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ABSTRACT 

For investigating the dynamic response of a hydrodynamic 
thrust bearing-mounted flexible rotor, the dynamic 
characteristic data of thrust bearings for high surface velocities 
are applied for constructing the equation of motion for the rotor 
system, which is modeled with the finite element method 
(FEM). Based on the short bearing approximation and the π 
film cavitation model of the nonlinear oil-film forces, the 
dynamic responses are investigated using direct numerical 
integration with a variable order solver based on the numerical 
differentiation formulas (NDFs). Harmonic, quasi-periodic and 
chaotic motions are predicted for a range of spin speeds of the 
rotor. Poincaré maps of predicted rotor trajectories are also 
examined. It shows that spin speeds of the rotor and the oil film 
force coefficient might promote undesirable non-synchronous 
vibrations. 

 
Keywords: Thrust bearing, Poincaré maps, Unbalance 

response, Quasi-periodic motions, and Chaotic motions. 
 
INTRODUCTION 

For safe operation of high-speed turbo-machinery, it is 
common practice to install squeeze film dampers to reduce the 
vibrations caused by unbalanced forces [1]. There has been 
much research focusing on the stability of the unbalanced 
response of rotors mounted in journal and squeeze film 
bearings. A non-synchronous mode of operation was mentioned 
by Mohan and Hahn [2]. Zhao et al. [3] had studied the stability 
of unbalanced responses of a squeeze film damped flexible 
rotor. Wang [4] applied an alternative method of finite elements 
in the time domain to predict the unbalanced response of rotor-
bearing system using squeeze film dampers. 

A high-speed rotor is usually equipped with a thrust 
bearing with two hydrodynamic oil films. Due to the relative 
rom: https://proceedings.asmedigitalcollection.asme.org on 07/01/2019 Terms of Use
motion of the thrust collar, both oil-films have a considerable 
effect on the lateral vibrations of the rotor-bearing system as 
presented by Mittwollen et al. [5] and Chen et al. [6]. The 
dynamic characteristics of hydrodynamic thrust bearing were 
presented by Storteig and White [7] and Ma et al. [8]. Jiang and 
Yu [9] provided an extensive theoretical investigation into the 
dynamic behavior of a rotor-bearing system equipped with a 
hydrodynamic thrust bearing. 

Since axial thrust forces may be potentially damaging on 
the rotor-bearing system, it becomes necessary to consider these 
effects via thrust bearing on the rotor system motion. In this 
study, the effects of thrust bearing on shaft vibration are 
considered and applied to the system equation of motion. 
Harmonic, quasi-periodic and chaotic motions [10,11] are 
predicted for a range of spin speeds of the rotor by direct 
numerical integration. These motions can also be examined by 
Poincaré maps of the return points on the Phase Plane [10]. 
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NOMENCLATURE 
A : Cross-section area of the rotor 
B : 23 / rCrLB η= , oil film force parameter 
[C] : Damping matrix of the system 
Cr : Clearance of the bearing 
E : Young�s modulus of rotor shaft 
[FL], [FN] : System linear and nonlinear force vectors 

statcstata FF ,,  ,  : Dimensionless static oil film forces on thrust pad 
on normal and tangential directions, respectively 

Fx, Fy, Fz : Oil film forces on x, y and z directions, 
respectively 

[G] : Gyroscopic matrix of the system 
G : Shear modulus 
I, Id, Ip : Area moment of inertia of cross section of rotor 

and diametrical and polar mass moment of disk 
inertia, respectively 

 
[K] : Stiffness matrix of the system 
L : Thrust collar width 
L1, L2 : Length of each rotor element 
[M] : Mass matrix of the system 
MB, MΓ : Moments caused by oil film forces about y 

and z axes, respectively 
[Q(T)] : Floquet transition matrix 
T : A period T is 2π/Ω when spin speed is Ω. 
V, W : Nodal dimensionless translation 

displacements  
W1(nT),W2(nT), 
W3(nT) 

: The return points of nodes where the journal 
bearing, disk and thrust bearing are located 

b : Thrust pad width 
ca, cBB : Damping coefficients of thrust bearing 
dm : Mean diameter of thrust bearing 
e : Disk eccentricity 
fv, fw : Radial oil film forces acting on the bearing. 
ho : Thrust oil film thickness 
ka, kyB, kBB : Stiffness coefficients of thrust bearing 
md : Mass of disk 
l : Thrust pad length 
{q} : Coordinate vectors for the system 
r : Thrust collar radius 
u, v, w, B, Γ : Nodal translation and rotation displacements  
uo : Static oil film thickness 
z : Number of thrust pad 
Λι : Eigen value of Floquet transition matrix 
Ω : Spin speed of rotor 
β∗

αα, γ∗
αα, γ∗

cα : The dimensionless static and dynamic oil 
film force coefficients in axial and 
circumferential directions 

η : Viscosity of lubricant 
 

Hydrodynamic thrust bearing 
The design of a hydrodynamic thrust bearing is shown in 

Fig. 1. Approximating the circular pad as a rectangle with 
length l and width b, as shown in Fig.2, the dimensionless static 
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and dynamic oil film forces in axial and circumferential 
directions are functions of the dimensionless displacement of 
the thrust collar and can be represented as 
 astataa FFF ∆+= ,  (1) 
 cstatcc FFF ∆+= ,  (2) 

where '** uuF aaaaa ∆+∆=∆ βγ , uF cac ∆=∆ *γ ( tΩ∂
∂=' ). The 

coefficients, *
aaγ , *

aaβ  and *
caγ , and dimensionless forces, stataF ,  

and statcF , , have been determined by Mittwollen et al. [5].  
For an axial displacement uo of the thrust collar caused by 

an axial thrust force applying on the shaft, the static and 
dynamic oil film forces exerted on each side of the thrust collar, 
as shown in Fig. 3, can be represented as 
 r

a
r

stata
r

a FFF ∆+= ,
 (3) 

 l
a

l
stata

l
a FFF ∆+= ,

 (4) 
Thus the total axial oil film forces acting on the thrust collar can 
be arranged as 
 ucukFFFF aaststa

r
a

l
ax &−−−=−= ,

 (5) 
where Fa,stat, ka and ca are functions of axial displacement uo of 
the thrust collar as given in APPENDIX A. 

A change of the tilting angles (Β,Γ) of the thrust collar 
changes the film thickness ho of the single pad and therefore 
alters the axial and circumferential forces. Excluded the 
negligible reacting forces and momenta due to the radial 
movement of the thrust collar, as shown in Fig. 3, the reacting 
forces and momenta caused by the tilting angles (Β,Γ) and 
titling angular velocities ( ΓΒ && , ) can be determined. Combining 
the axial oil film force (Fx) and lateral nonlinear forces (fv, fw) 
caused by the radial oil film forces, the total reacting forces and 
momenta exerted on the thrust collar can be represented as 
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where kyB , kBB, and cBB are functions of axial displacement uo of 
the thrust collar as given in APPENDIX A. Ω is the spin speed 
of the rotor. And the lateral nonlinear oil film forces (fv, fw) are 
 ∫ −−

+−= 2

1

cos
)/sin/cos1(

/)sincos(
3

θ

ϑ
θθ

θθ
θθ d

CwCv
CwvBf

rr

r
v

&&  (8) 

 ∫ −−
+−= 2

1

sin
)/sin/cos1(

/)sincos(
3

θ

ϑ
θθ

θθ
θθ d

CwCv
CwvBf

rr

r
w

&&  (9) 

where 23 / rCrLB η=  and Cr is the radial clearance of the 
squeeze film damper. Using π film theory, )(tan 1

v
w−=φ , 

w
v
&
&−−= 1

2 tanθ , and πθθ += 12 . 
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System equations of motion 
The rotor system considered here, as shown in Fig. 4, 

consists of the following components: flexible shaft, unbalanced 
rigid disk, journal bearing and hydrodynamic thrust bearing. 
The system equations of motion are formulated by the finite 
element method and obtained by assembling the equations of 
motion of each component. They are given below 
 [ ] [ ] [ ] [ ] { } { }   }{}){(}{ NL FFqKqGCqM +=+Ω−+

•••  (10) 

where [M], [C], [G], [K] are the mass, damping, gyroscopic and 
stiffness matrices of the system, respectively. {FL} and {FN} 
represent the system linear and nonlinear force vector, 
respectively. The nonlinear forces only act on the nonlinear 
supports where journal bearing and thrust bearing are installed. 
These coefficient matrices are as given in APPENDIX B. 

 
Bifurcation diagram 

A Poincaré section is a stroboscopic picture of a motion on 
a phase plane and it consists of the time series at a constant 
interval of T (T=2π/Ω). The point on the Poincaré section is 
referred to as the return point. For the numerical computation of 
a bifurcation diagram, the rotor speed is increased in a constant 
step and the state variables at the end of the integration are used 
as initial values for the next speed. After reaching the steady 
state, the Z-coordinates (W1(nT), W2(nT), and W3(nT) for n=1 to 
300) of the return points of consecutive 300 cycles at each node 
in the Poincaré section are then plotted versus the rotor speed. 

 
Numerical examples and results 

A high-speed rotor system, as shown in Fig.4, is 
employed to demonstrate the performance of the method. The 
corresponding configuration data of the thrust pad, rotor shaft 
and the disk are tk=4.8x10-5m, ho=10-4m, b=2.5x10-2m, 
dm=7.5x10-2m, z=4, l=π dm/4, ρ=7680 kg/m3, L1=L2=200mm, 
E=2.07x1011N/m2, G=7.96x1010 N/m2, md=22kg, e=10-4m, 
Id=0.031 kgm2, Ip=0.062 kgm2, Cr=1mm. Due to the relative 
motion of the thrust collar, the effect of both oil-films on the 
lateral vibrations of the rotor-bearing system is first 
investigated. The coefficients of the thrust bearing are 
determined using various applied axial forces shown in Figs. 
5&6. These results show that the stiffness coefficients ka and kBB 
increase as spin speed of the rotor increases and are 
independent of axial force, whereas kyB increases as axial force 
increases and is independent of spin speed of the rotor. On the 
contrary, the damping coefficients ca and cBB decrease as spin 
speed of the rotor and little difference is observed with axial 
force variation. The results also show that the thrust bearing has 
little effect on the lateral damping coefficients. 

Since the dynamic response will change with various oil 
film force coefficients B and different disk locations, these 
effects are first investigated by the bifurcation diagrams. The 
dimensionless displacement of response is defined as the radius 
of the orbit divided by radial clearance Cr of the bearing. The 
dimensionless Z-coordinates (W1(nT), W2(nT), and W3(nT)) 
denote the return points at nodes where the journal bearing, disk 
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and thrust bearing are located, respectively. They are plotted in 
the Poincaré section versus the rotor speeds with various oil 
film force coefficients B and different disk locations as shown 
in Figs. 7-10. 

The distances of lengths are L1=200 mm, L2=200 mm for 
the case when the disk is located at the middle of the rotor. The 
bifurcation diagrams with B=100 and B=200 are plotted in 
Figs. 7& 8, respectively. The results show that chaotic motion 
occurs at higher spin speed and the spread of the return points is 
depressed when oil film force coefficient B gets larger. The 
distances of lengths are L1=100 mm, L2=300 mm and L1=300 
mm, L2=100 mm for the cases when the disk is located near the 
left and right of the rotor, respectively. The bifurcation diagrams 
with various disk location when B=100 are plotted in Figs. 8-
10, respectively. As compared from the results, the spread of the 
return points is depressed for the case when the disk is located 
near the right of the rotor where the thrust bearing is installed. 

For the case when the disk is located at the middle of the 
rotor and the oil film force coefficient B is 200, the dynamic 
response is also examined. Harmonic, chaotic and quasi-
periodic motions are predicted from the phase diagrams of the 
return points as shown in Figs. 11(a)-(d). For a harmonic 
motion, there will be only one mark on the phase diagram as 
shown in Fig. 11(a). By increasing the spin speed of the rotor 
further to 2270 rad/s and 2430 rad/s the responses tend to 
become chaotic as shown in Figs. 11(b) & (c). The quasi-
periodic response results in closed orbits on Poincaré map as 
shown in Fig. 11(d). 

 
Conclusions 

In this paper, effects of a hydrodynamic thrust bearing on 
shaft vibration are employed to study the dynamic behavior of 
the rotor system. The results can be summarized as follows: 
(1) The stiffness coefficients ka and kBB increase as spin speed 

of the rotor increases and are independent of axial force, 
whereas kyB increases as axial force increases and is 
independent of spin speed of the rotor. 

(2) The damping coefficients ca and cBB decrease as spin speed 
of the rotor and little difference is observed with axial force 
variation. 

(3) The thrust bearing has more effects on the lateral stiffness 
coefficients than the lateral damping coefficients. 

(4) Chaotic motion occurs at higher spin speed and the spread 
of the return points is depressed when oil film force 
coefficient B gets larger. 

(5) The spread of the return points can be depressed when the 
disk is located near the thrust bearing. 

(6) Harmonic, quasi-periodic and chaotic motions are predicted 
for a range of spin speeds of the rotor. 
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Fig.4(b) Finite Element Model of the system 
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Fig. 7(a) Bifurcation diagram W1(nT) of Journal bearing 

(B=200, and disk is located at the middle of rotor). 
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Fig. 7(b) Bifurcation diagram W2(nT) of Disk 

(B=200, and disk is located at the middle of rotor). 
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Fig. 7(c) Bifurcation diagram W3(nT) of Thrust bearing 

(B=200, and disk is located at the middle of rotor). 
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Fig. 8(a) Bifurcation diagram W1(nT) of Journal bearing 

(B=100, and disk is located at the middle of rotor). 
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Fig. 8(b) Bifurcation diagram W2(nT) of Disk 

(B=100, and disk is located at the middle of rotor). 
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Fig. 8(c) Bifurcation diagram W3(nT) of Thrust bearing 

(B=100, and disk is located at the middle of rotor). 
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Fig. 9(a) Bifurcation diagram W1(nT) of Journal bearing 

(B=100, and disk is located near the left of rotor). 
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Fig. 9(b) Bifurcation diagram W2(nT) of Disk 

(B=100, and disk is located near the left of rotor). 
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Fig. 9(c) Bifurcation diagram W3(nT) of Thrust bearing 

(B=100, and disk is located near the left of rotor). 
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Fig. 10(a) Bifurcation diagram W1(nT) of Journal bearing 

(B=100, and disk is located near the right of rotor). 
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Fig. 10(b) Bifurcation diagram W2(nT) of Disk 

(B=100, and disk is located near the right of rotor). 
 

 

d From: https://proceedings.asmedigitalcollection.asme.org on 07/01/2019 Terms of U
500 1000 1500 2000 2500 3000
-1

-0.5

0

0.5

1

Ω (rad/s)

W
3(

nT
)

 
 

Fig. 10(c) Bifurcation diagram W3(nT) of Thrust bearing 
(B=100, and disk is located near the right of rotor). 
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Fig. 11 Phase diagram of of W2(nT) at various Ω 
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APPENDIX B Coefficient matrices of the system 
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where i=1,2 for each following term. 
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