for � and �. When
the interdiffusion coefficient D� is independent of the com-
position of the � phase, Fick’s second law is expressed as
follows.

@c�

@t
¼ D� @

2c�

@x2
ð� ¼ �; �Þ ð7Þ

Equation (7) shows that the composition c� is a function of
the distance x and the annealing time t. For the semi-infinite
�=� diffusion couple, the initial conditions are described as

c�ðx > 0; t ¼ 0Þ ¼ c�0 ð8aÞ
and

c�ðx < 0; t ¼ 0Þ ¼ c�0; ð8bÞ

and the boundary conditions are expressed by the equations

c�ðx ¼ w; t > 0Þ ¼ c��; ð9aÞ

c�ðx ¼ w; t > 0Þ ¼ c��; ð9bÞ

c�ðx ¼ þ1; t > 0Þ ¼ c�0 ð9cÞ
and

c�ðx ¼ �1; t > 0Þ ¼ c�0: ð9dÞ

Fig. 4 The parabolic coefficient K versus the reciprocal of the annealing

temperature T shown as open circles. The evaluations for the interdiffu-

sion coefficient D of the L phase are indicated as open squares. Solid and

dashed lines show the calculations from eqs. (4) and (17), respectively. Fig. 5 Concentration profile of element B across the �=� interface along

the diffusional direction in the semi-infinite diffusion couple.
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Under these initial and boundary conditions, eqs. (5)–(7) are
solved analytically. If D� is much smaller than D�, J��

becomes negligible compared with J�� according to eq. (6)
unless @c�=@x is much smaller than @c�=@x. In such a case, the
following equation is obtained from eqs. (5) and (6).

ðc�� � c��Þ
dw

dt
¼ J�� ¼ �D� @c

�

@x

����
x¼w

ð10Þ

For the migration of the �=� interface controlled by the
volume diffusion, the migration distance w is expressed as a
function of the annealing time t by the equation39)

w ¼ Kw

ffiffiffiffiffiffiffiffiffiffi
4D�t

p
: ð11Þ

Here, Kw is the dimensionless coefficient. The coefficient Kw

is related with the initial and boundary conditions in eqs. (8)
and (9) as follows.39)

expf�ðKwÞ2g
Kwf1þ erfðKwÞg

¼
c�� � c�0

c�0 � c��

ffiffiffi
�

p
ð12Þ

On the other hand, the following equation is obtained from
eqs. (2) and (11).

w2 ¼ 4D�ðKwÞ2t ¼ Kt ð13Þ

Equation (13) shows that the parabolic coefficient K is
expressed as a function of the interdiffusion coefficient D� of
the � phase and the dimensionless coefficient Kw by the
equation

K ¼ 4D�ðKwÞ2: ð14Þ

Since Kw is dimensionless, the dimension of K corresponds
with that of D� according to eq. (14). Furthermore, Kw is a
function of c�0, c�� and c�0 through eq. (12), and hence K

becomes a function of c�0, c��, c�0 and D� via eq. (14). Thus,
D� is an inverse function of c�0, c��, c�0 and K. Conse-
quently, D� can be evaluated from the value of K determined
experimentally for given values of c�0, c�� and c�0.

4. Results and Discussion

4.1 Evaluation of interdiffusion
In the mathematical model mentioned in Section 3, the

composition is described with the concentration c of element
B measured in mol per unit volume. On the other hand, the
mol fraction y of element B is practically used to express the
composition of each phase. However, the mol fraction y is
readily converted into the concentration c by the equation
c ¼ y=Vm. Here, Vm is the molar volume of the relevant
phase. When the molar volume Vm is constant independently
of the composition at each annealing temperature, the
concentrations c�0, c�� and c�0 in eq. (12) are automatically
replaced with the mol fractions y�0, y�� and y�0, respectively.
Here, the superscript of the mol fraction y possesses the same
meaning as the concentration c. In the schematic concen-
tration profile of Fig. 5, the diffusional flux J� is much greater
in the � phase than in the � phase, and thus the �=� interface
migrates towards the � phase. Consequently, the Cu-rich �
and Al-rich L phases in the Cu/Al diffusion couple
correspond to the � and � phases, respectively, for the
mathematical model in Section 3. However, the L phase is
actually in equilibrium with the " phase at each annealing

temperature, and thus the liquidus composition corresponds
to the mol fraction yL" of the L phase for the Lþ " two-phase
tie-line. As a result, we obtain the following equation.

ðyL" � y�0Þ
ffiffiffi
�

p
f1þ erfðKwÞgKw

� ðyL0 � yL"Þ expf�ðKwÞ2g ¼ 0 ð15Þ
Here, y�0 and yL0 are the initial compositions of the � and L

phases, respectively. From eq. (15), Kw is calculated for
given values of y�0, yL" and yL0. Since Kw is an implicit
function of y�0, yL" and yL0, however, the calculation cannot
be carried out in an explicit manner. Therefore, Newton-
Raphson’s method40) was used to calculate numerically the
value of Kw from eq. (15). According to a recent phase
diagram in the binary Cu–Al system,37) yL" ¼ 0:579, 0.542
and 0.509 at T ¼ 973, 1023 and 1073K, respectively. If the
temperature dependence of the composition yL" is described
by the equation36)

yL" ¼ a0 þ a1T þ a2T
2; ð16Þ

the following values are obtained: a0 ¼ 1:88, a1 ¼ �1:92�
10�3 and a2 ¼ 6:00� 10�7. Using these parameters, the
temperature dependence of yL" was calculated from eq. (16).
The result is shown as a solid curve in Fig. 6. Furthermore,
y�0 ¼ 0 and yL0 ¼ 1 for the Cu/Al diffusion couple. For
these values of y�0, yL" and yL0, the calculation provides
Kw ¼ 0:288, 0.319 and 0.349 at T ¼ 973, 1023 and 1073K,
respectively. On the other hand, as shown in Fig. 2,
K ¼ 4:11� 10�10, 1:18� 10�9 and 1:76� 10�9 m2/s were
experimentally determined at T ¼ 973, 1023 and 1073K,
respectively. Inserting these values of K and Kw into eq. (14),
we finally obtain D ¼ 1:24� 10�9, 2:91� 10�9 and 3:62�
10�9 m2/s at T ¼ 973, 1023 and 1073K, respectively, for the
L phase in the binary Cu–Al system. The values of D are
plotted against the reciprocal of T as open squares in Fig. 4.
The temperature dependence of D is usually described by the
following equation of the same formula as eq. (4).

D ¼ D0 expð�Q=RTÞ ð17Þ

Here, D0 is the pre-exponential factor, and Q is the activation

Fig. 6 The liquidus composition yL" versus the temperature T .37)
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enthalpy. From the open squares in Fig. 4, D0 ¼ 1:42�
10�4 m2/s and Q ¼ 93:5 kJ/mol are evaluated by the least-
squares method. Using these parameters, D was calculated as
a function of T from eq. (17). The result is shown as a dashed
line in Fig. 4. As can be seen, the absolute value is slightly
greater for D than for K at each annealing temperature.
Sometimes, D may be roughly estimated from K by the
equation

D ¼ fK; ð18Þ

where f takes a constant value of 1, 0.5 or 0.25. This
estimation insists that D is not greater than K. However, D is
greater than K in Fig. 4, and thus f is greater than unity in
eq. (18). Furthermore, Q is smaller than QK , and hence f

varies depending on the temperature. Therefore, there is no
adequate way to estimate the temperature dependence of f .
Consequently, the interdiffusion coefficient D cannot be
necessarily estimated only from the parabolic coefficient K in
a straightforward manner.

The temperature dependence of the tracer diffusion
coefficient D�

i (i ¼ Cu, Al) is also expressed by the equation
of the same formula as eq. (17) with the pre-exponential
factor D�

i0 and the activation enthalpy Q�
i . Unfortunately,

however, reliable information is not available for D�
Al0 and

Q�
Al of the tracer diffusion coefficient D�

Al of Al in the L phase
of pure Cu. On the other hand, Ejima and co-workers41)

determined values of D�
Cu0 ¼ 1:05� 10�7 m2/s and Q�

Cu ¼
23:8 kJ/mol for the tracer diffusion coefficient D�

Cu of Cu in
the L phase of pure Al. Using these values of D�

Cu0 and Q�
Cu,

D�
Cu was calculated as a function of the temperature T from

eq. (17). The result is shown as a dashed line in Fig. 7. In this
figure, the ordinate indicates the logarithm of D�

Cu, and the
abscissa shows the reciprocal of T . The dashed line for D in
Fig. 4 is indicated again as a solid line in Fig. 7. As can be
seen, D is close to D�

Cu at T ¼ 973{1073K.
The solid-state reactive diffusion in the binary Cu–Al

system was experimentally observed using Al/Cu/Al dif-
fusion couples by Funamizu and Watanabe.42) In their

experiment, the diffusion couple was isothermally annealed
at temperatures between T ¼ 673 and 808K. During anneal-
ing, compound layers of the �, �, �, � and � phases are formed
at each interface in the diffusion couple. According to the
observation, the parabolic relationship holds good between
the mean thickness of each compound layer and the
annealing time. This means that the growth of the compound
layer is controlled by volume diffusion. From the exper-
imental values of the parabolic coefficient at various
annealing temperatures, the temperature dependence of the
interdiffusion coefficient was estimated for each compound.
The estimation gives D

�
0 ¼ 8:5� 10�5 m2/s and Q� ¼ 136

kJ/mol as the pre-exponential factor and the activation
enthalpy, respectively, of the interdiffusion coefficient D� for
the � phase.42) The temperature dependence of D� with these
parameters is shown as a thin dashed line in Fig. 7. Since
the � and " phases are not stable at T ¼ 673{808K,37) the
interdiffusion coefficient was not determined for these
compounds in their experiment. On the other hand, the pre-
exponential factor Ds�

Al0 and the activation enthalpy Qs�
Al of

the tracer diffusion coefficient Ds�
Al of Al in pure Cu were

reported as follows: Ds�
Al0 ¼ 1:31� 10�5 m2/s and Qs�

Al ¼
185 kJ/mol.43) The temperature dependence ofDs�

Al with these
parameters is shown as a thin dotted line in Fig. 7. As can be
seen, both Ds�

Al and D� are much smaller than D. Hence, we
may expect that the interdiffusion coefficient is much smaller
also for the � and " phases than for the L phase. Con-
sequently, it is concluded that the diffusional flux is much
smaller in the �, �, � and " phases than in the L phase during
reactive diffusion in the Cu/Al diffusion couple at T ¼
973{1073K. This is the reason why the L=" interface
migrates towards the " phase and the migration rate of the
interface is much greater than the growth rates of the �, � and
" layers.

4.2 Penetration depth of interdiffusion
At each annealing temperature, the mol fraction y of Al in

the L phase is expressed as a function of the distance x and the
annealing time t by the following equation.39)

y ¼ yL0 þ
yL" � yL0

1þ erfðKwÞ
1þ erf

xffiffiffiffiffiffiffiffi
4Dt

p
� �� �

; x < w ð19Þ

Here, x is measured from the initial position of the Cu/Al
interface in the diffusion couple. From eq. (19), y was
calculated as a function of x for the longest annealing time of
t ¼ 2:4� 103 s (40min) using the following parameters as
well as yL0 ¼ 1 and the value of yL" obtained from eq. (16):
Kw ¼ 0:288 and D ¼ 1:24� 10�9 m2/s at T ¼ 973K; Kw ¼
0:319 and D ¼ 2:91� 10�9 m2/s at T ¼ 1023K; and Kw ¼
0:349 and D ¼ 3:62� 10�9 m2/s at T ¼ 1073K. The results
of T ¼ 973, 1023 and 1073K are shown as thin dashed
curves in Fig. 8(a), (b) and (c), respectively. In this figure, the
ordinate and the abscissa indicate the mol fraction y and the
distance x, respectively. As long as y is equal to yL0 at x ¼ xs,
the Cu/Al diffusion couple is considered semi-infinite during
annealing. Here, xs is the position of the flat surface of the L
phase parallel to the interface. The initial thickness of the L

phase is 4.8mm and the L phase is initially located on the
negative side of x in Fig. 8, and thus xs is equal to �4:8mm.
As can be seen in Fig. 8, however, the penetration depth of

Fig. 7 Various diffusion coefficients versus the reciprocal of the temper-

ature T shown as different straight lines.
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interdiffusion in the L phase exceeds the thickness of the
L phase at t ¼ 2:4� 103 s (40min) for all the annealing
temperatures, and hence y becomes smaller than yL0 at
x ¼ xs. Consequently, at the longest annealing time, the Cu/
Al diffusion couple is no longer semi-infinite. In such a case,
eq. (19) is not applicable. In order to calculate the concen-
tration profile in the L phase for various annealing times up to
the longest time, eqs. (7) and (10) were solved numerically
under the following initial and boundary conditions:

yLðx < 0; t ¼ 0Þ ¼ yL0; ð20aÞ
yLðx ¼ w; t > 0Þ ¼ yL"; ð20bÞ
y�ðx ¼ w; t > 0Þ ¼ y�0 ð20cÞ

and

@yL

@x

����
x¼xs

¼ 0: ð20dÞ

In the present numerical calculation, Crank-Nicolson implicit
method44) was combined with a finite-difference technique.45)

The results of T ¼ 973, 1023 and 1073K are shown as bold

solid curves in Fig. 8(a), (b) and (c), respectively. Open
circles indicate the composition and the position of the
interface at different annealing times. At T ¼ 973K in
Fig. 8(a), the penetration depth is smaller than the thickness
of the L phase at t ¼ 1:2� 102 and 6:0� 102 s (2 and 10min)
but greater than that of the L phase at t ¼ 1:2� 103 and
2:4� 103 s (20 and 40min). In contrast, at T ¼ 1023 and
1073K in Fig. 8(b) and (c), the penetration depth outstrips
the thickness of the L phase even at t ¼ 6:0� 102 s (10min).
The annealing time dependence of the mol fraction ys at
x ¼ xs was deduced from the numerical calculation in Fig. 8.
The results of T ¼ 973, 1023 and 1073K are shown as
dotted, dashed and solid curves, respectively, in Fig. 9. In
this figure, the ordinate indicates the mol fraction ys, and the
abscissa shows the square root of the annealing time t. As can
be seen, ys is equal to yL0 at short annealing times. In this
case, the Cu/Al diffusion couple is considered semi-infinite.
At long annealing times, however, ys becomes smaller than
yL0, and hence the diffusion couple is no longer semi-infinite.

If the Cu/Al diffusion couple is not semi-infinite, the

Fig. 8 Concentration profiles of Al in the L phase calculated from

eq. (19) are shown as thin dashed curves for (a) T ¼ 973K, (b)

T ¼ 1023K and (c) T ¼ 1073K. Solid curves indicate the numerical

calculations from eqs. (7) and (10) under the initial and boundary

conditions of eq. (20).
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parabolic relationship may not hold good even for the
migration of the interface controlled by volume diffusion.
Nevertheless, most of the plotted points at each annealing
temperature are located well on the corresponding straight
line in Fig. 2. The straight lines in Fig. 2 are indicated again
as thin solid lines in Fig. 10. On the other hand, the
relationship between the migration distance w and the
annealing time t was derived from the numerical calculation
in Fig. 8. The results of T ¼ 973, 1023 and 1073K are shown
as bold dotted curves in Fig. 10. As can be seen, the dotted
curve coincides well with the solid line at T ¼ 973K. Also

at T ¼ 1023 and 1073K, the dotted curves mostly consist
with the corresponding solid lines. As shown in Fig. 8(a), at
T ¼ 973K, the dashed curve agrees with the solid curve of
t ¼ 2:4� 103 s (40min) except at small values of x. Even at
T ¼ 1023 and 1073K, the dashed curves accord with the
solid curves of t ¼ 2:4� 103 s (40min) in the neighborhood
of the interface as indicated in Fig. 8(b) and (c), respec-
tively. In Fig. 8, the dashed and solid curves show the
concentration profiles for the semi-infinite and finite diffu-
sion couples, respectively. According to eq. (10), the migra-
tion rate of the interface is determined by the concentration
gradient in the L phase at the interface. As can be seen in
Fig. 8, the concentration gradient at the interface is mostly
equivalent for the semi-infinite and finite diffusion couples
even at the longest annealing time. Therefore, almost the
same migration rate of the interface is realized in both
diffusion couples under the present annealing conditions.
This is the reason why the parabolic relationship holds good
within experimental uncertainty also at the long annealing
times where the diffusion couple is no longer semi-infinite.
When migration of an interface is controlled by volume
diffusion in a semi-infinite diffusion couple, the migration
surely obeys the parabolic relationship. However, the present
numerical calculation indicates that the parabolic relation-
ship holds good even for a finite diffusion couple as long as
volume diffusion is the rate-controlling process and the
penetration depth of interdiffusion merely slightly eclipses
the thickness of each specimen in the diffusion couple.

5. Conclusions

The kinetics of the reactive diffusion in the binary Cu–Al
system was experimentally observed in a previous study.28)

In that experiment, Cu/Al diffusion couples initially con-
sisting of pure Cu and Al were isothermally annealed at
temperatures of T ¼ 973{1073K. At these temperatures, Cu
is solid, but Al is liquid. During annealing, compound layers
of the �, � and " phases37) are formed between the Cu-rich
solid (�) phase and the Al-rich liquid (L) phase in the
diffusion couple. Furthermore, the L=" interface migrates
towards the " phase. Between the migration distance w of the
L=" interface and the annealing time t, there exists the
parabolic relationship w2 ¼ Kt, where K is the parabolic
coefficient. The observation provides K ¼ 4:11� 10�10,
1:18� 10�9 and 1:76� 10�9 m2/s at T ¼ 973, 1023 and
1073K, respectively. The total thickness l of the compound
layers is much smaller than the migration distance w. This
means that the migration of the L=" interface is predom-
inantly controlled by the volume diffusion in the L phase. In
order to evaluate the interdiffusion coefficient D of the L

phase, the experimental results were mathematically ana-
lyzed using the diffusion equation describing the flux balance
at the migrating interface.39) The analysis deduces D ¼
1:24� 10�9, 2:91� 10�9 and 3:62� 10�9 m2/s at T ¼ 973,
1023 and 1073K, respectively. When the temperature
dependence of D is expressed by the equation D ¼
D0 expð�Q=RTÞ, values of D0 ¼ 1:42� 10�4 m2/s and
Q ¼ 93:5 kJ/mol are obtained by the least-squares method.
According to the analysis, the interdiffusion occurs much
faster in the L phase than in the solid phases. This is the

Fig. 9 The composition ys at x ¼ xs versus the square root of the annealing

time t for the numerical calculation in Fig. 8 shown as dotted, dashed and

solid curves at T ¼ 973, 1023 and 1073K, respectively.

Fig. 10 Straight lines in Fig. 2 are represented as thin solid lines. The

corresponding results deduced from the numerical calculation in Fig. 8 are

shown as bold dotted curves.
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reason why the L=" interface migrates towards the " phase
and the migration rate of the interface is much greater than
the overall growth rate of the compound layers.
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