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Quasi-Static Extension of a Tensile Crack
Contained in a Viscoelastic-Plastic Solid

Final stretch criterion of faslure is applied to the problem of quasi-siatic extension of o
crack embedded in an elastic-plastic or viscoelastic-plastic matrix. The slow growth
under subcritical conditions in a rate-sensitive Tresca solid is shown to be o superposi-
tion of creep rupture and McClintock’s ductile growth. This type of growth occurs at
subcritical magnitude of the imposed K-factor and can be accounted for only through a
recognition of inelastic properties of solids. In the subcritical range there is no unique
value for K. independent of geometrical configuration and flaw size. Not only the
produced states of stress and strain ave dependent on the loading path, but also the
material resistance to fracture turns out to be a function of the history of loading that
precedes catastrophic foslure. A nonlinear integro-differential equation of motion is
derived for a crack progressing through o viscoelastic medium with some limited ability
to plastic flow. Examples of numerical iniegration are given incorporating both mono-
tonic and cyclic loading programs.
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Introduction

AN extension of McClintock’s and Rice’s theory of
stable crack growth is proposed for the tensile mode of fracture
and small-scale yielding condition. Time-dependent phenomena
are incorporated so that the combined effect of plastic and viscous
deformation may be taken into account. In the first original
paper published on this subject in 1958 by MeClintock [5]1 it has
been noted that some creeping in biaxially stressed aluminum
foils tested for subecritical crack growth, was indeed observed.
MecClintock’s comment was that because of time effects present,
variations in testing rate might have contributed to the scatter.

Our major objective here is to give a theoretical background
which would allow one to describe M cClintock’s slow growth and a,
time-dependent failure occurring at subcritical intensity level
(creeping crack) by one governing equation. The secondary
objective is to show feasibility of the Dugdale model, equipped
with a new failure criterion, to account for the stable propagation
which is likely to precede fracture in elastic-plastic or in visco-
elastic-plastic solids. Comparison of results of this work with

1 Numbers in brackets designate References at end of paper.
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those obtained for mode IIT by McClintock and Rice through
the use of the incremental plasticity theories and von Mises
yield condition appears to be encouraging. The criterion pro-
posed here is named “final stretch criterion.” It is postulated
that the amount of deformation which o¢curs within the process
zone during the time interval just prior to decohesion of this zone
is a material constant. In contrast to the COD condition the
final streteh criterion is path-dependent and thus it appears to
withstand Rice’s criticism [8)] of an earlier work on this subject
by Cherepanov [1] and Wnuk [10]. This new approach as-
sumes nothing about the instantaneous tip displacement and the
length of the associated plastic zone. In fact these two entities
turn out to be functions of time to be known only after a history
of loading is prescribed and a governing integro-differential
equation is solved.

Elastic-Plastic Matrix

In the first part of this paper we consider an elastic-plastic solid
in which yielding obeys the Tresca condition. Attention is
confined to the plane-stress tensile mode of deformation and small-
scale yielding range. Therefore a line plastic zone results in
front of the crack. Normal component of the displacement
within this zone is given by

g{\/R(R —z 4+
a.
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The origin of the (z, y) coordinates is the crack center with the
crack on y = 0; Y denotes the yield stress, £ is Young modulus,
] is the crack half-length, and R is the length of plastic zone.
Equation (1) assumes [ is large in comparison to R, and that con-
sideration need be given only for the right end of the crack.
Of course & is a known function of the stress-intensity factor K,
which for the considered range of loads is a unique parameter
correlating fracture test data :

R = wK2/8Y? (2)

It is convenient to rewrite the expression (1) in terms of coordin-
ates (@1, 1) which are anchored at the crack tip and move along
with the crack front, Fig. 1(a). Itis evident that

T =2 — 1 h0 =1y
If we consider a fixed material point, say P, lying ahead of the
crack, and imagine that the crack moves from left to right, then
of course both z;, I and B will depend on time 7. Therefore
equation (1) may be rewritten as

4Y
uplaa(m), BT = & {\/R(T)(R(T) — z(r))

1(7T) log \/R(T) -+ \/R(T) - :Zn(T)} ®)
2 T VER@) - VR@E) - wr)

Henceforth for simplicity we shall drop the subseript “y’’ on the
displacement.

Consider now the history of deformation at the point P. An
infinitesimal material element located at this point enters the
plastic zone at a certain instant 7 = £, undergoes stretching
while the yielded zone passes by and collapses at 7 = ¢ Thus
the total amount of deformation produced at the point P(z(P) =
fixed) is

¢
wnlln, 1) = f wplna(r), R(O))dr
to

= up[m(t), BE)] — urlmalo), Bt)] (4)

where 2:1(() = 0, z:1(6s) = R(@). Since at the initial instant ({)up
is zero and at the final instant (¢) up is equal to the tip displace~
ment, one simply recovers half the COD as the total stretch
up(lo, £) .

up(to, t) = COD/2 = (4Y /mE)R(¢) (5)

A common thing to do next is to require that this quantity equals
o material constant. Although such a criterion may be correct
for predicting the final instability point, we should emphasize
that it is not a proper criterion within the suberitical stage of
growth, simply because it is not supported by experiment, i.e.,
COD = constant, compare Vincent [11]. The actual COD
observed by Vincent depended perceptibly on the amount of
stable crack growth, thus lending support to the concept of an
“R-curve” or a “‘G-curve,”’ or, in other words, of a variable tough-
ness which depends on the current crack length and the history
of loading. The function B = R(¢) is, however, not given. To
measure it, firs, and then insert into equation (2) would be merely
& semiempirical approach. We believe that the theory alone
should be capable to supply an equation which would generate
an R-curve.

To achieve this end, we postulate that the prior-to-fracture
work done at a fixed material point P, while the process zone of
microstructural . dimension A passes through it, is a material
Property, i.e.,

t
f Splzi(m)]%p[xi(T), R(T)]dr = constant (6)
t—dt

nge Sp[x1(7)] is the stress restraining separation of crack faces,
L is the time used by the erack front to traverse its own process
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Fig. 1{a) Front of an advancing crack and associated yielded (or crazed)
zone; P is control point
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Fig. 1{b) The R-curve is shown by the heavy line. The propagation

threshold R, the steady-state limit R, and the fracture point (I, R;) are
marked. The latter can be identified with the point of tangential con-
tact of the vniversal R-curve and a line showing variation of R with /,
known for a prescribed geometry, and graphed at a constant loading
parameter Q. Horizontal translation of the R-curve, due to variation of
the initial crack size, results in different amounts of slow growth prior
to instability.

zone. Note that the lower limit of the integral in equation (6)
corresponds to the instant just prior to failure at point P, while
the upper limit denotes the time at which P collapses. Thelength
A is on the order of a characteristic microstructural size, compare
MeClintock and Irwin [6]. Since A is small versus crack size (it
is exactly zero for a perfectly brittle continuum), one may apply
the quasi-steady approximation of Glennie and Willis [2], and
divide the unsteady motion of an accelerating crack into a
number of constant speed segments, each of which occupies the
time interval ' ‘

&t = A/l ' (7)

It is not difficult to relate the constant on the right-hand side
of equation (6) to the work required, to initiate the crack ex-
tension, say Genresnola = Go = 2Yup, where u, isi half of the initia-
tion COD. With this assumption and with a constant restrain-
ing stress Y, our criterion for failure reads

11
j;—&t

Physical meaning of the integral in equation (8) is readily seen:
it is the amount of deformation produced just prior to failure,
say?

ap [ (), B(T))dr = uo (8)

t
olt — 81, 1) = f arl(r), Rr)ldr ©
t—ot

For this reason we suggest the name “final stretch’ criterion, as

2 A “hat’’ symbol is employed to denote ‘“change of.”
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opposed to the COD criterion. These two are equivalent only
in the limit when 6R — 0, that is, when B approaches its steady-
state value B,. Here R, is the maximum value R can reach
before the unstable fracture sets on, and R, is the initiation plastic
zone size, as shown in Fig. 1(b).

Expression (9) can be now expanded as follows:

ap(t — 6ty t) = up(t) — up(t — 6t)

4Y o R —A
% {R(t) R — &) I: =

A. VRE+VR-A
2R " VR — VR — Alr=t-u

I

Since
R({t) = R(t — &) + Rt
dR (11)
= Rt — 6t) + ﬁ'A
we arrive at
plt — 8, 1) = X {R VRE - B+ A% dR

+A \/R+\/R A} a2
\/R—-\/ — At

Imposing the condition that this increment be equal to the con-
stant up = (4Y/wE)- Ry, we obtain a differential equation which
governs the quasi-static extension of a crack within the sub-
critical range of stress intensity

VE+ VE -
+£10 VE+YE- 2 g

R—\/RR—A A
( )+ VE-VE-A

(13)
In a dimensionless form we have
dr — r—Vr—1
S e m—r+ Ve — 1)t log——LT = (14)
dA ’ ) 8 \/r + \/r -1
where
= R/A, = I/A

The solution satisfying (14) gives the ‘‘universal’’ R-curve for an
elastic-plastic solid. Since R is a very large entity compared to
A (except perhaps for a low ductility solid, when R, ~ R, >~ A)
one may consider a somewhat simplified form of equation (14):

ak = By - —log (4R/A)

A (15)

This equation can be integrated in a closed form. Omitting the
algebraic details, we have

L=l = (1/8) exp (2Ro/A) { [l"g ( fc) - g?]

— ei [log (iAl—B) — 2TRO:“ (15a)

Function B = R(I — L) is given implicitly by equation (15a);
the symbol “ei”’ denoting the integro-exponential function

z ot
ei(x)=f —e;dt

It is of interest to see that the initial slope of the R-curve given by
equation (14) closely compares with that predicted for mode I1I

(15b)
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_Fig. 2 Initial slope of the R-curve versus ductility parameter a: h(a)
denotes the present solution, f(«) is Rice’s solution
from the incremental theory of plasticity, cf. Rice, [7]. From
equation (14) we have the initial slope
dR Vita-Va
( > \/a(l + a) + log ———=————F+ (16)
dl Vit a4+ Va

where « is the ductility parameter defined as a ratio of the plastic
component of the strain at fracture to the yield strain (o =
€, /ey). Rice has (dR/dl), = 10 — 1 — log (ro) or (v — log (1 +
a)). Both results are plotted in Fig. 2. It can be shown that
for ductility parameter &« — 0 and for &« — « both solutions
converge.

Noteworthy is also the fact that under certain assumptions the
final stretch criterion can be derived from McClintock’s criterion
of critical plastic strain achieved at a fixed microstructural dis-
tance ahead of the crack front. For this purpose the strains
€(x:) within Dugdale’s plastic zone are assigned as follows:

’ A
@) = ey + L2 {—lgrad w(@)|}, LSS an
Up A
or
T ou du dR R
e(x1)=€y+4—"—(1+a)l—5;+&5d—l} X»l (17a)

Here ¢,” is the plastic strain at fracture, ey is the yield strain, and
« is the ratio of these two. The displacement v = w(xi, E(x1))
is given by equation (1), in where x; is treated as a timelike param-
eter. Applying McClintock’s criterion, which means setting
e(z1) at 21 = A equal e, gives then

4
log<R>+d—I§=E€

A) Y a T h (18)

which is identical with equation (15). To allow for the change
from the A units to the R, units, or from the micro-to-macro
units, and to satisfy the boundary condition at the steady-state
limit B = R, one has to incorporate the following equality in-
volving the threshold opening stretch, namely,

4V A
Uy = -5 3 log (4R/A) (19)

This transforms both equations (15) and (18) into a simple com-
mon form
dR

dl @0

1
= 3 log (Ro/R)

Fig. 3(a) shows a few graphs which resulted from integration of
equation (20). Two distinet initial conditions B, = 0.1R,, and
= 0.5R,, were chosen to illustrate the effect of the propagation
threshold on the shape of the universal curve. For comparison
the broken lines depict curves resulting from the ‘“‘constant frac-
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ture energy”’ concept, cf., Cherepanov [1] and Wnuk [10].3
Note that in both cases the R function depends only on the dif-
ference (I — b), regardless of the initial crack size. The amount
of slow growth which occurs prior to unstable propagation, how-
ever, will be affected by Iy as pointed out by Rice [7].

To illustrate the effect of ductility on the slow growth let us
integrate equation (20) at various levels of a ductility parameter
Ro/A. To be more specific we choose a configuration of a plane
crack contained in an infinite sheet for which equation (20) re-
duces to

dQ  log (2R../1Q%) — Q¢
dar 210

(20a)

Here Q denotes thé loading parameter, @ = 7m0 /2Y, and ¢ is the
nominal applied stress. The foregoing equation defines load
versus crack length relation, @ = @(1), valid within the suberitical
range for a perfectly elastic-plastic solid (compare Rice’s and
McClintock’s analysis for mode IIT).

For the four chosen ductility ratios R./A we obtain numbers
shown in Table 1; see also Fig. 3(b).

Note that not only the location of the final instability points

3The basic physical assumption made by Cherepanov [1] is that
the total work done in separating two surfaces during an incremental
growth is a material constant. This statement expressed in terms of
elastic field entities and with the assumption that the Dugdale model
applies, reads

I+ R

4 ﬁ Youlz, Q) llde = 2G.8l (a)

or

I+R Qu ouy d@ _

o [+ (o) F e s o

or

D do I+R

2y a + 7? a—Q:I ‘/; ulx, @), 11dx + 2Yu(tip) = G (o

The foregoing relations describe a slowly moving crack within the sub-
critical range of the applied load @. An extension of the Cherepanov
theory for the viscoelastic solids was proposed by Wnuk [10].

Let us briefly summarize here the essential results pertinent to the
small-scale yielding range and a rate insensitive solid. The integrals

involved in equation (¢) can be then evaluated as follows: (B/l <
1)

I+R du 4R du
fl adw——ﬁ a;dx—u(l)—u(l-l-R):u(l)

. = (4Y/=E)R

+R oy d I+R 2 (d)

9w = 2 - = 2
ﬁ 50 dx 20 j; udz 50 4Y/wE)R%/3
= (4Y/«E)(2/3)R(OR/0Q)

Combining these results, with equation (¢) and replacing G. by
2Y(4Y/rE) Rw, we arrive at

R+ - R_—~--=R, (e)

il‘he derivative d@/dl can now be eliminated from the obvious re-
ation

dR/dl = dR/dl + (dR/>Q)dQ/dl 6]
Thus the differential equation (¢) takes on the form
dR 3
F i) (R — R)/R + dR/0l ()]
or
dR 3
a2 (B — R)/R ()

if one considers the last term in equation (g) negligible for the small-
scale yielding range (this term can be shown to be proportional to
,(Q/ Y)?), Equation (k) was used for graphing the R curves shown
In Fig, 3(a) by the dotted lines, while equation (g) transformed into
the (@, 1) plane for a crack contained in an infinite plate, was em-
bloyed to generate the curves marked by the dotted lines in Fig. 3(b).
Equation () reads then d@/dl = (3/2) @Rs — 1Q2)/Q92

Table 1
Rco/A l/'/A Qf
10 131 0.365
100 198 0.756
1000 306 1.218
10,000 451 1.6652

@ Gross fracture occurs at load slightly above the yield stress.

varies, but also the @ versus [ curve changes its shape when duc-
tility increases. For a very ductile solid the “plateau’” or the
flat portion of this curve extends over a considerable section of the
suberitical history. This means that a large amount of growth
occurs at an almost constant load, just below the failure load
Q7. Such an effect is yet better visible in a viscoelastic-plastie
solid, considered in the next section.

Yiscoelastic-Plastic Matrix

In many ductile solids tested at the temperature which ac-
tivates ability to creep and to relax the initially imposed stresses,
the slope of the R-curve varies with the rate of loading. This
can be assigned to

1 Rate-dependent yield point which enters into failure cri~
terion (6) which in turn governs equation of motion of a pro-
gressing crack.

2 Viscoelastic behavior of the bulk of the solid in which the
crack moves.

Let us consider the second cause in more detail. Imagine the
crack embedded in a viscoelastic-plastic solid. The matrix be-
haves as a linear viscoelastic medium for all points at which
stresses are below the yield point, while in the high stress regions
it yields according to the Tresca plasticity condition. There-~
fore material will yield within narrow bands emanating from the
tips (such a behavior is observed in a number of polymers and
known as a ‘‘crazing’’ process). The constitutive equations of
the matrix containing the crack are then

¢
si;(t) = f
oe(T)

t
S(t)=f Gz(t—’l‘)vd’r

Gi(t — 7) a_e;’f) dr

(21)

where G4(t) and Gy(f) are the relaxation moduli for shear and
hydrostatic stress states, respectively. Yielding within the high
stress regions obeys the Tresca condition, thus the viscoelastic
displacement which gives the shape of the plastic zone can be
computed from Graham [3] and Wnuk and Knauss [9] as follows:

u(z, t) = «z, t) + ft ‘i/(t — 7,7 )dT (22)

to

Here 4%(z, t) denotes the elastic counterpart of the considered
viscoelastic problem, and W (¢) is defined as the ratio* of the creep
compliance and its value at ¢ = 0. Dot denotes differentiation
with respect to the argument shown in parentheses.

Consider now a moving crack whose front approaches the
control point P, Fig. 1(a). The amount of deformation gen-

4Tt is so only for a unequivocal value of the Poisson ratio. Other-
wise, if » is also a function of time, the kernel ¥ is given as follows:

w{i) = Q@) /2(0)
where
2(2Gi*(s) + Ge*(s))
s2(Gi*(s) + 2G2%(8)G1* (3))'

and £ ! denotes the inverse Laplace transform.

s—»t:I

Q) = &1 [
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Fig. 3(b) Slow growth curves at various ductility levels R/A for a t
Confinvous lines result from the equation of motion based on the

in an infinite plate.

final stretch criterion, while the broken lines follow from Cherepanov’s theory. Arrows

4 1, ]

ts of transition to pr

erated at the point P during a small interval 8¢, preceding failure

at P, is
ft
£—at

u(xp, t) — u(xp, t — O1)

Apt — 6, 1) w(xp, T)dT

I

(23)

This is in fact the “final stretch’” which we shall use to describe
crack growth in the subcritical range. Let us compute

t .
op(t — 8, t) = W(zp, 1) + f Yt — 7)u(zp, T)dT

to

t—at |
— W(zp, t — 8) — f Y ~ 6t — T)u(zp, T)dT
t
t—ot

= ¢ — &, t) + W —7) (24)

to

t
— \i/(t — 8t — ) |u¥(zp, T)dT +f \i/(t — l(zp, T)dr (24)
' t—at (Cont.)

The first term on the right-hand side of the foregoing expression
is the purely elastic-plastic increment of deformation at point
P, and it has been evaluated in the preceding section. The sec-
ond term may be neglected if one agrees ‘that the change in
due to the shift of argument by 6t is small. In other words we
assume that the function ¥ does not vary rapidly and that for the
interval involved it may be represented by just the first two terms
of the Maclaurin expansion

W(ot) ~ ¥(0) + W (0)dt

L. . (25)
ot = A/l, V(@) >~¥(0) =B

It means that although the kernel ¥ may vary arbitrarily within
the time interval (f, ¢), it is assumed that it is approximately
constant inside each &t section.
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Let us consider the third term in a more detailed way. Insert-
ing «(zp, T) from equation (1) and ¥ from equation (25) we have

t 4Y
V(i — rd(zp, TYT = — B
ot wE

W) — Ur)
2 -

VR(@) + VR@) — 1) + z(r)}

og dr (26)
VR(r) — VR(r) — I(t) + Ur)

Note that the coordinate zp is fixed and equal I(z). All functions

appearing in-the integrand of expression (26), although unknown,
can be represented by the following Taylor expansions:

¢
X f {\/Rmm(r) — 1) + 7)) -
t—at

X1

Ut) = Ut — 6t) + i8¢

Ur)y = Ut — 8t) + (0 — t+ 8t)]
Rr)=R@t —8)+ (r —t + SO)R
R(t) = Rt — &) + R8¢

(27)

where both ] and R are considered constant within the 8¢ interval.
Inserting (27) into (26) gives

( )R(t—aw f {\/p(r) p(r)— R(t T;f)]

) Vp(T) + V() — ¢ — DI/RE — Bt)} i
2R~ 8) V() — Valr) — &~ DI/RG - &)

p(r) = R(r)/R{t — 8t) (28)
It is plausible to write the foregoing expression in a more compact
form
2 — €
(g) B M f Glp(s), slds (29)
TE l 0
where
s=( — TI/R(E — 8t), pls) =1+ (¢ — s)dR/dl
= A/RG — &),  Glp(s), 5] = Vialp — o)
Vo — s
g YRt Ye—s o
Vo — Vo=

If we restrict the attention to the case of R/A >> 1 ore — 0,
it is not difficult to give a following estimate of the integral ap-
pearing in the expression (29):

Jye
0

p(s), slds = Gp(0), 0] € — G ¢

8G = G1p(0), 01 — Glp(e), <]
@lp(0), 0] = 1 + (dR/dl)e + ...
1 A1 —
Glp(e), €l = lx/l —e - ~1 +\/i—_-{} .

=1 —%log @/e) + ... (31

The term 8G ¢ is of higher order and therefore will be neglected.
Thus the third term of the right-hand side of expression (24),
which represents the viscous component of deformation produced
at point P, can be cast into this form

4Y Rz — &) A

7TE Bw Glp 0), 0} m = 6‘Il‘utipq(t - 5t) (32)

COmblmng this with 4¢ given in the preceding section by equa-~
tion (12), we obtain the final formula for the total amount of de-

formation generated at P due to the combined effect of yleldmg
and creep. It reads

Bp(t — 3t t) = 4G — 8ty t) + 8V uw(t — 8t)

4Y (A 4R (33)
== {E log<A) + A““+5‘I’ R]t—-at
or
4y (A 4R Iy
w2 ‘ 2 1og (X) + Al + CRQR/Q)™ 5

— AC(@R/2Q)'R 2?} (34)

Here (dR/dl — OR/JlI)CA(OR/dQ)~* has been substituted for
0¥. Both dR/dl and dR/d@ are known functions of plastic
zone size R, crack length /, and loading parameter Q, if geometry
is prescribed. The constant ¢ = B/Q, where B denotes the
initial slope of the normalized creep compliance, B = ¥(0).
It is regarded here as a measure of material rate sensitivity.

Such a substitution results from the following consideration:

oV = W(st) — W (0) ~ F(0)
Since B = R(Q(), 1), we have
dR - OR

a al

oF dQ
0Q dl
which combined with the previous expression gives

dR  ®R _
80 = (ﬁ - 57) (OR/2Q)-1CA

Applying the final stretch criterion, that is requiring that
Ap(¢t — 64, t) = uo, leads us to the following equation of motion:
dR Ry — (A/2)log (4R/A) 4 AC(dR/0Q)1RdR /0l
dl A[l + CR(oR/0Q)™!

35)

or

dR _ §log (Ro/R) + CR(OE/2Q) *(oR/dl)
dar 1 + CR(dR/2Q)™1

(35a)

Two limit cases can be readily investigated. These are as fol-
lows:

1 Infinite rate of loading (Q — =) or zero material rate sensi-
tivity (& = 0). In either case the entity C approaches zero, and
we recover the previously studied differential equation which
governs slow growth of McClintock’s type, i.e., growth in a ductile
but rate-insensitive solid. The initial slope of the B-curve, or the
toughness-curve is then large, and eventually it levels off in the
neighborhood of the instability point.

2 Zero rate of loading dQ = 0. Here C becomes infinite and
the equation of motion (35) simplifies to just dR/dl = oR/ol.
This relation, when translated into the (§, {) plane, describes a
straight horizontal line which originates at (@, L). This is
exactly the case of a creeping crack, whose length extends at a
constant load. Such a problem is considered in more detail by
Whnuk, [10].

"For all intermediate values of C the motion proceeds at the
slopes of the R-curves which vary between zero (at Q = 0) and
that given by equation (15) of the preceding chapter (at Q — ).
Examples of integration of the equation of motion are given in the
next two sections. ‘They illustrate the effect of the rate-sensi-
tivity of the material and the rate of loading Q on the shape of the
R-curve. It will be seen that not only the slope of the curve
is affected, but also pronounced changes in location of the ulti-
mate instability point are observed.
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Fig. 4 Slow growth of a crack in a ductile rate-dependent solid. Ulti-
mate instability is reached when the slope of the R-curve plotted on log-
log scale equals unity (marked by circles). Initial crack size is 100 A.

Growth Under Monotone Loading

To exemplify the use of the foregoing equations let us choose a
configuration of a central crack in an infinite plate under tensile

stress . Then R = 1Q*()l, Q = wo/2Y, and the governing
equation of motion becomes
A
iR Ry — o log + ACRY/I\/2IR
a A+ ACR/\/ZZR (36)

Both R and I are then expressed in A units, and this leads to some
astronomical numbers. To avoid such an inconvenience new
variables are guggested, much more suitable for the numerical
work, Setting

log (I/A) = @7
log (R/A) = = Y(X)
we transform equation (36) into the form
— 9 3, —
av 4 Y/2 + (Csz) exp 2(V — X) oxp (X — ) (38)

dx 14 (C/V2)exp (Y — X)

This is the final form of the equation of motion used for numerical
integration. The constant 4 = (@ + 1) — % log 4. Fig. 4
gives some examples of the resulting integral curves. Now, the
‘“‘universal” R-curve is seen to be strongly affected by the rate-
sensitivity parameter ¢ (which includes the material-sensitivity
\i/(O) and the rate of loading Q). It can be also shown that the
R-curve is no longer a function of the difference (I — k) only,
but rather it depends on the current length [.

It is seen from Fig. 4 that the extent of subecritical growth is
pronouncely dependent on the rate-sensitivity. The final insta-
bility points for the three runs can be read out directly from the
curves shown, since they coincide in each case with the points at
which the slope dY /dX equals unity. They are

AL C = /A = 1153 Ry/A = 5710
At C =1, I,/A = 5064  Ry/A = 22026
AL C =10,  I/A = 268337 R,/A = 627814

The index *“f”’ stands for ‘‘failure.”

For engineering applications it is convement to rewrite the
governing equation (35) in terms of the ratios R/R. and I/R.,
where R, denotes the steady-state limit of the plastic zone size,
say Ro = mK,2/8Y? The symbol K, denotes the maximum
plane-stress fracture toughness which would be attained in an

38

351

Q=mwa/2Y

[}
30 p=wdy/2k
t1ttttte
c=0
-—
2 o4l —i{20ok—
N
IR EEERTS
je—— 2 ~—
2 1 1 L
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Fig. 5(a) C = B/Q =

.29,
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Fig. 5(b) C = B/Q = 1C0

Fig. 5 Slow growth in a finite width panel containing a central crack;
two different material rate-sensitivity (or rate of loading) levels are con-
sidered

ideal case, when the conditions of the test are such that the prior

to failure growth is fully developed. Of course, the actual frac-

ture toughness, i.e., the value of K at which the rapid motion

begins, is bracketed by the initiation toughness Ko and the maxi-
mum steady-state toughness K.

If we define

Q = wo/2Y (39)

then for the central erack contained in an infinite plate we have

= 3Q% (40)

and for a central crack located in a panel of width 2b we have

7l
= 102 =
R 507 sec (2b)

The corresponding equations governing the suberitical growth
take on the form

dR _ }log (R./R) + CRY/In/2IR

(41)

_ 2

a 1+ CR//2IR .
4Q _ log (2R./Q%) — Q* (42b)
dl Q2+ CQ)

for an infinite plate, and
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dR _ }log (Ro/R) + CR*1 + (x1/2b) tan (w1/2b)} /1N 2IR sec (wl/2b) (43a)

dl 1 + CR/V2R sec (wl/2b)

QQ _ log [2R-/@% sec (wl/2b)] — Q21 + (wl/2b) tan (wl/2b)] sec (wl/2b)

dl 1Q(2 4 CQ)see (wl/2b)

for a finite plate. The locus of terminal instability follows
readily from equations (42b) and (43b) if dQ/dl is set equal to

sero. 'Then for an infinite plate we obtain

ly = BQ, 2 exp (—Qy%) (44)

while for a finite width panel we have

log [2Rm/Q;,«2Zf sec (wly/2b)] = Q1 + (wly/2b) tan (wl;/2b)]
X sec (wly/2b) (45)

Of course equations (42) and (44) are ‘“‘contained” in equations
(43) and (45) and can be deduced from the latter by simply setting
the panel half widthb = «. Examples of the subcritical growth
in a finite width panel and due to a monotonically increasing
load are shown in Figs. 5(a, b).

Interestingly, the rate-sensitivity C' does not enter explicitly
in the relations (44) and (45). It is present here, though, in an
implicit way, since both the critical load @ and the critical crack
size [y are pronouncely affected by the rate-sensitivity. This
can be seen only after the integration of equations (42b) and
(43b) is completed.

In general, we conclude then, the amount of slow growth be-
fore the final instability sets in is a function of

Duectility.

Rate sensitivity.
Rate of loading.
Initial crack size.
Geometry of the test.

[0 WL R

These conclusions are illustrated by the graphs shown in Figs.
3-5. To establish such a dependence for a large-scale yielding
range one would require a much more complete analytical inves-
tigation.

Growth Under Gyclic Loading

In this section, we restrict our attention to a crack contained in
an infinite sheet.

Viewing fatigue crack extension as a sequence of slow growth
curves (or steps) we integrate equation (42b) over a single cycle

Omax Q4o
dl eroyole = 2 .
( )p yel Zj;?min log [ZRm/lQ2] — QZ

r Q)
+ B fo log [2R./IQ*(1)] — Q)

(46)

The current crack length I does not alter appreciably during just
one cycle and therefore is considered constant in (46). Note also
that the first integral on the right-hand side of equation (46) is ex-
tended over the ascending portion of the cycle only, while the
second integration covers the complete cycle. This isso because of
different physical interpretations of the two terms involved. The
first one accounts for the McClintock type of slow growth which
is ascribed totally to the plasticity effects and can oceur only
during the active process of loading. The second term arises
from the viscoelastic behavior, and therefore it is not restricted
to just the active loading. A more careful analysis of thz govern-
ing equation (42b) reveals that some growth occurs at the sus-
tained load or even at the decreasing load. Therefore, if a load-
ing cycle is decomposed into an ascending (0 < ¢ < T'/2) and
descending (7/2 < t < T) parts, the amount of growth gen-
erated in these two portions would be given by the equations

(43b)

Qmux A
(dl)useending = lf W

0us log [2B./1Q7) — @2

~ Qumin (Q2/Q)dQ
(dl)descending = Bl j‘Qmux log [sz/le] . Qz

(47)

It is seen that the sum of these two gives indeed equation (46).
The integrals in equation (46) principally can be carried out
for any given loading regime @ = Q). ' Interestingly, the first
of the two integrals can be evaluated in terms of the maximum
and the minimum load levels within the cycle, while the knowl-
edge of the precise nature of the @ versus time variation is not
necessary. However, to complete the integration in the second
term of equation (46) one has to know the function Q(f). Since
this term results from the rate-dependency of the material, it will
turn out upon completion of the integration, to be frequency-
dependent. Unfortunately, the resulting formulas although cast
into a closed form, contain a nonelementary integro-exponential
function ei (/R.), which was defined in the preceding section,
ef., equation (15b). Even for the simplest case, i.e., the high
cycle range with negligible rate-sensitivity (@ — 0, B — 0),
one arrives at the rate of fatigue crack growth expressed as fol-

lows:
dr o Bmgx dR
dv — " g log (Ra/R)

which again reduces to the integro-exponential function.

Numerical integration of equation (46) presents no difficulty.
Fig. 6 shows some examples of such approach, if the load cycle is
given by a simple sawtooth-like function

(48)

Qtfor nT <t < 2n + VT/2
—Qtfor @n + 1)T/2 <t < T+ 1),
n=2012 ...

Q) = {

The examples shown resulted from application of the Runge-
Kutta subroutine for numerical integration performed on IBM-
360. The frequency of the load cycle was chosen as w = 5 sec™!
(or Q = w1 sec™1), while Quin was 0.2, Qu.z was 0.4, and the rate-
sensitivity B assumed the values 0, 1, 10, and 100. It is obvious
from the few cycles pictured in Fig. 6 that the fatigue-crack
propagation is highly asymmetric within a single cycle. The
more rate-sensitive is the solid (or the lower is the rate of loading),
the greater contribution is obtained from the viscous portion of
slow growth. In other words, the descending part of the crack
extension cycle increases for larger values of the parameter
C(=B/Q).

Preliminary - tests involving fatigue runs of varied amplitude
of the applied K-factors have shown also that the increased rate-
sensitivity of the material tends to upset the agreement with
Miner’s law of cumulative damage. Again, the discrepencies
become appreciable for large values of C.

It appears that the future research on this subject should per-
haps zero-in on extension of the theory developed here onto large-
scale yielding range and possibly on incorporating the interaction
terms between creep failure and slow growth phenomena. These
terms, being of higher order of magnitude, were neglected here.
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