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A Study of the Discrete-Time Switched LQR Problem

Wei Zhang, Jianghai Hu and Alessandro Abate

Abstract

This paper studies the discrete-time switched LQR (DSLQR) problem based on a dynamic programming approach.
One contribution of this paper is the analytical characterization of both the value function and the optimal hybrid-
control strategy of the DSLQR problem. Their connections to the Riccati equation and the Kalman gain of the classical
LQR problem are also discussed. Several interesting properties of the value functions are derived. In particular,
we show that under some mild conditions, the family of finite-horizon value functions of the DSLQR problem is
homogeneous (of degree 2), uniformly bounded over the unit ball, and converges exponentially fast to the infinite-
horizon value function. Based on these properties, efficient algorithms are proposed to solve the finite-horizon and
infinite-horizon DSLQR problems. More importantly, we establish conditions under which the strategies generated by
the algorithms are stabilizing and suboptimal. These conditions are derived explicitly in terms of subsystem matrices
and are thus very easy to verify. The proposed algorithms and the analysis provide a systematic way of solving the
DSLQR problem with guaranteed closed-loop stability and suboptimal performance. Simulation results indicate that
the proposed algorithms can efficiently solve not only specific but also randomly generated DSLQR problems, making

the NP-hard problems numerically tractable.

I. INTRODUCTION

Switched systems arise naturally in many engineering fields, such as power electronics [1], [2], embedded
systems [3], [4], manufacturing [5], and communication networks [6], etc. Incorporating the switching behavior
in the model and controller structures offers much greater freedom and more possibilities for capturing complex
system dynamics, achieving stabilization and improving the overall performance of the feedback systems. In the last
decade or so, the stability and stabilizability of switched systems have been extensively studied [7], [8], [9], [10].
Many theoretical and numerical tools have been developed for the stability analysis of various switched systems.
These stability results have also led to some controller synthesis algorithms that ensure stability of some simple
switched systems [11], [12], [13], [14]. However, for many engineering applications, ensuring the stability is only
the first step rather than the ultimate design goal. How to design a control strategy that not only stabilizes a given
switched system, but also optimizes certain design criteria is an even more meaningful research problem.

The focus of this paper is on the optimal discrete-time linear quadratic regulation problem for switched linear

systems, hereby referred to as the DSLQR problem. The goal is to develop a computationally appealing algorithm to
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construct an optimal or suboptimal feedback strategy that minimizes a given quadratic cost function. The problem
is of fundamental importance both in theory and practice and has challenged researchers for many years. The
bottleneck mostly lies in the determination of the optimal switching strategy. Many methods have been proposed to
tackle this problem, most of which are in a divide-and-conquer manner. Algorithms for optimizing the switching
instants for a fixed mode sequence have been developed for general switched systems in [15] and for switched
systems with autonomous dynamics in [16]. Although an algorithm for updating the switching sequence is discussed
in [16], finding the best switching sequence is still an NP-hard problem, even for switched linear systems.

This paper studies the DSLQR problem from the dynamic programming (DP) perspective. The last few years
have seen increasing interest in using DP to solve various optimal control problems of switched systems. In [17],
Xu and Antsaklis used DP to study the continuous-time switched LQR problem and developed an algorithm to
find the suboptimal switching instants and continuous control for a fixed switching sequence. In [18], Rantzer
and Johansson derived lower and upper bounds for the value function of the quadratic optimal control problem of
piecewise affine systems; these bounds were then used to construct a suboptimal control strategy. A discrete-time
version of this problem was studied by Bemporad et al. in [19], [20], where the value function and the optimal
control law were proved to be piecewise quadratic and piecewise linear, respectively. Based on these structural
properties, an algorithm based on multi-parametric programming was developed to compute the optimal feedback
control law. More recently, Lincoln and Rantzer developed a general relaxation procedure in [21] to tackle the
curse of dimensionality of dynamic programming. This procedure was also employed to study the infinite-horizon
DSLQR problem in [21], [22] and the quadratic optimal control problem of continuous-time switched homogeneous
systems in [23].

One contribution of this paper is the analytical characterization of both the value function and the optimal
control strategies for general DSLQR problems. In particular, we show that the value function of the DSLQR
problem is the pointwise minimum of a finite number of quadratic functions. These quadratic functions can be
exactly characterized by a finite set of positive semidefinite (p.s.d.) matrices, which can be obtained recursively
using the so-called Switched Riccati Mapping. Explicit expressions are also derived for both the optimal switching
law and the optimal continuous control law. Both of them are in the state-feedback form and are homogeneous
on the state space. Furthermore, the optimal continuous control is shown to be piecewise linear with different
Kalman-type feedback gains within different conic regions of the state space. Although other researchers have also
suggested a piecewise affine structure for the optimal feedback control ([19], [20], [24]), the analytical expression
of the optimal feedback gain and in particular its connection with the Kalman gain and the Riccati equation of the
classical LQR problem have not been explicitly presented.

Another contribution of this paper is the derivation of various properties of the value functions of the DSLQR
problem. In particular, it is proved that under some mild conditions, the family of the finite-horizon value functions
of the DSLQR problem is homogeneous (of degree 2), uniformly bounded over the unit ball, and converges
exponentially fast to the infinite-horizon value function. More importantly, the exponential convergence rate of

the value iteration is characterized analytically in terms of the subsystem matrices. This provides an efficient way



of terminating the value iterations, especially for high-dimensional state spaces. The above results, especially the
convergence-rate characterization, have not been adequately investigated in the literature.

The last contribution of this paper is the design and analysis of various efficient algorithms for solving the
optimal and suboptimal DSLQR problems. The key idea is to use convex optimization to identify and remove the
matrices that are redundant in terms of characterizing the optimal and suboptimal strategies. This is in line with the
approaches of Neuro-dynamic programming ([25]) and approximate dynamic programming ([21]), both of which
try to simplify the computations by finding compact representations of the value functions up to certain numerical
relaxations. Compared with the previous work, our distinction mostly lies on the analysis of these algorithms. We
establish conditions under which the strategies generated by the proposed algorithms are stabilizing and suboptimal.
More importantly, these conditions are derived explicitly in terms of subsystem matrices and are very easy to verify.
Therefore, the proposed algorithms, together with the analysis, provide a systematic way of solving the DSLQR
problem with guaranteed closed-loop stability and suboptimal performance. Simulation results indicate that the
proposed algorithms can efficiently solve not only specific but also randomly generated DSLQR problems, making
the NP-hard problems numerically tractable.

This paper is organized as follows. In Section II, the DSLQR problem is formulated. The value function of the
DSLQR problem is derived in a simple analytical form in Section III. Various interesting properties of the value
functions are derived in Section IV. These properties are then used in Sections V and VI to develop optimal and

suboptimal algorithms for solving the DSLQR problems. Finally, some concluding remarks are given in Section VII.

II. PROBLEM FORMULATION

Consider the discrete-time switched linear system described by:
z(t+1) = Ayyz(t) + Byyu(t), t € Tn 2{0,...,N — 1}, (1)

where x(t) € R™ is the continuous state, v(t) € M £ {1,..., M} is the discrete mode, u(t) € R? is the continuous
control and Ty is the control horizon with length NV (possibly infinite). The integers n, M and p are all finite and
the control u is unconstrained. The sequence of pairs {(u(t),v(t))}:* " is called the hybrid control sequence. For
each i € M, A; and B; are constant matrices of appropriate dimensions and the pair (4;, B;) is called a subsystem.
This switched linear system is time invariant in the sense that the set of available subsystems {(A4;, B;)}}, is
independent of time ¢. We assume that there is no internal forced switching, i.e., the system can stay at or switch
to any mode at any time instant. At each time ¢ € T, denote by & v = (ju¢. v, ve.n) : R® — RP? x M the hybrid
control law of system (1), where p; n : R® — RP is called the continuous control law and v,y : R® — M
is called the switching control law. A sequence of hybrid control laws over the horizon T constitutes an N-
horizon feedback policy: mn = {éo.n,&1.n,---,En—1.n}. If system (1) is driven by a feedback policy 7y, then

the closed-loop dynamics is governed by

z(t+1) = Ayt’N(x(t))x(t) + Bl/t’N(I(t)),Uft,N(x(t))u teTy. 2)



For a given initial state z(0) = z € R", the performance of the feedback policy 7 can be measured by the

following cost functional:

Jrn (2) = )+ Z L(x(t), pu,n (2(1)), ve,n (2(2))), €

where 1) : R® — RT and L : R® x R? x M — R™T are called the terminal cost function and the running cost

function, respectively. In this paper, the functions 7 and L are assumed to take the following quadratic forms:
V() =27 Qpx, L(z,u,v) =27 Quz+u’ Ryu, Vre€R" ucRPveM,

where Q7 = Q7 = 0 is the terminal-state weighting matrix, and Q, = Q7 = 0 and R, = R - 0 are the running
weighting matrices for the state and the control, respectively, for subsystem v € M. When the control horizon N

is infinite, the terminal cost will never be incurred and the objective function, which might be infinite, becomes:

ZL ) Hit 00 (2(1)), Vt,00 ((1))). @)

For a possibly infinite positive integer IV, denote by Il the set of all admissible /N-horizon policies, i.e., the set
of all sequences of functions 7y = {{o n,--.,&n—1,n} With & n : R" — RP x M for ¢ € Tx. The goal of
this paper is to find the optimal policy 73, that minimizes the quadratic cost function defined in (3) or (4). This
problem is a natural extension of the classical LQR problem to the switched linear system case and is thus called
the Discrete-time Switched LOR problem, hereby referred to as the DSLQR problem.

Problem 1 (DSLQOR problem): For a given initial state z € R™ and a possibly infinite positive integer N, find
the N-horizon policy 7 € Il that minimizes J;, (z) subject to the dynamic equation (2).

Remark 1: With the quadratic cost function (3), there always exists a solution to the finite-horizon DSLQR
problem. We assume that the optimal solution also exists in the infinite-horizon case. However, for both finite and
infinite horizons, the optimal solution may not be unique.

To solve Problem 1, for each time ¢ € T, we define the value function V; ; : R” — R as:

Vin(2)= inf M{w(x(N))-i- Z L(z(j),u(j),v())| subject to eq. (1) with z(t) = z} 3)

u(§)ERP v(j)€
t<j<N-1

The V;, N (2) so defined is the minimum cost-to-go starting from state z at time ¢. The minimum cost for the DSLQR
problem with an initial condition z(0) = z is simply Vj n(xo). Due to the time-invariant nature of the switched

system (1), its value function depends only on the number of remaining time steps, i.e.,

Vt,N(Z) = Vter.,Ner(Z)v

for all z € R™ and all integers m > —t. In the rest of this paper, when no ambiguity arises, we will denote
by Vi(z) £ VN_k.n(z) and & L ¢ ~N—k,~ the value function and the hybrid control law, respectively, at time
t = N — k when there are k time steps left. With the new notations, the N-horizon policy 7 can also be written
as 1y = {&n,...,& }. For any positive integer k, the newly introduced & can be thought of as the first step of a

k-horizon policy.



By a standard result of Dynamic Programming [26], for any finite integer N, the value function Vi can be

obtained recursively using the one-stage value iteration:
Vir1(2) = inf{L(z,u,v) + Vi (Ayz + Byu)},Vz € R™,

with initial condition Vy(z) = ¥(z), Vz € R™. Denote by Voo (-) the pointwise limit (if it exists) of the sequence
of functions {Vj(-)}32, generated by the value iterations. It is well known [26] that even if V. (z) exists, it
may not always coincide with the infinite-horizon value function. To emphasize its substantial difference from
the finite-horizon value function, the infinite-horizon value function is specially denoted by V*(2), i.e., V*(z) =

infr_em, Jr (2).

III. ANALYTICAL CHARACTERIZATION OF THE FINITE-HORIZON VALUE FUNCTION

For any fixed switching sequence, the switched linear system can be viewed as a linear time-varying system.
Theoretically, the finite-horizon DSLQR problem can be solved using dynamic programming by enumerating all the
possible switching sequences. Clearly, this approach is not practically feasible as its complexity grows exponentially
fast as N increases. Fortunately, for the DSLQR problem, such enumerations can be avoided and the value functions
can be computed in a rather efficient way. The efficient computation relies on the particular analytical structure of
the value function, which will be derived in this section.

We first review some important results of the classical discrete-time LQR problem. Such a problem can be viewed
as a special case of the DSLQR problem with M = 1. In this special case, denote by (A, B) the system matrices
and by @ and R the state and control weighting matrices, respectively. It is well known that when NV is finite, the

value functions of this LQR problem are of the following quadratic form:
Vi(z) = 2" Pz, k=0,...,N, (6)
where { Py }1_, is a sequence of p.s.d. matrices satisfying the Difference Riccati Equation (DRE):
Py =Q+ AT"P,A— ATP.B(R+ BT P,B) ' BT P, A, (7

with initial condition Py = @) ¢. Denote by A the positive semidefinite cone ([27]), namely, the set of all symmetric
p-s.d. matrices. Some results of the classical LQR problem are summarized in the following lemma.

Lemma 1 ([28], [29]): Let {P,}i_, be generated by the DRE (7), then

1) Foreach k=0,...,N —1,if P, € A, then Py, € A.

2) If (A, B) is stabilizable, then Vj(z) — V*(z) for all z € R™ as k — co.

3) Let Q@ = CTC. If (A, B) stabilizable and (C, A) detectable, then the optimal trajectory of the LQR problem
is exponentially stable.

In general, when M > 2, the value function V() is no longer of a simple quadratic form as in (6). Nevertheless,

the notion of the DRE can be generalized to the Switched LQR problems. The DRE (7) can be viewed as a mapping



from A to A depending on the matrices (A, B, Q, R). We call this mapping the Riccati Mapping and denote by
pi - A — A the Riccati Mapping of subsystem i € M, i.e.,

pi(P) =Qi + A] PA; — AT PBi(R; + B] PB;)~'B] PA,. ®)
Definition 1: Let 2 be the power set of .A. The mapping pyr : 24 — 24 defined by:
pm(H) = {pi(P) : for some i € M and P € H}

is called the Switched Riccati Mapping (SRM) associated with Problem 1.

In words, the SRM maps a set of p.s.d. matrices to another set of p.s.d. matrices and each matrix in pp(H) is
obtained by taking the classical Riccati mapping of some matrix in A through some subsystem ¢ € M.

Definition 2: The sequence of sets {Hj,}2_, generated iteratively by Hy+1 = pm(Hy) with initial condition
Ho = {Qy} is called the Switched Riccati Sets (SRSs) of Problem 1.

The SRSs always start from a singleton set {Q s} and evolve according to the SRM. For any finite IV, the set
Hy consists of M” p.s.d. matrices. An important fact about the DSLQR problem is that its value functions are
completely characterized by the SRSs.

Theorem 1: For k =0, ..., N, the value function for the DSLQR problem at time N — k, i.e., with k time steps

left, is
Vi(2) = min 27 P2. 9
k(%) foin 27 Pz )
Furthermore, for z € R™ and k = 1,..., N, if we define
(Pi(2),i3(2)) = argmin  27p,(P)z, (10)

(PEH 1 ,i€M)
then the optimal hybrid control law at state z and time ¢ = N — k is &(z) = (u}(2), vi(2)), where pji(z) =

— K- (2)(Py(2))z and vj(2) = i}(2). Here, K;(P) is the Kalman gain for subsystem ¢ with matrix P, i.e.,

K;(P)2 (R, + BIPB;,)"'BI'PA,. (11)

Proof: The theorem can be proved by induction. It is obvious that for k¥ = 0 the value function is V(z) =
zTsz, satisfying (9). Now suppose equation (9) holds for some £ < N — 1, i.e., Vi(2) = minpey, 2TPz. We
shall show that it is also true for k + 1. By the principle of dynamic programming and noting that V}(-) represents
the value function at time N — k, the value function at time N — (k + 1) can be recursively computed as

% = inf  [2"Qiz+u"Riu+Vi(4iz+ B;
i) = i, Qs+ R Vil + B

= inf [ZTQiz +ul Riu+ (A;jz + Biu)TP(Ajz + Biu)}
i€EM, PEH),,u€RP

inf [ZT(QZ' + ATPA) 2 +uT (R; + BT PB)u + 2zTAiTPB1-u} . (12)
i€eM,PeH ), ucRP



Since the quantity inside the bracket is quadratic in u, the optimal u* can be easily found to be
u* = —(R; + B PB;,) "' Bl PA;z = —K;(P)z, (13)
where K;(P) is the matrix defined in (11). Substituting u* into (12), we obtain

Vi1 (2) = ieMi.I}Dfer [ZT (Qi + AiTPAi B AiTPBiKi(P))Z} - ieMn.llyéHk ZTpi(P)Z'

Observing that {p;(P) : i € M, P € Hir} = pm(Hr) = Hiy1, we have Viy1(2) = minpeyn, ., 2TPz. In
addition, let P}(z) and ij(z) be defined by (10). Then it can easily be seen from the above derivation that
(- Kl-zﬂ(z)(P,jH(z))z,izﬂ(z)) is the optimal decision at time N — (k + 1) that achieves the minimum cost
Vier1(2). [

Remark 2: The piecewise quadratic structure of the value function has been proved in [20] for piecewise affine
hybrid systems and has also been suggested in [21] for infinite-horizon DSLQR problems. However, the analytical
expression for the value function and in particular its connection to the Kalman gain and the Riccati equation of
the classical LQR problem have not been explicitly presented. Furthermore, from a computation point of view,
Theorem 1 indicates that under our formulation, the value function over the entire state space can be exactly
characterized by a finite number of p.s.d. matrices, which excludes the need of discretizing the state space as

in [24], [30], [31].

Mode 2 —
~—Mode 1
Mode 2
Kalman gain 1
Mode 2
Kalman gain 2
—
Mode 2
Kalman gain 1

Fig. 1. Typical optimal decision regions of a two-switched system, where mode 1 is optimal within the white region and mode 2 is optimal
within the gray region. The optimal mode region is further divided into smaller conic regions, each of which corresponds to a different Kalman

gain.

Compared with the discrete-time LQR problem, the value function of the DSLQR problem is no longer a single
quadratic function; it becomes the pointwise minimum of a finite number of quadratic functions. At each time
step, instead of having a single Kalman gain for the entire state space, the optimal state feedback gain becomes

state dependent. Furthermore, the minimizer (P (z),%}(z)) of equation (10) is radially invariant, indicating that



at each time step all the points along the same radial direction have the same optimal hybrid control law. These
interesting properties are illustrated in Fig. 1 using an example in R? with 2 subsystems. At each time step, the
state space is decomposed into two homogeneous regions: the white region and the gray region, which are called
the optimal switching regions. Within the white region, one mode, say mode 1, is optimal; within the gray region,
the other mode, mode 2, is optimal. Furthermore, the states within the same optimal switching region may have
different optimal feedback gains (Kalman gains). This is illustrated in Fig. 1 by the further division of the gray
region into smaller conic regions, each of which correspond to a different Kalman gain. It is worth mentioning that
in a higher dimensional state space, the decision regions are still cones; however, these cones may not be convex
and the manifolds defining the boundaries between adjacent cones may be complicated. A salient feature of the
DSLQR problem is that all these complex decision regions are completely encoded in a finite number of matrices
in the switched Riccati sets {Hj 2.

Theorem 1 and the above discussion have made it clear that the key for solving the DSLQR problem is the
computation of the SRSs {Hk}ivzo. Although analytical formulas are available for evaluating the matrices in these
SRSs, a direct computation is almost impossible because |Hy| grows exponentially fast as k increases. Nevertheless,
the particular structure of the value function derived in Theorem 1 provides us a clear view of what information is
necessary for making the optimal decision and, in turn, enable us to avoid many redundant computations. It is the

basis of the efficient algorithms to be discussed in Sections V and VI.

IV. PROPERTIES OF THE VALUE FUNCTIONS

In this section, we will derive various important properties of the family of finite-horizon value functions
{Vn(2)}%>0 and the infinite-horizon value function V*(z). These properties are crucial in the design and analysis
of the efficient algorithms for solving the DSLQR problems.

We first introduce some notations to be used throughout the subsequent discussions. Denote by I,, the identity
matrix of dimension n. Let || - || be the 2-norm of a given matrix or vector. Let ZT be the set of all nonnegative
integers. Denote by Amin(-) and Apax(-) the smallest and the largest eigenvalue of a p.s.d. matrix, respectively.
Define A, = min;em{ Amin(Q;)} and )\;{ = Amax(Q7). Denote by :C;N(t) for 0 < ¢ < N an optimal trajectory

originating from z at time 0 and denote by (uj N (@), v} n(t)) the corresponding optimal hybrid control sequence.

A. Homogeneity

An immediate consequence of Theorem 1 is the homogeneity of the finite-horizon value function V.

Lemma 2 (Homogeneity of Vy(z)): Vn(Az) = A2Vy(z), forany z € R®, A€ R and N € Z™.

Although the explicit expression of Vi (z) is available for any finite horizon N, little is known about the infinite-
horizon value function V*(z). Let (u,v) be the hybrid control sequence generated by an infinite-horizon policy

oo With initial condition z(0) = z. Then the cost J,__(z) can be expressed in terms of (u,v) as:

Joo(z,u,0) = Y L(x(5), u(d), v(5))-
§=0



It follows easily from the linearity of the system and the quadratic structure of the running cost that for any given

mode sequence v, the function Ju(z,u,v) is quadratic jointly in the state and control, i.e.,
Joo (N2, M, v) = Moo (2,u,v), VA ER,N#D0, (14)

where A\u £ {\u(0), \u(1),...}. Equality (14) also holds when either side is infinite. Since V*(z) can be written
as V*(z) = inf(y, ) Joo (2,1, v), it is also homogeneous.
Lemma 3 (Homogeneity of V*(z)): V*(Az) = A2V*(z), for any z € R™ and any nonzero real number \.
Proof: Let z € R™ and A\ € R, A\ # 0 be arbitrary. Immediately from (14), we know V*(\z) is infinite
whenever V*(z) is infinite. The desired equality holds. When both V*(z) and V*(\z) are finite, we have

V*(A\2) = inf Joo (A2, u,v) = inf Joo (A2, Au, v) = inf A2 oo (2, u,v) = N2V*(2).

|
The properties of the value functions presented in the rest of this section are based on the following stabilizability

condition of the switched system (1).

(A1) At least one subsystem is stabilizable.

B. Boundedness

Proposition 1: Under assumption (Al), there must exist a finite constant 3 such that Vi (2) < 3||z||?, for all
k € ZT and z € R™. Furthermore, if the stabilizable subsystem is (A;, B;) and F is any feedback gain for which

A; 2 A, — B;F is stable, then one possible choice of 3 is given by:

B=(1Qsl + Qi + FTRF) - | 1A | < oc. (15)
7=0

Proof: Suppose subsystem (A;, B;) is stabilizable. Let {P,ii)}zozo be the sequence of matrices generated by
the Riccati mapping using only subsystem 1, i.e., P,E?l = pi(P,gi)) with Po(i) = (5. Since the switched system (1)
can stay in subsystem (A;, B;) all the time, the value function of the DSLQR problem must be no greater than the
value function of the LQR problem for the subsystem (A;, B;), i.e., Vi(2) < zTP,Ei)z for all k € Z* and z € R™.
Thus, it suffices to show that the § given in (15) is an upper bound of the 2-norm of all the matrices in {P,gi)}zozo.

Let F' be a feedback gain for which A; = A; — B;F is stable. Define {P,ii)}iozo iteratively by
B =Qi+ AT P A+ FTRF, with P{” =Q;. (16)

In the above equation, if ' = KZ(P,EZ)) for each k, where K;(-) is defined in (11), then Ij’,gi) would coincide with
P,ii). In other words, P,gi) defines the quadratic energy cost of using the stabilizing feedback gain F' instead of the
time-dependent optimal Kalman gain of the k-horizon LQR problem. By a standard result of the Riccati equation

theory (Theorem 2.1 in [28]), we have P,Ei) =< ]5]51') for all k¥ > 0. Thus, it suffices to show ||]5,§Z)|| < S for each
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k > 0. By (16), we have

k k—1
PO =P+ 3 (P = P = B+ Y (ATY (B - BO) (ALY
J=1 j=0
k—1 o o k—1 o o
=Qr + D (AT QA + > (AT (Qi = Qs + FTRF)(A)
7=0 =0

=(ADFQ ANk + ) (AT (Qi + FT RiF)(A;)
Jj=0
Thus, ||P,§i) | < ||]5,§i) | < ([|Qs]l + Qi + FTR; FJ|) (Z;io ||flf|\2) Note that the formula of the geometric series
does not directly apply here, as the 2-norm of a stable matrix may not be strictly less than 1 in general. However,
it is shown in Chapter 5 of [32] that limj,_. | A¥||'/* = p(A;) < 1, where p(-) denotes the spectral radius of a
given matrix, we know that || A7 < (1 — ¢)7 for some small € > 0 and all large j. Therefore, >0 |A7)1? < o0

and the proposition is proved. [ ]

C. Exponential Stability of the Optimal Trajectory

In view of part 3) of Lemma 1, to ensure the stability of the optimal trajectory, it is natural to assume that each
subsystem is stabilizable and detectable. Unfortunately, such a natural extension does not hold in the DSLQR case.

As an example, consider the following DSLQR problem:

0 2 0 0.5 100 0 0 0
Al = ’ A2 = ’ Ql = ’ QQ -
0 0 05 0 0 0 0 100
- (17
0
o = y Qj:O, andBi:Rl-:O, 121,2
1

Let the horizon N be arbitrary (possibly infinite) and let z*(-) be the optimal trajectory of this DSLQR problem
with initial condition z*(0) = x¢. Notice that both A; and As are stable and each subsystem is stabilizable and
detectable. However, it can be easily verified that z*(t) = [0, 1]T if ¢ is even and x*(¢) = [2,0]7 otherwise.

To ensure the stability of the optimal trajectory, we introduce the following assumption.
(A2) Q; > 0,Vie M.

Theorem 2: Under assumptions (A1) and (A2), the N-horizon optimal trajectory originating from z at time ¢t = 0,

namely, 27 ~(+), satisfies the following inequalities:

" p . B n-
22w O < =712 for t =1, . N =1, and [l y (N)* < =9Iz, (18)
Q Q
where [ is defined in Proposition 1,
_ 1
1+ Ay/B

In other words, the optimal trajectory is exponentially stable with decay rate -y.

Y <1 and <= Hé%%(HAZ — Bsz(Qf)H (19)
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Proof: For simplicity, for t = 0,1,---, N, define #(t) = z% y(t) and Vy—¢ £ Viy_¢(a% y(t)). Denote by
(a(-),(-)) the optimal hybrid control sequence corresponding to 7 y(-). Fort =1,..., N, we have
Vn_—1) = Vv—e = L(@(t — 1), a(t — 1), 9(t — 1)) > #(t — )" Qp(_1y@(t — 1)

A5 ~ A5~
> Al — nl* > %VNf(tfl) > FQVN—t-

t
Hence, we have Vy_; < ;VN,(,&,D fort =1,---,N. Therefore, Vy_; < (m) Vi . Obviously, for
Q

— 14+A5/B8
t<N—=1,Vn_y >2)"QyrZ(t) > A5 ||Z(t)[|*. Thus,
t t
- 1 - 1 1 ~ 1
lEOI” < =Viv-i < = <71 = ) Vy < Aﬁ, <—1 = ) I2[* = Aﬁ,vtﬂzllg- (20)
Q Q \1tXq/8 Q \1tXq/8 Q

For ¢t = N, by Theorem 1, we have that Z(N) = (A; — B;K;(Qy)) - #( N — 1) for some i € M. Therefore,
|Z(N)||? < ¢?||Z(N — 1)||?, where ( is defined in (19), and then the desired result follows from (20). [

D. Exponential Convergence of Value Iteration

The main goal of this subsection is twofold: (i) to establish easy-to-check conditions under which Vi (z) — V*(z)
exponentially fast as N — o0; (ii) to derive the convergence rate in terms of the subsystem matrices. Some classical
results on the convergence of value iterations of general dynamic DP problems can be found in [26]. Most of these
results require either a discount factor with magnitude strictly less than 1 or that ¢(z) < V*(z) for all z € R™.
Neither is true for the general DSLQR problems with nontrivial terminal costs. A more recent convergence result
is given by Rantzer in [22], where the abovementioned assumptions are replaced with some other conditions on
V*(z). Since the infinite-horizon value function V*(z) of the DSLQR problem is usually unknown, the conditions
in [22] are not easy to check. In view of these limitations, a further study of the convergence of the value iterations
in the DSLQR problems is necessary.

By part 2) of Lemma 1, for the classical LQR problem, if the system is stabilizable, then the value iteration
converges to the infinite-horizon value function. For the DSLQR problem, however, Assumption (A1) alone is not
enough to ensure the convergence of the value functions. In fact, the value function may not converge even if all
the subsystems are stabilizable. For example, consider the DSLQR problem with matrices defined by (17) except
that ()7 is the identity matrix of dimension 2. Although each subsystem is stable, it can be easily seen that Vi (o)
is 2 if N is an odd number and is 1 otherwise. Thus, the limit of V (z¢) as N — oo does not exist. This example
indicates that a stronger condition than (A1) is needed to guarantee the convergence for the DSLQR problem.

In the following we shall show that the value iteration will converge exponentially fast if both (Al) and (A2)
are satisfied. The following lemma provides a bound for the difference between two value functions with different
horizons and is the key in proving the convergence result.

Lemma 4: Let N; and Ny be positive integers such that N; > N,. For any z € R"”, the difference between the

Ni-horizon value function and the Ny-horizon value function can be bounded as follows:

VN =No (2% v, (N2)) = 9(2% v, (N2)) < Vi, (2) = Vv, (2) < Vv, (22 v, (N2)) — 9(27 n, (N2)). 21



12

N 1 1
[ ]
1
1
:
1
1
25,N =N, ():
|
.l
1
=+ ~
0 Lot
1
%

Fig. 2. Tllustrating the proof of Lemma 4, where the dashdot line represents the trajectory Z(-) and the solid line represents the trajectory Z(-).

Proof: Let 23 = x} y, (N2). Define a new Nj-horizon trajectory #(-) as

€T t), t < N-
Z,Ng( ) 2 (22)

1) =
x227N1—N2(t_N2)7 N2 <f§N1

As shown in Fig. 2 (the dashdot line), Z(-) is obtained by first following the Ns-horizon optimal trajectory and
then the (N7 — N»)-horizon optimal trajectory. Let (@(-),9(-)) be the hybrid controls corresponding to &. Then by

the definition of the value function, we have

Ni—1
Vi, (2) € 3 L@, alt), (1)) + $(#(N))
t=0
No—1
= 7 Ly (0,5, (1), 05, (6)+
t=0

Ni—Na—1
Z L(sz,N1—N2 (ﬁ)7 u:g,Nl—Nz (t)7 U:g,Nl—NQ (t)) + ¢(x22,N1—N2 (Nl - N2))
t=0

=V, (2) = (27 v, (N2)) + Vo (22) = Vi, (2) = 927w, (N2)) + VN, N, (2 v, (N2)) 23)

Equation (23) describes exactly the second inequality in (21). To prove the first one, define an No-horizon trajectory
#(-) as the solid line in Fig. 2 by taking the first N3 steps of z} v, ie., Z(t) = x] , (¢) for 0 < ¢ < Ny and let
(4(-),0(-)) be the corresponding hybrid control sequence. Then

Ny—1
Vive(2) € ) L(#(1),a(t), 8(t)) + (#(N2))
=0
2—1
Lz N, (8),uZ n, (8), 07w, (8) + (27 v, (N2))
0

I
2 o

t

= VNl (Z) - VNl_N2 (xz,Nl (N2)) + ¢($§,N1 (N2))7 (24)
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where the last step follows from the Bellman’s principle of optimality, namely, any segment of an optimal trajectory
must be the optimal trajectory joining the two end points of the segment. The desired result follows from (23)
and (24). |
With a nontrivial terminal cost, the N-horizon value function Vjy(z) may not be monotone as N increases.
Nevertheless, by Lemma 4, the difference between the value functions Vi, (z) and Vi, (z) can be bounded by
some quadratic functions of z%  (N2) and x} v, (N2). By Theorem 2, we know both quantities converge to zero
as N and N, grow to infinity. This will guarantee that by choosing N; and N large enough, the upper and lower
bounds in (21) can be made arbitrarily small. The convergence of the value iteration can thus be established.
Theorem 3: Under assumptions (A1) and (A2), Vy(z) converges exponentially fast for each z € R™ as N — co.
Furthermore, the convergence is uniform over the unit ball in R™ and for any N; > Na, the difference between

the IN;-horizon value function and the N»-horizon value function is bounded above by

[V, (2) = Viva (2)] < ay™2 |27, (25)

(B+2))8
Ag

Proof: By Theorem 2, for any z € R™ we have ||z} 5, (N2)||* < %7N2||z|\2 and |2}y, (N2)]I? <

where o = max{1, <} with 3, v and ¢ defined in (15) and (19).

%7%”2”2. Hence,

. . B2
VN, - g (25 3, (N2)) < Blls v, (N2) I < 22—~ |27,
)\QW
* + [k 2 f p Ns 2
V(% N, (N2)) SAF (|22 N, (V2) |17 < == |27
)\QW
V * N < * N 2 < _2 Ny 2
NN, (22 v, (N2)) < Bll2] n, (N2)]]7 < =7 [

Q
+

: . A B
(ot vy (N2)) < AF 2, (N2) [P < 5= 2]
Q

Thus, by Lemma 4 we have

(B+27)B

C2
[V, (2) = Vi, ()] < max{1, =} = N2 |22
v Q

Since v < 1 and the upper bound in the above equation is independent of V;, the value function converges
exponentially fast for each fixed z. In addition, the convergence is obviously uniform over the unit ball. [ ]
Assumptions (A1) and (A2) together imply the exponential convergence of the value iteration. In general, the
limiting function Vo (z) may not coincide with the infinite-horizon value function V*(z). The following Theorem
shows that the two functions agree for the DSLQR problem.
Theorem 4: Under assumptions (A1) and (A2), Vo (z) = V*(z) for each z € R™.

Proof: For a finite NV, we know that

N-1

Vn(z) = ) L(@Z n(8),uz n(8), 02 n (1) + (22 n (V).
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By the optimality of V*(z), we have

N—-1
Vi(z) < ) L(af N (), uf n (), 07 (1) + V(2 N (V)
t=0
= Vn(2) = (a7 y(N) + V(@7 §(N)).

By Theorem 3 and Theorem 2, as N — o0, Vy(2) — Vo (2), ¥(2% x(N)) — 0 and V*(23 n(N)) — 0. Therefore,
V*(2) < Vio(z). We now prove the other direction. Notice that by (A2) we must have V*(z) = inf,__cns_ Jr. (2),
where IIZ_ denotes the set of all the infinite-horizon stabilizing policies. Let 7, be an arbitrary policy in II?_ and let
Z(-) and (a(-),0(-)) be the corresponding trajectory and the hybrid control sequence, respectively. Since &(t) — 0

as t — oo, for any € > 0, there always exists an Ny such that ¢ (&(t)) < e for all ¢ > N;. Hence, for all N > Ny,

N-1 N—-1
Vn(2) < D L(E(E), a(t), 8(t) + (@(N)) < Y L&), a(t), (1) + € < Jr (2) + .
t=0 t=0

Let N — oo, we have Voo (2) < Jr_ (2) + €, Voo € 113, . Thus, Voo (2) < V*(2) + € and the theorem is proved as
€ is arbitrary. [ ]

Remark 3: The convergence of value iterations has been extensively studied and many results are available [21],
[26]. Compared with the previous work, our convergence result derived specially for the DSLQR problem has several
distinctions. It allows general terminal cost, which is especially important for finite-horizon DSLQR problems. In
addition, the convergence conditions are expressed in terms of the subsystem matrices rather than the infinite-horizon
value function, and thus become much easier to verify. Finally, by Theorem 3, for a given tolerance on the optimal
cost, the required number of iterations can be computed before the actual computation starts. This provides an

efficient means to stop the value iterations with guaranteed suboptimal performance.

V. EFFICIENT EXACT SOLUTION IN FINITE HORIZON

As discussed at the end of Section III, the main challenge for solving the DSLQR problem lies in the exponential
growth of |Hy|. However, as indicated by (9), in terms of computing the value function, we only need to keep
the matrices in Hj, that give rise to the minimum of (9) for at least one z € R"™. In other words, although Hj, is
exponentially large, only a small portion of its matrices may be useful for computing the value function. Therefore,
we can remove all the other “redundant” matrices to simplify the computation without causing any error. This is

the key idea of our efficient algorithm.

A. Algebraic Redundancy and Equivalent Subsets

To formalize the above idea, we introduce a few definitions.

Definition 3 (Algebraic Redundancy): A matrix P e H is called (algebraic) redundant if for any z € R", there
exists a matrix P € H such that P # Pand 2TPz < 2TPz.

If P € H is redundant, then H and H \ {]5} will define the same value function. In this sense, these two sets

are equivalent.
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Definition 4 (Equivalent Sets of p.s.d Matrices): Let H and H be two sets of p.s.d matrices. The set H is called
equivalent to H, denoted by H ~ H, if minpey 27 Pz = min g TPz, Yz e R™.

Therefore, two sets of p.s.d. matrices are equivalent if they define the same value function of the DSLQR problem.
To ease the computation, we are interested in finding an equivalent subset of H;, with as few elements as possible.

Definition 5 (Minimum Equivalent Subset (MES)): Let H and H be two sets of symmetric p.s.d matrices. H is
called an equivalent subset of H if H C 'H and H ~ H. Furthermore, H is called a minimum equivalent subset
(MES) of H if it is the equivalent subset of H with the fewest elements. Note that the MES of H may not be
unique. Denote by I'() one of the MESs of H.

The following lemma provides a test for the equivalent subsets of Hy.

Lemma 5: H is an equivalent subset of H if and only if: (i) HCH; (ii)) VP € 'H and Vz € R™, there exists a
P € H such that 27 Pz < :TPx.

Proof: Straightforward. [ ]

Remark 4: Lemma 5 can be used as an alternative definition of the equivalent subset. Although the original

definition is conceptually simpler, the conditions given in this lemma provide a more explicit characterization of

the equivalent subset.

B. Computation of (Minimum) Equivalent Subsets

To simplify the computation at each step k, we shall prune out as many redundant matrices as possible and obtain
an equivalent subset of Hy, as close as possible to I'(Hy). However, testing whether a matrix in Hy, is redundant
or not is itself a challenging problem. Geometrically, any p.s.d. matrix P defines uniquely an ellipsoid in R":
{zr eR": 2T Px < 1}. It can be easily verified that P € My, is redundant if and only if its corresponding ellipsoid
is completely contained in the union of all the ellipsoids corresponding to the matrices in Hy, \ {P} Since the union
of ellipsoids is not convex in general, there is no efficient way to verify this geometric condition or equivalently
the condition used in Definition 3. Nevertheless, a sufficient condition for a matrix to be redundant can be easily
obtained and is given in the following lemma.

Lemma 6: P is redundant in H), if there exist nonnegative constants s, . . ., |y, |—1 such that ZLZ’{I_I a; =1
and P > ZLZ’{‘% a; P where {P®}"*71 is an enumeration of H; \ {P}.

Proof: Straightforward. [ ]

For given P and 'Hy,, the condition in Lemma 6 can be easily verified using various existing convex optimization
algorithms [27]. Although Lemma 6 may not identify all the redundant matrices, it can usually eliminate a large
portion of them. Based on this lemma, an efficient algorithm (Algorithm 1) is developed to compute an ES for any
given set Hy. In words, the algorithm simply removes all the matrices that satisfy the condition of Lemma 6 and
return the set of the remaining matrices.

Algorithm 1 in general may not return a MES of Hj. In fact, when the dimension of the state space is two,
there exists an alternative approach that can identify all the redundant matrices and obtain the exact MES of H.

By the homogeneity of the value function, it suffices, in R?, to consider only the points on the unit circle for
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Algorithm 1

1) Denote by P(®) the i*" matrix in Hy,. Set H\" = {P(}.

2) For each i = 2,...,|Hg|, if P() satisfies the condition in Lemma 6 with respect to Hy, then H,(f) =
H,(j_l); otherwise H,(f) = H,(f_l) U {P®}.

3) Return H,(JH"I).

testing the redundancy of the matrices in Hj,. Let z(6) £ [cos(6),sin(0)]” for 6 € [0,27). Let {PY }Zf‘ be
an enumeration of ;. The computation of I'(H}) can be achieved iteratively as follows. Initially, let H,(Cl) be
a set consisting of only one matrix P"). Clearly, H,(Cl) = T'({PM}). At step [, suppose we have obtained a set
H,(Cl) =T({PWD,..., PDO}), namely, the MES of the first [ matrices in . The matrices in H,(Cl) will partition the

whole state space into a number of conic regions, within each of which the minimizer arg min (0T Pz(0)

per( #
does not depend on . Each of these regions can be represented by a connected interval of . Let [6;_1, 6;] represent
) ) PGHS) Z(Q)TPZ(H)
for all 6 € (0;_1,0;]. For each i < |H,(€l)|, we can compare z(0)T PU+D) 2(9) with Z(H)TPl(i)z(@). If the former is

the *" conic region and let Pl(i be the minimizer over this region, namely, Pl(i = argmin
bigger for all 6 € (0,_1,6;], Pl(i) is the still the minimizer of the i'" region. If the latter is always bigger within
(0;—1,06;], then P+ becomes the new minimizer over the it" region. If none of these two is true, then we can
further divide the interval (6;_1,6;] into some subintervals and record the minimizing matrix in each subinterval.
After comparing P(+1) with all the matrices in H,(Cl) , we end up with a new set of intervals and the corresponding
minimizing matrices. These minimizing matrices will constitute H,i”l), namely, the MES of the first [+ 1 matrices
in Hy,. If P+ is redundant with respect to the first [ + 1 matrices in 7, it cannot beat any Pl(i) within the
corresponding region and H](CHI) will be exactly the same as H,(Cl). On the other hand, if a matrix in H,(Cl) becomes
redundant after considering PU*+%) | then it will be replaced by P*+1) within its minimizing interval and will not
be included in H,(CIH). In this way, we can consider one more matrix in Hy, at each step and eventually obtain the
MES of the whole set Hj,. The implementation details of the above procedure is summarized in Algorithm 2.
Remark 5: 1t is rather difficult to extend the idea of Algorithm 2 to higher dimensional state spaces because
there is no efficient way to characterize the boundaries between adjacent switching regions on the unit sphere.
Thus, when n > 2, we usually still use Algorithm 1 to compute an equivalent subset of H; with not necessarily

minimum but sufficiently small number of matrices.

C. Overall Algorithm in Finite Horizon

We have developed two algorithms to prune out the redundant matrices in Hj. A natural question is whether
the matrices removed at earlier steps will affect the value iterations later on. This question can be easily answered
using the Bellman’s optimality principle. Notice that the value iteration at step k£ + 1 only depends on Vj(z) and
that removing the redundant matrices will only change the representation of Vj(z), not its actual value. These two

facts guarantee that the redundant matrices removed at step &£ will not affect any value functions at later steps. The
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Algorithm 2

1) Let ©) = {0,27} and H\" = {P1)}.

2) For | < |Hy| — 1, given a partition of [0,27], O = {fy,...,0,,} with 0 =0y < 0; < --- < 0, = 2,
and an ordered set of matrices H,(Cl) = {Pl(l), ce Pl("l)}, so that for each i =1,...,ny, Z(H)TPl(i)z(H) <
2(0)" P(™)z(6) for all 6 € [6;_1,6;) and all 1 < m < I.

3) Compute O+ and 7™ as follows:

for : =1 to n; do

m =1 and P,,;,(f) = argmin )T Pz(0)

pe{p) Put+n} 2(
if Pin(0) = PUHY for all 6 € [0, 1,6;) then
Pl(_;nl) =PUD and m=m+1
else if P,,;,(0) = P for all 6 € [6;_1,06;) then
P =P" andm=m+1
else
Find d1 and d2 such that §;_; < dl < d2 < 6; and P,,;,(f) is a constant matrix over intervals
[0;—1,d1), [d1,d2) and [d2,0;).
if d1=d2 then

P = Pin(0i-1), PU™TY = Pin(dl) and m = m + 2

+1 = 1+1
else
P = Prin (1), P = P (d1),
P = P (d2) and m = m + 3
end if
end if
end for

Ny =m—1

4) If I < |Hg|,let I =1+ 1 and repeat steps 2 and 3, otherwise define ﬁk as the set consisting of all the

) and return ﬂk.

distinct matrices in H,(JH”

following lemma uses this property to embed the ES algorithms in the value iteration. Its basic idea is to remove
the redundant matrices after each value iteration and then apply the next value iteration based on the obtained
equivalent subset with fewer matrices.

Lemma 7 (ES Iteration): Let the sequence of sets {Hy}Y_, be generated by
Ho = Ho, and Hyy1 = Algo(pm(Hy)) for 0 <k < N —1, (26)

where Algo(H) denotes the equivalent subset of M returned by Algorithm 1 or 2. Then Hj, ~ Algo(Hy).

Proof: As explained in the preceding paragraph. A more direct proof can be found in [33]. [ ]
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Algorithm 3 (Algo for Finite-horizon DSLQR Problems)

1) Initialization: Set H, = Qy.
2) Equivalent Subset Iteration: Compute {7{;,}_ using the iteration (26).
3) Value Function: The value function at time t = N — k is given by: Vj(z) = min Petl, 2T Pz.

4) Optimal Strategy: The optimal N-horizon policy 7% = {&5(2),...,& ()} is given by:

6(2) =( - Ky (P (2)2, i2(2),

where (P,;‘(z),zZ(z)): argmin 27 p;(P)z.
Peﬂk,l,ieM

In summary, to solve the DSLQR problem, we start with the singleton set Ho = {Qs}. Then the SRM is applied
to obtain Hy = py(Hp). Some matrices in H; may be redundant. After removing them using Algorithm 1 or 2, we
will have H; = Al go(H1). Next, we should apply the SRM to Hy, and repeat the whole process until the end of
the horizon. This way, we can obtain a sequence of sets {Hk}fgvzo. By Lemma 7, {ﬂk}{cvzo define the exact value
functions of the DSLQR problem. By Theorem 1, the optimal strategies can also be computed based on {ﬂk}{cvzo.
This procedure of solving the finite-horizon DSLQR problem is summarized in Algorithm 3. A distinctive feature
of this algorithm is that it computes the exact optimal control strategy without any approximation. Compared with
the strategy of enumerating all the possible switching sequences, this algorithm is potentially much more efficient
because a large portion of the matrices in H;, may end up being removed during the iterations. Furthermore, if the
state dimension is R?, all the redundant matrices will be pruned out. Therefore, in this case, our algorithm achieves

the minimal complexity in computing the exact optimal strategy of a finite-horizon DSLQR problem.

D. Numerical Examples

1) : We first consider the following simple DSLQR problem for which an analytical solution is available for

verification purpose.

0 1 0 0 100 0O 0 0
Ay = , As= S s Q2=
0 0 1 0 0 O 0 100
10
Qf: ,BlzBQZO, R1:R2:1, and N:lO,
0 1
It can be easily seen that the optimal mode sequence for the initial state :1:(()1) =[1,0]"is {2,1,2,1,...,2,1} and
the corresponding optimal cost is 1. If the initial state is :v((f) = [0,1]7, then the optimal cost remains the same,

but the optimal mode sequence would be {1,2,1,2...,1,2}. Let

x1 = {r-[cos(),sin(@)]" € R?:r>0and € [~7/4,7/4) U [37/4,57/4)} and xo = R?\ x1.
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Fig. 3. Complexity of Algorithm 3 for Example V-D.2

By the symmetry of the problem, it can be easily seen that the optimal feedback law is: & (z) = (-, 1), if € x2
and &;(z) = (+,2) otherwise.
With the analytical solution in mind, we now demonstrate how to obtain the same result by carrying out

Algorithm 3. Initially, we have Hy = {Q;} = I,. Taking the SRM yields
Hy = PM(ﬂO) = {[1007 0;0, 1]7 [17 0;0, 100]}

Apparently, none of the two matrices are redundant. Thus, H; = Algo(py(Ho)) = M. Proceeding one
more step, we have py(H1) = {[1,0;0,100], [100,0;0,1],[100,0;0,100], [100,0; 0, 100]}. Obviously, the last
two matrices are redundant. Thus, Hy = {[1,0;0,100], [100,0;0, 1]}. Continuing this process, we have, Hy =
{[1,0;0,100],[100,0;0,1]}, for all & < N. Then, using Step 4) of Algorithm 3, the same optimal policy as
discussed in the last paragraph can be obtained.

This example shows that although the original SRSs {H;,}2_, grow exponentially fast, their equivalent subsets
{ﬂk}{fzo can be made rather small and the optimal solution can be easily found using Algorithm 3. For more
complex problems, analytical solutions are usually impossible to obtain. However, in many cases, Algorithm 3 can
still eliminate many redundant computations and characterize the exact optimal strategy efficiently.

2) : We next consider a more general example with the following matrices:

2 1 2 1 3 1 3 1
A = , Ay = , Az = , Ay =
1 1 0 0.5 0 2 0 0.8
1 1
B, = , By = , Bz=DBi, Bj= B>,
1 2

Q’L':Qf:]27 Ri:17i217"'747 andN:20

This problem can not be solved analytically. However, it can still be efficiently solved using Algorithm 3. As shown

in Fig. 3, compared with the brute-force solution with combinatorial complexity of the order 10'2, Algorithm 3
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requires at most 360 matrices to completely characterize the exact optimal strategy.

VI. SUBOPTIMAL CONTROL OF DSLQR PROBLEMS

While Algorithm 3 can efficiently solve some DSLQR problems, it may still fail in many other cases. In fact, many
DSLQR problems require a prohibitively large number of matrices to characterize their exact optimal solutions.
Fortunately, suboptimal strategies are often acceptable in practice. In this section, we shall explore the opportunity

to further simplify the computation by allowing some small error on the optimal cost.

A. Numerical Redundancy and e-Equivalent Subsets

We first generalize the redundancy and ES concepts to allow some error in representing the value functions.
Definition 6 (Numerical Redundancy): A matrix Pe ‘Hy, is called (numerically) e-redundant with respect to Hy,
if
min 27 Pz < miﬁl 2T(P +el,)z, forany z € R".
€

PEHk\P P k
Definition 7 (e-ES): The set ‘Hf, is called an e-Equivalent-Subset (¢-ES) of Hj, if

H, CHy and min 2" Pz < min 27 Pz < min 27(P +el,)z, for any z € R™.
PEH,, PCHS, PEH;,

Removing the e-redundant matrices may introduce some error for the value function; but the error is no larger
than € for ||z|| < 1. To simplify the computation, for a given tolerance €, we want to prune out as many e-redundant
matrices as possible. Similar to Lemma 6, the following lemma provides a sufficient condition for testing the
e-redundancy for a given matrix.

Lemma 8: P is e-redundant with respect to Hy, if there exist nonnegative constants oy, . .., a3, |—1 such that
ZLZ’{‘% a;=1and P+el, = ZLZ’{‘% a; P% | where {P(j)}IjZ’il_l is an enumeration of Hy, \ {P}.

Algorithms 1 and 2 can be easily modified to compute an €-ES for a given set Hj,. Denote the modified algorithms
as Algoc(-), whereas Algo(-) denotes the original ones. In other words, Algo.(Hy,) is the e-ES of Hj, returned by

the modified algorithms. Similar to (26), we can embed the algorithm Algo.(-) in the value iteration by defining

the sets {H }1_, iteratively as:
H§ = Ho, and Hj , = Algoc(pm(H},)), for 0 < k< N —1. 7

The above iteration computes a sequence of relaxed SRSs {H{}#_,. Using the formulas in Theorem 1, these
sets {H§}_, also define a sequence of “approximate” value functions and the corresponding feedback policies.
Specifically, define VS (2) = minpey; 2Pz Fork=1,...,N,let £&(-) be the feedback law generated by V¢ ,,
namely,

&(2) = (uk(2),vk(2)) = argmin{ L(z, u,v) + V}{_1(Ayz + Byu)}. (28)

(u,v)

Following a similar argument as in the proof of Theorem 1, one can easily obtain:

52(,2):(—Kie(z)(P,S(z))z,i;(z)), where (P,g(z),z';(z)): argmin 27 p;(P)z. (29)
¥ PeHE_,,ieM
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Let 75 = {£5,--.,&5} be the N-horizon policy generated by {V;¢}r . Recall that 7% = {£%,...,&} denotes
the optimal policy generated by the exact value functions {Vk}g:_ol. Typically, 7% is much easier to compute
than 7}, because H§, contains much fewer matrices than both Hj, and Algo(Hy). However, the relaxation Algo.(-)
introduces an error and this error propagates through the iteration (27). Therefore, to take advantage of the simplicity
of 7Y, it must be ensured that J,rfv (z), namely, the actual cost associated with ms, does not deviate too far from

the optimal cost Vi (z).

B. Performance Analysis of w5,

The goal of this subsection is to derive conditions under which the feedback policy 7§ is stabilizing and
suboptimal. A general N-horizon policy 7 is called J-suboptimal over a set £ if for any initial state g € E, the
cost under 7y is within the J-neighborhood of the optimal cost, i.e., |Jxy (z0) — Vv (w0)| < d. Let % y(-) be the
optimal trajectory defined in Section IV. Similarly, denote by x7 ~ (+) the N-horizon state trajectory driven by 7§,
with initial condition z¢ ; (0) = 2. Define VS(2) = minpey 2T Pz and

ViEo1(2) = min{ L(z,u,v) + V(Ayz + Bou)}. (30)
Following easily from (29), we have
Vé(z)= min TPz
rr1(2) i
According to (27) and the definition of the ¢-ES, we have

Ve (2) Va1 (2) < Ve () + el 2] (1)

Two important inequalities that are frequently used throughout this subsection are given in the following lemma.

Lemma 9: Under assumptions (A1) and (A2), for any integer N > 0, we have

Viv(2) S VR (2) < Vn(z) +enllzl? - and Vi (2) < Viv(2) + e(n = 1)]|2]1%, (32)
where 7 = W.
Proof: See Appendix 1. [ ]

As discussed in Section IV-C, under assumptions (Al) and (A2), the optimal trajectory x7 ~ (+) is exponentially
stable. Intuitively speaking, this property should also hold for =7 ~(+) when € is sufficiently small. We now derive
an upper bound of ¢ that guarantees the stability of x7 ~ (+). The following lemma is the key in deriving this upper
bound.

Lemma 10: Under assumptions (Al) and (A2), the trajectory x¢ N (+) satisfies

e e (oY (Bren) oo, N
|zs NOIF < (v + —= 2|2, fort=1,...,N —1,

3 o
N1/ (33)
ot w (P < (74 ) (@) R
Q

where 3, 7, ¢ and /\(:2 are the same constants as defined in the last section.
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Proof: In this proof, we denote xf ~(-) by Z(-) and assume the corresponding hybrid control sequence is

(a(-),0(-)). By (28), (30) and (31), for each t = 1,..., N, we have

Vi (@t = 1) = V() 2 Vo) (@(t — 1)) = VA _,(&(2))

=
=L(a(t = 1), it = 1),0(t = 1))) = Xglla(t = DI = Vv (@t 1))

A5 . . AQ e . Ao€n

> (Vi (30 = 1) = enllale = D) > 2V (2(0) — 4= (e~ 1)
Therefore, for t =1,..., N,

A,€E )
Vf/—(t—m(f(t—l))*‘QTanf?(t—l)H ] < [ <1+ ﬁ)] VN_(-1(@( —1))

Vi -(2(1) <v

<(v+ %) Vi) < (1+ %) @+ en)l=|1

Here, the second inequality follows from the fact that Vi(z) > g [|z||* for k& > 0. Using this fact again yields

t
N =+
la 2 < (7 N —Eg") (5;”) Lol for t=1,.... N 1.
Q

For t = N, following the same argument as in the proof of Theorem 2, we have
N-—-1 2
A ey C(B+en)
lZNII* < v+ = I
3 o

With Lemma 10, the following theorem follows immediately.

Theorem 5: Under (A1) and (A2), if € < (=5 ) , the policy 7, is stabilizing.
We now derive an upper bound for the actual cost associated with the policy 7,
Theorem 6: Under assumptions (A1) and (A2), Jx: (2) < Vi (z) +€(n —1)||z|/?. for any z € R™ and N > 0.
Proof: Let Z(-) and (u(-),0(-)) be the same as in the proof of Lemma 10. By (28) and (30), we have
L(z(t), a(t), 0(t)) = Vg_,(2(t)) = V§ _(+1)(@( +1)) foreach t =0,..., N — 1. Therefore,

Jrs (2) = D L(#(t), a(t), 8(8)) + ¢ (2(N))

= D VA (@®) = VE_pn) (@ + 1)) + 9(E(N))

N-1

V5 (2) + Y [VE_o(@(8) = V_(@(0)] + (@) = Vi (@(NV))].

t=1

Since by definition ¢(z) = Vif(z) and V5 _,(2) < V§_,(2) forany z€ R and ¢t =1,... N — 1, we have

Tng,(2) < Vi (2) < Viv(2) + e(n = 1) ||
n

Remark 6: Notice that the error function €(n — 1)||z]|? does not depend on the horizon N. This property plays

a crucial role in deriving the suboptimal policies for the infinite-horizon DSLQR problems.
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Fig. 4. Complexity comparison between Algorithm 3 and Algorithm 4 with § = 1073,

Corollary 1: Under the same conditions as in Theorem 6, 7%; is d-suboptimal over the unit ball if € < —
N

Based on our analysis in this subsection, Algorithm 3 can be easily modified to compute a d-suboptimal policy

within the unit ball.

Algorithm 4 (Suboptimal Control in Finite Horizon)

el pe e . ) .
1) Initialization: Specify an error tolerance §. Let € = ) and set H§ = Q¢

2) Approximate Subset Iteration: Perform iteration (27) over the whole horizon N.

3) Suboptimal Strategy: The suboptimal N-horizon policy 7§, = {&4 (), ..., £ (x)} is given by:
§(@) =( = Kig o) (Pi(@))a, if(a) ).

where (P,j(x),zi(:v)): argmin 27 p;(P)z.
PeH;_,,ieM

C. Example V-D.2 Revisited

For comparison, we test Algorithm 4 using the same example as described in Section V-D.2. As shown in Fig. 4,
instead of characterizing the optimal solution exactly using 360 matrices, with the relaxation § = 1073, we can
obtain a §-suboptimal strategy using only 14 matrices. It is worth mentioning that for many other DSLQR problems,

Algorithm 3 may still suffer from combinatorial complexity. In these cases, relaxing the accuracy using Algorithm 4

becomes necessary.

D. Extension to Large or Infinite Horizon
The numerical redundancy has greatly simplified the computation of each step of the value iteration. However, the

overall computation may still grow out of hand when the horizon /V is very large or even infinite. The convergence
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property of the value iterations derived in Section IV-D becomes crucial in dealing with these cases, because it
allows us to terminate the iterations at some early steps instead of carrying out the iterations over the whole horizon.

It is natural to solve the infinite-horizon case in a divide-and-conquer manner, namely, by applying Algorithm 4
to a reasonably large size of subhorizon, m, and then extending the obtained strategy periodically. We now show
that, by choosing proper m and ¢, such a periodic policy can indeed achieve an arbitrary suboptimal performance.
Let 75, = {éfn, e ,éf} be the m-horizon policy returned by Algorithm 4 with )y = 0. It follows from Theorem 6
that

T, (2) < Vi (2) + e(n = 1)]|2]|* < V*(2) + e(n = 1)|12]%, (34)

where V! (z) denotes the m-horizon value function with Q y = 0.Form > 2, let 75" be the periodic extension

of the first m — 1 terms of 7¢,, i.e.!,

rom = {€e €S €& (35)

€,m

We first establish conditions under which the specially constructed policy 7)™ is stabilizing.

. H H 1—)B InAg —ln(ﬁ-l—en) e,m ;
Theorem 7: Under assumptions (Al) and (A2), if € < T and m > W + 1, then 7 is

exponentially stabilizing.

Proof: Denote by &(-) the trajectory generated by the policy 75/™ with initial condition Z(0) = z. Let

Cm = <7+ %) <5;:;"> . (36)

It can be easily verified that under our assumptions, c,, is strictly smaller than 1. By inequality (33), we have

|2(k(m —1))]|? < em||2((k — 1)(m — 1))||? for all k > 1. Thus, ||Z(-)||> must decrease by a factor of ¢,, < 1 in
every m — 1 steps. It follows that the policy 752" is exponentially stabilizing. [ ]
We now derive a bound for the error between the actual cost J, <= (2) and the optimal cost V*(z).

Theorem 8: Under the same conditions as in Theorem 7, we have

Cmﬁ+€( )” H2

. (37)

Vi(2) < Jagm(2) V7 (2) +

where ¢, is defined in (36).

Proof: Obviously, V*(z) < Jpem(2) as wg)™ is an infinite-horizon policy. Let Z(-) be the system trajectory
generated by the policy 7<" starting from &(0) = z. Define z; = #(i-(m—1)) fori = 0,1,.... Let @ £ {€,,..., &5}
be the first m — 1 terms of 7. Then by (34),

e (2 ZJ %) < Jae (2 <Z (n = Dllzl?)-
_ i=0 =0

By inequality (33), [z]|* < c,|z||*, where ¢,, < 1 is defined in (36). Therefore, J cm(z) < V*(z) +

Mﬂzﬂz for any initial state z. .

'As can be seen from Lemma 10, by using only the first m — 1 terms of #¢, in constructing 75y™", we can obtain a better bound for the

convergence of the closed-loop trajectory.
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With the above result, we can easily derive a lower bound for m that guarantees the J-suboptimality of 75" for
an arbitrary ¢ > 0.

Corollary 2: Suppose that the conditions in Theorem 7 hold. For any § > 0, if we further have € < n% and

5.c o 1[0 —e(n —D]Ag —In(5 +8)(5 + en)

m > md; 1, (38)
In(By + eyn) —In g
then the policy 75" is J-suboptimal over the unit ball.
Proof: The proof follows immediately from Lemma 10 and Theorem 8. [ ]

For a given tolerance § on the optimal cost, we only need to perform mZ¢ steps of the approximate value

iterations (27). The obtained value functions {V,S(2)}, °‘5€ characterize the m2;¢-horizon feedback policy 7¢, whose

d,€

Mo

— 1 steps can be used periodically to construct an infinite-horizon policy 75 ". By Corollary 2, such a
periodic policy is guaranteed to be §-suboptimal over the unit ball. This idea can also be used when the horizon
is large but finite. Denote by [75/"]n the N-horizon truncation of the policy 75", i.e., [t/ N (t) = 75 (t) for

t=0,...,N — 1. Similar performance bound as in Theorem 8 can be derived for 75| N (¢) .

Theorem 9: Under the same conditions as in Theorem 7, for any N > m, we have

cmB+e(n—1
Vin(e) < sy (2) < Vi) | 22D et o, (39)

where ¢, is defined in (36) and N,,, = |[N/(m —1)].
Proof: Denote by &(-) the closed-loop trajectory generated by the policy [75"|n. Let 7 and z; be the same
as in the proof of Theorem 8. Then by (34),

Nm+1 Nm+1 Nm+1
Ty (2) = @) < Y7 Ta(z) < ) Jae (z) < Y [Vinlzi) +eln = 1)l|zil ]
i=0 i=0 i=0

Notice that V.2 (2) < Vn(2), V.0 (2) < V*(z;) and V*(z;) < Blz:]|* < Bct,||2]]?, by adding some small positive

terms, we have
Ty (2) = $(E(N)) < Vi (2) + ZﬁcmlleQ + Z — 1)chlz]1*. (40)

By our hypotheses, we have c,, < 1. Thus, Ji ;my (2) — 9(2(N)) < Vn(2) + MH |2. Considering
P(E(N)) < AFIZ(N)|[2 < AFenm|lz]|?, the desired result is proved. |
Corollary 3: Suppose the conditions in Theorem 7 hold. For any § > 0, if we further have € < % and
In[d — e(n — DAg — (B + 6 + X[)(3 + en)
In(3y + €eyn) —In 3 T

then the N-horizon policy [r5™]n is d-suboptimal over the unit ball.

A

N>m>mS 2 41

Remark 7: In deriving (41) from (39), we have replaced ¢V by its upper bound 1. As a result, the bound in (41)
does not depend on N. Its main difference from (38) is the )\JJ{ term which accounts for the final cost.
From the above analysis, for large or infinite NV, a J-suboptimal N-horizon policy can be obtained as follows.

d,€

First, find the largest € that satisfies all the conditions in Corollary 2. Second, let m = m2;¥ or m = m(];\’f depending

on whether N is infinite or not. Third, compute the m-horizon suboptimal policy 7, using Algorithm 4 with
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Fig. 5. Convergence results for Ex VI-E.1. (a) Convergence of the Value function. (b) Difference between the last two iterations.

Q¢ = 0. Finally, use 7§, to construct 75" based on (35) and keep the first N steps of 75" to obtain an N-horizon
policy [r&™]n2. By Corollary 2 or 3, [7$™]y is guaranteed to be J-suboptimal over the unit ball. The above
procedure of constructing the suboptimal control policy is summarized in Algorithm 5. Note that in this procedure,
we have assumed that N > m. If this is not the case, we should still use Algorithm 4 to carry out the approximate

iterations (27) for the whole horizon N.

Algorithm 5 (Large or infinite Horizon Suboptimal Control)

1) Initialization: Specify an error tolerance §. Let € = max{n;fl, ﬁ(i—;ﬂ}

2) # of iterations steps: If N = oo, let m = mgg; otherwise, let m = mf\"f. If N <m, stop and turn to
Algorithm 4.

3) m-horizon Policy: Calculate the m-horizon suboptimal policy 7y, using Algorithm 4 with @y = 0.

4) Horizon Extension: Construct 75" from 7f, using (35) and keep its first N terms to obtain [7,°]x.

Remark 8: The analytical bounds mg’j and mf\"f derived in (38) and (41) may be conservative for some
applications. An alternative approach is to start from a smaller value for m in Step 2) of Algorithm 5 and gradually
increase its value until the performance saturates. Our analysis guarantees that this tentative procedure can eventually

reach any pre-specified suboptimal performance by gradually increasing m.

E. More Examples

2If N is infinite, the policy [752"]n would be the same as 752"
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Fig. 6. Complexity distributions of the random examples.

1) : First consider a simple DSLQR problem with control horizon N = 1000 and two second-order subsystems:

A1:21 Bl:l’A2:21’32:1

0 1 1 0 0.5 2
Suppose that the state and control weights are ()1 = Q2 = I3 and R; = Ry = 1, respectively. Both subsystems are
unstable but controllable. Algorithm 5 is applied to solve this DSLQR problem. With § = 1073, the upper bound
of the required number of iterations is mf\’f = 56, while as observed in the simulation, the value function already
converges in 6 steps. Since Vj(z) is homogeneous and symmetric, in Fig. 5, we plot the evolution of the value
functions on the upper half of the unit circle, i.e. the points of the form z(#) = [cos(6),sin()]T with § € [0, 7].
The number of matrices in 7§, at each step k is listed in Table I. It can be seen that |5 | is indeed very small and

stays at the maximum value 5 as opposed to growing exponentially as k increases.

TABLE I

|H,| FOR EXAMPLE VI-E.1

k 1 2 3 4 5 6
M| 2 4 5 5 5 5

2) Random Examples: To further demonstrate its effectiveness, Algorithm 5 is tested by two sets of randomly
generated DSLQR problems. The first set consists of 1000 two-dimensional DSLQR problems with 10 subsystems.
The second set consists of 1000 four-dimensional DSLQR problems with 4 subsystems. For both sets, the control
horizon N is infinite and 6 = 1073. All of these problems are successfully solved by Algorithm 5 and the
distributions of the complexity, namely, the maximum numbers of matrices required for characterizing the suboptimal
policy, are plotted in Fig. 6. It can be seen from the figure that all of the two-dimensional problems require
less than 50 matrices and a majority of them only need less than 15 matrices. However, a majority of the four-

dimensional problems need about 40 matrices and some of them may need more than 100 matrices. The complexity
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of Algorithm 5 depends heavily on the state dimension. In a higher dimensional state space, a larger relaxation §

is usually needed in order to retain a high computational speed.

VII. CONCLUSION

We have proved that the value function of the DSLQR problem is piecewise quadratic and can be characterized
by a finite number of p.s.d. matrices in the switched Riccati sets Hj,. These matrices can be obtained analytically
through the switched Riccati mapping. The main challenge of solving the DSLQR problem is on the exponential
growth of |Hy|. Three types of simplifications have been proposed to overcome this difficulty. First, some matrices
in Hj, are algebraically redundant and can be directly removed without affecting the value function and the optimal
strategy at all. Second, many matrices in Hj are numerically redundant in the sense that removing them will
only incur a small error on the value function. Third, under some mild conditions, the value function converges
exponentially fast to the infinite-horizon value function. Thus, we can terminate the value iteration at some early
steps with satisfactory numerical performance. Efficient algorithms based on one or more of the above ideas are
developed to achieve various design goals. Analytical conditions have been derived to guarantee the stability and
suboptimality of the obtained policy. The results of this paper can be used to study many other problems of
the switched linear systems, such as the switched Kalman filtering problem, the switched LQG problem, and the

switched receding horizon control problem, etc. All of these will be our future research directions.

APPENDIX I

PROOF OF LEMMA 9

Lemma 11: With the same notations as in Section VI, we have

N-1
Vi (2) < Viv(z) +e Y el ()% (42)
t=0
Proof: By definition, Vi (z) = Vy(z). Thus, the desired inequality holds for N = 0. Now suppose it is true
for a general N > 0, we shall show it is also the case for N + 1. Substituting (42) into (30) with k = N, we have

N-1

Vi S min{L(z,u,0) + Viv(Avz + Byw) + D el @ s pun (%) 43)
’ t=0

Let (4, 0) = &1 (2) = (n41(2), Va41(2)), ie., (@,0) is the first step of the (N + 1)-horizon optimal policy at
state z. Thus, we have A;z + Byt = T, N1 (1). By Bellman’s principle of optimality, we know that the N-horizon
optimal trajectory starting from z7 (1) coincides with the last NV steps of the (/N + 1)-horizon optimal trajectory
originating from 2. Therefore, under this (4, 0), we have 2%y __. p 4 n(t) = @} y, (t+1) foreacht =0,...,N—1.
In addition, by the definition of {3, |, we also have L(z,u,0) + Vy(As2z + Bytt) = Vny1(z). Notice that this

(@,0) is just one choice of all the possible hybrid controls in (43), hence,

N
Vi1 S Vnta(z) +e Z 1% 1 (0.
t=1
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Then it follows from (31) that

N
Vi1(2) € Vi (2) + ez < Vivea (2) + €3 |2k v (011
=0

Thus, the inequality also holds for N + 1.

nllz||* with n =

[1]

[2]

[3

[t

[4
[5]

=

[6

=

[7

—

[8
[9]

—_

[10]

(1]

[12]

[13]
[14]

[15]

[16]

(17]

[18]
[19]

[20]

Proof: [Proof of Lemma 9] By Theorem 2 and some simple computations, we have Zi\i ozt v () <

W. The desired result then follows directly from Lemma 11 and inequality (31). [ ]
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