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Loading and Unloading of 
Thick-Walled Cylindrical 
Pressure Vessels of 
Strain-Hardening Material 
A thick-walled closed-end cylinder of isotropic, homogeneous and strain-hardening 
material is considered in this study. Loading is assumed to consist of a temperature 
gradient as well as an internal pressure. Unloading is completely elastic without 
considering a Bauschinger effect. A generalized plane strain case in which the material 
obeys Von Mises yield criterion is studied. Using the yield criterion, critical conditions 
for a wide range of loading combinations and thickness ratios are investigated. After 
the critical condition is established, load is increased beyond the critical values and 
calculations are made for plastic stresses and strains and progress of plastic zone 
using an incremental theory of plasticity. Residual stresses are obtained as the cylinder 
is unloaded from a 25 and 50-percent overstrained condition. Reverse yielding is 
not considered while the residual stresses at the onset of reverse yielding are cal­
culated. Loading function is assumed to follow the stress-strain curve of SUS 304 
at a constant temperature of 400° C, which is selected from the experimental work 
of earlier researchers. 

Introduction 
Thermoelastoplastic and residual stress analysis in thick-

walled cylindrical pressure vessels are important in two major 
aspects of design: design for strength and design for fracture. 
There are some closed-form solutions for elastoplastic and 
thermoelastoplastic stress distributions in cylindrical pressure 
vessels available in literature. For a perfectly plastic material 
which obeys Tresca's criterion, Hill (1950) established a closed-
form solution for radial and tangential stress components. He 
also introduced a numerical procedure based on Reuss's equa­
tion to calculate axial stress. Bland (1956), using Tresca's cri­
terion, has established stress and displacement equations for 
a tube of a linear-hardening material subjected to pressure and 
steady-state heat flow. Whalley (1956) considered elastic and 
plastic behavior of thick-walled cylinders of brittle and per­
fectly plastic material subjected to internal and external pres­
sure along with an arbitrary temperature distribution. There 
are also closed-form solutions and simulations for residual 
stress distributions available in the literature. Chen (1986) pro­
posed a theoretical model for high-strength steel based on the 
experimental results of Milligan et al. (1966). The model used 
a perfectly plastic loading condition and a linear hardening 
with the unloading function including Bauschinger effect. Us­
ing this model, a closed-form solution for calculating residual 
stresses and strains with reverse yielding was obtained. Hussain 
et al. (1980) showed that an active thermal load can be used 
to produce thermal stresses equivalent to autofrettage residual 

stresses. Rees (1987) considered a closed-end cylinder of hard­
ening and nonhardening material subjected to internal pres­
sure. He assumed that axial plastic strain is zero and axial 
stress is the average of radial and hoop stresses. He compared 
residual stress distributions from two different material models 
with strain-hardening effects. 

The aim of this paper is to present a numerical solution 
based on incremental theory of plasticity and Mendelson's 
(1968) method of successive elastic solutions for elastoplastic 
and residual stress distributions in a closed end cylinder of 
isotropic strain hardening material subjected to an internal 
pressure and a temperature gradient. 

Theoretical Analysis 
To present a general dimensionless solution, it is convenient 

to introduce the following nondimensional quantities: 
Sr=or/a0 Se = ae/a0 Sz = az/a0 ra= (EaTa)/(l - v)a0 

Pa=Pa/°o Pb=Pb/o0 P = r/a Tb=(EaTb)/(l-v)a0 

er=&r/&0 ee = 8e/E0 ez = &z/£0 &0 = a0/E fH = b/a 

The equilibrium and compatibility relations in dimensionless 
form are written as follows: 

Contributed by the Pressure Vessels and Piping Division for publication in 
the JOURNAL OF PRESSURE VESSEL TECHNOLOGY. Manuscript received by the PVP 

Division, June 11, 1993; revised manuscript received November 17, 1993. 
Associate Technical Editor: K. Mokhtarian. 

dSr ,sr-Se_0 

dp p 

dp p 
(1) 
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Stress-strain relations are 

er = Sr-v(Se + Sz)+(l-v)T+ep
r 

ee = Se-v(Sr + Sz)+(l-v)T + e
pg 

ez = Sz-p(Se + Sr) + (l-u)T+ep
z (2) 

where en eg, and ez are total strains and eP, ef, and eP are total 
plastic strains. The boundary conditions are 

Sr=-Pa a t p = l 

Sr=-Pb a t p = /3 (3) 

In generalized plane strain case, the axial strain ez is constant, 
which can be determined from the end conditions. The con­
dition of closed-end cylinder can be mathematically expressed 
as follows: 
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Fig. 1 Critical inner pressure versus /3 

Temperature distribution for steady-state outward heat flow 
is 

i" = l n - ( r 0 l n — r b In -
0 V P P. 

(5) -

With the foregoing boundary and end conditions and the 
specified temperature distribution, the dimensionless solution 
for the stresses are as follows: 

Sp=U(p, &p, &pe)+F(p, 0, 9 , Pb) + G(p, P)Pa 

Spg= V(p, &p, &pe) + H{p, p, G, Pb)+R(P, P)Pa 

Sp= W(p, &P, Sf) + M(p, |8, Q) + N(l3)Pa (6) 
where functions U, F, G, V, H, R, W, M, and N are defined 
in Appendix A. In terms of these functions, the elastic solution 
is rewritten in the following form: 

Sr = F{p,p,e,Pb)+G{p,0)Ptt 

Se = H(p,(l,6,Pb)+R(p,(l)Pa 

Sz = M(p,p,9)+NW)Pa (7) 

Critical Condition 
Loading conditions in which yielding may start in the cyl­

inder thickness is called critical conditions. When yielding starts 
at a point, Von Mises yield criterion needs to be satisfied at 
that point. The dimensionless form of Von Mises criterion is 

(Sr~Se)
2+(Se~Sz)

2+(Sz~Sr)
2 = 2 (8) 
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Fig. 2 Critical inner pressure versus AT 

150 

Substituting Eq. (7) into Eq. (8), the following equation for 
critical condition is obtained: 

A(p, ff)Pl + P(p, (J, 0 , P„)Pa + C(p, ft 9 , Pb) = 0 (9) 

Variables p, /3, 0 , Pa, and Pb are related together in Eq. (9). 
Any combination of these variables which satisfies Eq. (9) can 
produce the critical condition for plastic yielding. Numerical 
results of this equation are shown in Figs. 1 and 2. Variables 
A, B and C in Eq. (9) are defined as follows: 
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effective plastic strain 
increment 
dimensionless strain in­
crements 
plastic strain increments 
dimensionless total 
strains 
effective plastic strain 
dimensionless plastic 
strains 
total strain components 
plastic strain compo­
nents 
Ta ~ Tb 

Poisson's ratio 
dimensionless radius 

Pc = 
ae = 

ff0. e0 = 

or< oe, az = 
Ta, Tb = 

Subscripts 
a = 
b = 
c = 
e = 

r,6,z = 

Superscripts 

P = 

elastic-plastic interface 
effective stress 
yield stress, yield strain 
stress components 
dimensionless tempera­
tures 

inner 
outer 
elastic-plastic interface 
effective 
cylindrical coordinates 

plastic 
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Fig. 3 Stress distribution at 50 percent overstrain 
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A[p, ff) = 2(G2 + R2 + N2-G*R-R*N-N*G) 

B(p, /3, 9 , Pb)=4(F*G + H*R + M*N) 

-2(F*R + F*N+H*G + H*N+M*R+M*G) 

C(p, &, 6 , Pb)=2(F2 + H2 + M2-F*H-H*M-M*F-o2
0) 

Load ing B e y o n d the Critical L o a d i n g Cond i t i on 

If inner pressure is increased beyond the critical calculated 
value, some part of the cylinder will deform plastically. Plastic 
stresses are shown to be functions of total plastic strains (Eq. 
(6)). Plastic strains are path-dependent, and, therefore, the 
increments of plastic strains must be integrated or added to­
gether along the loading path to give the total plastic strains. 
Increments of plastic strains are related to the stresses and 
uniaxial stress-strain curve through Prandtl-Reuss equation. 
In this case 

Ae?-

Aepe-

Ae? 

Ae? 

Sr~^(Se + Sz) 

S ( P--(S l + Sr) (10) 

in which effective stress Se and effective plastic strain increment 
AA are defined as 

SE = 4 F l(Sr-Se)
2+ (Se~Sz)

2+ (Sz-Sr)
2]' 

V2 
(ID 

Aef = ^ [(Aef- Ae§? + (Ae§-Aep
z)

2+ ( A e ? - A£f\U2 (12) 

Considering incompressibility for the material, axial plastic 
strain increment can be written as follows: 

A e ? = - ( A e ? + Ae£) (13) 

Effective stress and effective plastic strain are related to­
gether through the stress-strain curve. In this study, loading 
function is the stress-strain curve of SUS 304 at 400°C, which 
is selected from the experimental results of Niitsu and Ikegami 
(1990) 

Se=l+f(e?r 
E 

(14) 

Constant K and the exponent y for various constant temper­
atures are tabulated in Niitsu and Ikegami (1990). A computer 
program based on incremental theory of plasticity for calcu­
lation of plastic stresses and strains has been developed. Nu­
merical procedures will be explained later in this paper. Some 
results of plastic stress-strain distribution and progress of plas­
tic zone are shown in Figs. 3 , 4, 5, and 6. 

Residual Stresses 

Residual stresses are obtained by superposing a completely 
elastic stress system due to pressure ( - P „ ) and temperature 
( - 9 ) , denoted by prime, on the plastic stress system due to 
pressure P„ and temperature 9 . Denoting residual stress with 
double prime, we write 
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Sg = Sg + Sg 

s!,'=Sp
z + Sz' (15) 

Reverse yielding will occur if the following equation is satisfied: 

(S" -SB" )2 + (Se" - Sz" )2 + (S," - S" )2 = 2 (16) 

Residual stress distributions of 25 and 50-percent overstrain 
and the distribution at the onset of reverse yielding are shown 
in Figs. 7 and 8. 

Numerical Procedure 
Step by step procedure is explained as follows: 

1 For a fixed temperature gradient, the critical pressure 
(Pcrit) and the radius at which plastic yielding begins are cal­
culated from Eq. (9). 

2 Assuming final pressure is Pj, the loading path is divided 
into N steps and each pressure increment is Ap = (Pj -
Pott)/N. The internal pressure at the rth loading step is then 

Pa,i = P<xit + i&P 
3 Initial values are assumed for radial and tangential plas­

tic strain increments Ae£y and Ae^y and are added to the ac­
cumulated plastic strains obtained from the previous loading 
step at any increment of radius. In the initial loading step, the 
accumulated plastic strains are zero. The radial and tangential 
plastic strains are 

4 = E 4 4 + i 4 
i - l 

eg £,</=EAefo+Aefo 
k=\ 

The subscripts / and j refer to the loading step and the layer 
along radius, respectively. The plastic strain increment in axial 
direction is obtained from incompressibility condition, which 
is 

Ae?,(,= -(Ae?,j,- + Aeg,j/-) 

In this study, the initial values of - 0.00003 and + 0.00004 are 
assumed for the radial and tangential plastic strain increments, 
respectively. 

4 The effective plastic strain increment is then calculated 
as 

Ae?,j, = ̂  [(Ae?,„ - Aeg,,/ + (Aeg,<, - Ae?,,7)
2 + (Ae?.j, - A ^ ) 2 ] m 

5 From the stress-strain curve, the effective stress is cal­
culated at each loading step for each increment of radius 

IS 

in which e£# = DAe^-. 
6 The radius of elastic-plastic boundary at rth loading 

step, pcj is found by setting the boundary conditions at this 
radius. At the plastic zone boundary, Von Mises condition 
must be satisfied. Suppose the yielding starts from the inside 
radius; then Eq. (9) can be rewritten in the following form: 

AlPej, P)S2
r(pCJ)+B[pcj, 13, 9 , Pb]S

2
r(PcJ) 

+ C\pcJ,p,e,Pb]=0 

For the case in which yielding starts from the outer surface, 
Eq. (9) is rewritten as 

A{Pc,l, P)Plj + B\pej, (3, 9 , Sr(Pcj)]PaJ 

+ C\pcj,P,e,Sr{pcj)]=0 

7 Since pci is known the integrals in Eq. (6) can now be 
evaluated, and, therefore, plastic stresses are calculated. 

8 Having the stresses from step 7 and the effective plastic 
strain and stress from steps 4 and 5, a new and improved 
approximation is obtained for the latest increment of the plastic 
strains employing Prandtl-Reuss equations 

A<fw ) = ̂ ' (2SrM-Se,0-SzM) 

Aeg'r' = (2S$jj Srjj SZ:ij) 

9 The method is iterated from step 4 until the rth loading 
step converges. 

10 After the rth loading step is converged, the correspond­
ing residual stresses are obtained using Eq. (15). 

11 The loading step is advanced to one increment and the 
numerical procedure is repeated from step 2. 

Results and Discussion 
A general solution for thermoelastoplastic and residual stress 

distribution in thick-walled cylinders is presented here. There 
is no simplification such as zero plastic strain increment in 
axial direction (Aef = 0), and in this study a generalized plane 
strain condition is considered. Solution presented here is in 
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dimensionless form, and, therefore, can be used for any load­
ing conditions and thickness ratios. Critical condition for any 
loading combination can be investigated by Eq. (9). Some 
features of this equation are shown in Figs. 1 and 2. Critical 
pressure at various temperature gradients is plotted against 
thickness ratio in Fig. 1. This figure shows that, except for a 
small range of low thickness ratios, higher temperature gra­
dients tend to increase critical pressure. Critical pressure for 
various thickness ratios is plotted against temperature gradient 
in Fig. 2. In this figure, the maximum points represent con­
ditions in which all the thickness yields simultaneously. All the 
points to the left and right of the maximum points are con­
ditions in which yielding starts at inner and outer surfaces, 
respectively. Figures 3 and 4 show the stress distribution at 50 
percent overstrain and fully plastic condition of a cylinder of 
thickness ratio equal to 2. These figures show that during 
plastic flow in cylinders, the maximum shear stress which is 
(Sg - Sr)/2 becomes more uniform throughout the thickness. 
Plastic strain distribution of 50-percent overstrain and fully 
plastic vessel are shown in Fig. 5. This figure shows that plastic 
strains in radial and tangential directions are equal in mag­
nitudes and opposite in signs throughout the thickness. On the 
other hand, the assumption of zero plastic strain increment in 
axial direction by some investigators is quite reasonable. Prog­
ress of plastic zone with and without the presence of a thermal 
gradient is shown in Fig. 6. In the presence of a thermal gra­
dient, less pressure differential is needed for an equal progress 
of plastic zone. Figures 7 and 8 show the residual stress dis­
tribution of 25 and 50-percent overstrained cylinder and the 
distribution at the onset of reverse yielding. The results show 
that residual hoop stress is highly compressive at inner surface 
and is tensile at outer surface. Beneficial effect of this residual 
hoop stress in fracture design of pressure vessels is well estab­
lished. 
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A P P E N D I X A 

Functions V, F, G, U, H, R, W, M, and N are written as 
follows: 
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