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On the Dynamic Analysis of C r a d and 
Twisted Cylinders Transporting Fluids 
The longitudinal, torsional and ^-transverse equations of motion are formulated for 
the titled problem through application of Hamilton's Principle. Curvature-torsion 
conditions under which linear oscillation in a plane can exist are identified. The finite 
element method with isoparametric elements is used for discretization prior to spectra 
analysis. Natural frequency caladations over a range of mass transport velocities and 
cylinder end conditions were carried out for comparison with constant and variable 
curvature analyses and experiment. These results support live application of the con­
stant curvature, inextensible cenlerline model for curved cylinder vibration analysis. 

Introduction 

The transverse vibration and stability of cylinders transporting 
fluids has been extensively studied during the last quarter 
century. For a review of the related literature the reader is re­
ferred to references [1-7, 19].1 Research efforts have concen­
trated on the linear theoretical relationship between the mass 
transport velocity and the straight conduit transverse natural 
frequencies. Relatively little attention has been directed to 
curved cylinders although Unny, et al. [3] and Chen [4, 5] derived 
the in-plane (in the plane of principal curvature) and the out-of-
plane equations of motion. In these formulations the assumption 
of an inextensible centerline permitted a reduction in the num­
ber of equations by one. The curvature and length of the cylinder 
symmetry axis were constant and independent of the transport 
velocity. Recently Hill and Davis [6] introduced the influence 
of initial, flow dependent, membrane tension on the curved 
cylinder natural frequencies. They concluded that the natural 
frequency-transport velocity relationship was sufficiently sensi­
tive to initial, membrane stresses that the previous analyses 
were conceptually and numerically incorrect. Experimental 
verification of the models has not kept pace with the theoretical 
developments. This is unfortunate because the cylinder trans­
porting a mass in slug flow theoretical model is essentially a planer 
Euler-Bernoulli beam formulation and is not so obviously correct 
that it should be accepted without question. 

The theoretical studies herein were stimulated by an experi­
mental investigation of the natural frequencies of straight and 
"almost" straight cylinders [7]. In that study the observed 
natural frequency-mass transport velocity relationship deviated 
from the straight cylinder theory at the higher velocities without 
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quantitative explanation. It was suspected that small curvature 
of the symmetry axis was responsible for the discrepancies be­
tween theory and observation. Also the response was never in 
the plane of the excitation but the orbit of a point on the sym­
metry axis was approximately elliptical. In this paper the 
longitudinal, torsional and transverse equations of motion are 
formulated for a curved and twisted rod transporting mass in 
slug flow at constant velocity. The kinematics of the rod are 
derived in Frenet-Serret curvature-torsion parameters, and the 
rod-conduit equations of motion are obtained from the ex­
tended Hamilton's Principle. Special attention is given to the 
identification of curvature-torsion conditions under which re­
sponse in the plane and normal to the plane of the excitation is 
expected. The finite element method with isoparametric ele­
ments is used for discretization of the equations of motion prior 
to spectral analysis. The numerical procedures developed simu­
late both the constant curvature and variable curvature cylinder 
models mentioned. Both theoretical models are tested against 
experimental data [7] for small curvature cylinders. The con­
stant curvature algorithm predicts a natural frequency-trans­
port velocity relationship which more closely approximates the 
experimental observations. 

Theory 
The physical model is a long, hollow, prismatic rod transport­

ing a continuous mass along its centerline. The rod cross-section 
displacement is a function of the centerline or longitudinal co­
ordinate s which reduces the kinematics of the rod to those of a 
one-dimensional space curve following Love [8] and Tso [9]. 
The rod centerline displacement may not be small although 
strains are assumed small. Rotary inertia caused by bending, 
transverse shearing deformations and anticlastic deformation 
are not included. 

The curvatures of the x and y principal centroidal axes are 
Ko and Ko\ and To is the torsion as shown in Fig. 1(a). The re­
sultant curvature at point 0 is seen to be 
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Ko * =• \/K\ -'FK'O" = l / R 

with 

KO'/KO — tan v 

(1) 

(2) 

The curvature-torsion parameters are a function of position s 
as shown in Fig. 1(b), and the coordinates acquire prime super­
scripts in the deformed state. The coordinate system (ei, £2, gs) 
is incrtial; the system (c/w, £2(0), c3

(M) is the principal system at 
point Pa; the system (e„<0), ej(0), e<<°>) is the normal-binormal-
tangential system at point Po. The relationship between the rod 
displacements w, u, v, 6 and the curvature-torsion is developed 
from curvature-torsion definitions and the denned coordinate 
systems. Following some manipulations [10] one obtains 

Kl •* Ko — V,„ - (ToW),, + (KO«)).» + Ko'6 

— Toll,, + T<fr> — K0V0W — Ko'w,.V,« 

U,,0,. ~* ToV,,0 + K0,,i (3) 

Kl' = Ko' + W..a - (TOI)) , , + (fCo'to)., - Tot),, 

+ Tohl + K0T0W — Ko8 + V,„8 + (ToU),,8 

+ ToU,,6 -f- KO'M,.2 — KoU,,V,, (4) 

Tl = To + T0K0U + KoU,. — K0T0V + Ko'v,, 

+ 8,, + To(P + Ko'u,,d — KoV,,0 + ToU,„U + U,„V,, (5) 

The displacements w, u, v, 8 are illustrated in Fig. l(a, b). The 
development of equations (3)-(5) follows that found in Love [8], 
and they reduce to results found therein when Ko and all non­
linear terms are deleted. The writers are unaware of an earlier 
derivation of these relationships. 

The correct statement of Hamilton's Principle for mass trans­
port systems, attributed to Benjamin [11], is 

SJ = 5 
/

>h n': 

Ldt- I 

m/c(r + c) • dr 
. - < ! 

dl = 0 (6) 
a™Jo 

where the Lagrangian L is the kinetic minus the potential energy 
of the rod plus fluid or transport mass, TO/ is the fluid mass/ 
length, c is the mean transport velocity relative to the rod, c is 
the magnitude of mean transport velocity vector, r is the inertial 
centerline position, and the rod extends from s = l0 to s = h. 

The rod position and velocity are 

r = rj + u 

r = u,(ei«» + v.ie/v + w,te/® 

and the rotation gives 

0 = 6,,e3w 

(7) 

(8) 

(9) 

The fluid absolute velocity is determined from its position de­
noted by r' 

f' = fi + i + c (10) 

The inertial velocity becomes 

f = u + c = u + cgi'»> (11) 

and in the undeformed coordinates 

f = [«,« + C(W,. — T0 + Ko'l0)]ei(O) 

+ [v.i + c(v,, + Ttu — Kaw)]ef>i 

+ [u),( 4-c]ej(0) (12) 

The kinetic energy of the system is obtained by substitution into 

r = 'A 
/

{mcr • r 
<o 

r + 19 • 0 + m/f' ' r ' jds (13) 

where mc is the rod mass/length and I is inertia/length. The 
potential energy of the incompressible transport mass is zero, 
and the potential energy of the rod is determined from classical 
beam theory for bending, torsion and tension; 

Eh 

Mn 

Eh 

Mn 

GJ 

AE 

= Kl - Ko 

= Kl - Ko' 

= r i — To 

— £33 

(14) 

(15) 

(16) 

(17) 

The curvature-torsion terms are given in (3)-(5), and e33 is the 

-Nomenclature 
A -
c = 

c = 

JZ = 

ds = 

D* «=> 

e = 

E = 
^33 =! 

0 = 
h = 

h 
h 
J 
K 
k 

area 
relative fluid transport veloci­

ty 
fluid transport velocity 
dissipation matvix 
differential segment of rod in 

unstressed state 
differential operator d*( ) / 

ds" 
h/k, eccentricity 
modulus of elasticity 
axial force 
shear modulus 
cylinder centerline deviation at 

midpoint—Fig. 4 
polar moment of inertia per 

unit length 
x-axis second moment of area 
y-axis second moment of area 
polar moment of area 
stiffness matrix 
arc length 
cylindrical mass per unit length 

m; = fluid mass per unit length 7 = 
Mu = moments y,- = 

M = lumped inertia matrix €33 = 
N = total number of elements 7} = 
R = radius of centerline curvature 
r = center l ine posi t ion in the 

stressed configuration 
rj = centerline position in the un­

stressed configuration 
s = centerline coordinate 

U{T), t) = re la t ive d i sp lacement wi th 
components w, u, v, 8 

u = generalized coordinate along 
the normal 

v = generalized coordinate along 
the binormal 

local nodal point vector 
global nodal point vector 
generalized coordinate along 

the tangent 
at = transformation angle in Fig. 2 $<' 
a = inertia matrix ( 

j3 = dissipation matrix 

v'(«>(f) 

v<«>(<) 
w 

8 = 
K o * = 

KO = 

Ko' = 

Kl = 

X = 

To 

Tl 

Hv) 

stiffness matrix 
transformation angle in Fig. 2 
finite strain 
dimensionless curvilinear co­

ordinate 
rotation coordinate 
principal intial curvature 
x-axis principal initial curva­

ture component 
j/-axis principal initial curva­

ture component 
final c u r v a t u r e c o m p o n e n t 

about x-axis 
final c u r v a t u r e componen t 

about y-axis 
complex natural frequency 
angle between Ko and Ko* in the 

initial configuration 
initial torsion 
final torsion 
interpolation functions 
quantity defined for each ele­

ment 
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x,u-e 

(a) 

<cy 

Fig. 1(a) Curvature-torsion parameters for the principal axes 

finite strain for small strain and moderate to large rotations; 

«33 = e,3 + Va(«J32 + 0)132) (18) 

The axial strain becomes upon calculation 

«33 = («>,» — Ko'u + KoV) + 1/%[{U,, — ToV + Ko'lfl)2 

+ («.. - KoW + Tot*)2] (19) 

The centerline deformation is small but not zero. The total 
potential energy becomes then 

V = V2 J {Mu(Ki - Kt) + A/M(Ki' - *>') + MS3(.n - TO) 
•J lo 

+ Fne„}da (20) 

The extended Hamilton's Principle (6) can now be formulated 
by substitution. From the linearized (3)-(5), the stationary 
principle (6) gives 

Sh = / 5 J V, i mc[u,? + v.? + w,?} + 

+ 7 » I m / [ ( w , | + C(U,, - ToV + Ko'ttl))2 

«/ Jo 

+ (O.I + C(V,, + ToU - KoU>))2 + (t»,i + c)2]< 
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IB,? ds 

/ S i 

(a) UNOEFOWMEO (b) OETOHMED 

Fig. 1(b) Deflection of a curved and twisted rod element 

- v. rx 
• / lo 

-B/i[— «... — (row),. + (KoU>),» — Tow,, 

+ To2!) — KoVoU) + Ko'i 

-V. f 
«/ lo 

EIi[u,„ - (TOV),, + Ww)., - row,. 

AS[u\, — KO'M + wfds 

— To% + K0T0W 

~ l/l I GJ[d,, + KoW,. + Ko'w.t + K0V0W - KoTuVfdS 

J lo 

•J (0 

- mfc{\u,t + C{U,, - ToV + Ko'w)]8ll 

+ [V.t + C(»,, + ToM — KoM>)]5w 

. - « ! -1 

+ [c + w,i]M (ft = 0 (21) 
»-<0 _ 

Some discussion of the nonlinear formulation can be found in 
[10] but the problem size and complexity quickly become un­
manageable and unwarranted at this time. It will not be pursued 
here. The Buler equations obtained from (21) in a straightfor­
ward but lengthy manner are 

(22) 0! + §.$ + 1% — 9 
where the 4 X 4 a, § and 7 are given in Appendix 1, xT = [w, 
u, v, 6] and the boundary conditions are given in Table 1. These 
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0.1 

fig. 2 Finite elemmt for the curved and twisted cylinder 

equations are not in the literature, but they reduce to available 
formulations for curved rods and tubes. If c, K0, KO,„ KO',, and 
To,, vanish, then they reduce to those found in Tso [9] for curved 
and twisted rods. The equations of Chen [5] are obtained by 
equating K0, n, Ko,„ «<,,,' and r0,s to zero, by equating s to R9, 
Ko' = l/R and by employing the inextensible centerline hypoth­
esis u = dw/dd. The perturbation equations of Hill and Davis 
[6] can not be obtained by reduction of these equations. Terms 
arise in [6] that are not present here. 

Rod geometries under which coupled in-plane and out-of-
plane response occurs (coupled u, v) are determined from the (2, 3) 
and (3, 2) coefficients of equation (22). A nonvanishing coef­
ficient insures coupled motion. In summary, coupled response 
results for the following rods: 
(a) If the rod is initially straight but twisted, coupled response 
occurs. Here, Ko = Ko' = 0, n ^ 0 and the coefficients of (22) 
are 

0 0 0 0 
0 fe /?2a 0 
0 - f t , fts 0 
0 0 0 0 

7 = 

7it 0 0 0 
0 7 « 723 0 
0 -723 733 0 
0 0 0 744 

indicating coupling of the flexural displacements u, v and no 
coupling of w, 6. 

(6) If the rod is not twisted and if the principal radius of 
curvature is not aligned with a rod cross-section principal axis, 
total coupling of all variables occurs. Here K0 J* 0, K0' S* 0 and 
To = 0. 

(c) If the rod is initially curved and twisted, coupling of all 
variables occurs. Here K0 ^ 0 and/or K' ^ 0, r0 ** 0. 

I t is interesting to note that the mass transport velocity c 
does not create the coupled motion through the introduction of 
additional coupling terms. The velocity merely modifies existing 
coupled problems. Uncoupled response occurs for the following 
rods: 

(a) If the rod is straight and not twisted, then all dependent 
variables are uncoupled. Here K0 = K0' = r0 = 0. 
(b) If the rod is not twisted and its radius of curvature is along 
a cross-section principal axis, then the in-plane and out^of-
plane responses are uncoupled. Here it, = 0 or K0' = 0, T0 = 0. 
Coupled motion occurs within each plane. Note tha t the non-
vanishing curvature need not be constant for uncoupling of the 
in- and out-of-plane response to occur. 

§ 
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I 
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I 
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g 
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\ T = , 0 ° 
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1.0 0 100 

NUMBER OF ELEMENTS N 

Fig. 3 Convergence of finite element for semi-circular ring sector 

Numerical Analysis 

The class of problems analyzed numerically is selected for 
comparisons with available literature. For the remainder of the 
paper the rod is a hollow, circular cylinder with curvature in a 
plane. Then 

/to = 0 

Ko' = Ko* 

To = 0 

(23) 

(24) 

(25) 

and uncoupled in-plane and out-of-plane oscillation is possible. 
Note that the inextensible centerline hypothesis has not been 
used. 

The finite element discretization of equation (21) following 
substitution of equations (23)-(25) divides the cylinder into 
iV elements illustrated in Fig. 2. The local field variable is 

U<">(TJ, T ) = $<«>(ij)v<"(r) (26) 

where the nodal coefficients are 

v<«>r = [wi\ m\ Vi\ OS, Wi,.,„0i,., Wi'„„Wi..'„,eJ,.'] (27) 

and the nonzero Hermite interpolation polynomials on - 1 5 
i / ^ + l are 

* K ( " = (2 - 3ij + 5)3)/4 

$X<X+4)<" = (1 _ r, _ V2 + , 8 ) / 8 

(2 + 3i, - ij»)/4 

( - 1 - T, + 7)* + lj3)/8 

(28) 

where K = 1, 2, 3, 4. The local x, y, z, 6 are similarly distributed. 
The discretization follows directly with a few points worthy of 
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comment. The interpolation (28) uses the curvilinear coordinate 
r] and the curvature-torsion parameters in equation (21) are 
defined in terms of s. The derivatives 

dx 

dr] 

d2rj 

4 - K 
( Or] y r dx &2x 

ds j \ drj dy2 

*? = - JdJL \ 
ds3 \ dt] J 

/ a% v 
+ \ W ) 

fly 
dr] + 

3z 

di] 

dhi 
1 ds2 

dx d3x 

dr) dr]3 

dy dhj 

dt] di]2 

dr) 

dy dhj 

dr/ drf 

+ 
dz dh 

dr] drf 

d2x 

dr]2 + 

+ 
dz d3z 

drj drf 

and the curvature-torsion parameters 

/Co = 
/ d*x V / <Py Y / ^ ! \ 
\ 3s2 j + \ ds2 ) + \ ds2 ) 

(29) 

(30) 

3fy \2 

dr]2 

(31) 

(32) 

To = JL 
K0 '2 

3a; 3?/ 3« 

3s ds ds 
d2x d*y d2z 

dip di? 6V 
33» d3y d3z 

ds3 ds3 3s3 

(33) 

are required for the necessary coordinate transformation. A 
second point is tha t the local coordinates in which the stiffness 
is formulated must be rotated into the global coordinate system 
during assembling of the equations. An a-rotation shown in 
Fig. 2 is followed by a y-rotation for all points I and J. And 
finally, a lumped inertia basis is used for w, u, v and 6 [12]. 

If the rod curvature is assumed constant for all c, then K0' in 
equation (24) is constant as in [3-5]. When the rod equilibrium 
curvature is a function of fluid velocity c, then K0' in equation 
(24) is the c = 0 curvature as in [6] and K0.»' terms are retained 
in equation (21). The numerical procedure for computing curva­
ture variations is outlined as follows. The cylinder has an initial 
curvature (24) at c. — 0. For a small velocity increment the 
normal acceleration of the fluid displaces the cylinder. The 
equations are then reformulated in the new configuration, and 
the velocity is incremented again. At velocity intervals the 
eigenvalue calculation is carried out for the desired natural 
frequency-transport velocity relationship. 

The stationarity of the discretized functional (21) leads to the 
discrete equations of motion 

Mu + Ci + Kv = 0 (34) 

where M is diagonal and C and K are unsymmetric. The eigen­
value problem becomes 

-K-IQ : -K-m 

I \ 0 

V 

w 

V 

w 
(35) 

where 

V = v exp (AT) 

W = XV (36) 

The eigenvalue problem (35) was solved by a reduction to upper 
Hessenberg form and utilization of the QR algorithm. 

Results 

For a third order interpolation Fried [13] has shown that in 
the limit the mean rate of convergence is N~* where N = no. of 
elements. The convergence rate decreases as element distortion 

increases to a lower bound of A7^2. Sabir [14] shows that the 
convergence decreases as the relative thickness {R/d) decreases 
and/or the included angle increases. The convergence of the 
present analysis is tested against exact solutions for two clamped 
semi-circular rings [15, 10] in Fig. 3. The convergence is satis­
factory and consistent with expectations. 

The in-plane natural frequency as a function of eccentricity 
e = h/lo is computed for a ring of length U between clamped 
ends; see Fig. 4. The fundamental frequency relative error is 
0.0128 percent for the straight rod, and approximately 1 percent 
[4] for the semi-circular rod with a six element model. The 
latter reference values are obtained from a published curve so 
error evaluation is of limited accuracy. Also the two theoretical 
models are not identical as mentioned. The odd vibration modes 
(even number of interior nodes), and especially the fundamental 
mode, are sensitive to eccentricity for small e. The "l/% sine" 
mode disappears with increasing e. A similar observation is 
made with pinned end conditions. The approach and separation 
of the modes 1 and 3 loci may be an example of the curve-veering 
phenomenon discussed recently by A. W. Liessa [17]. He postu­
lates that discretization errors in the transition (loci crossing) 
regions may cause the loci to veer abruptly where the exact 
solution would cross if it were known. The problem cannot be 
eliminated by a more refined discretization. The error, if it exists, 
is confined to the transition region. 

The analysis of out-of-plane vibrations shows no odd-mode 
sensitivity to e, and the influence of e is similar to that observed 
for modes 2 and 4 in Fig. 4. For large e the frequency decreases 
because of increased cylinder length. 

The in- and out-of-plane fundamental frequencies of a cylinder 
curved into a 180-deg arc are analyzed for comparison of the 
formulation with current literature. The geometry and mass 
transport particulars are radii of curvature and gyration ratio 
R/a = 40, mc = nif, R/d = 15.1, and a six element model is 
analyzed. For the configuration (23)-(25), the in- and out-of-
plane responses are uncoupled and shown in Fig. 5. The con­
stant curvature results compare well to those of Chen [4, 5]. 
Since the formulation here permits centerline extension whereas 
that of Chen does not, these results support the inextensible 
centerline hypothesis for this geometry. Allowance of curvature 
variations with increasing transport velocity influences natural 
frequencies through two mechanisms. First the induced mem­
brane stress increases the natural frequencies, and second the 
change in curvature of cylinder geometry shifts the natural fre­
quencies as illustrated in Fig. 4. The correspondence between 
these results and those of Hill and Davis [6] is also reasonably 
good. For a simply supported cylinder the results show a similarly 
satisfactory comparison. 

The analysis has also been applied to cautilevered semi­
circular cylinders and they experience flutter instability as ob­
served previously [1, 18]. 

No vibration data on highly curved cylinders transporting 
fluids are known to the writers. The experimental data in 
reference [7] on "almost" straight cylinders are extensive, and 
they include flow induced curvature variations. The experi­
mental 6061-T6 aluminum cylinder was characterized by ec­
centricity e = 0.00139, length 1.8 m, diameters 0.526 cm and 
0.635 cm, and the fluid specific gravity was 0.986. With these 
data the numerical analysis of the in- and out-of-plane natural 
frequency-flow velocity relationship is determined as shown in 
Fig. 6. To correctly test the in-plane natural frequencies, the 
plane of the excitation must be coincident with the plane of 
principal curvature. Under these loading conditions the in-
and out-of-plane response uncouple. In the experiments [7] the 
plane of excitation was "close" to the plane of principal curva­
ture but not in it. The correspondence of the constant curvature 
results and the experiment is quite good. The constant curvature 
analysis provides a reasonably accurate procedure for predicting 
natural frequencies. Recall that the test cylinder was almost 
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Fig. 4 Natural frequency for constant curvature ring sections of fixed chord length 
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Fig. S In-plane and out-of-plane fundamental frequencies of a clamped semi-circular cylinder with mass transport 

straight—e = 0.00139—so that the curved cylinder analysis 
becomes significant for small eccentricity or initial curvature. 

A surprise in this analysis is the behavior of the in-plane, 
variable curvature, fundamental frequency that increases with 
transport velocity. The increase occurs because of 1 membrane 
tension, and 2 the fundamental frequency sensitivity to e il­
lustrated in Fig. 4. For "almost" straight cylinders the funda­
mental frequency sensitivity to curvature is large and small e 
variations are significant. For large curvature, as in semi­
circular sections, the sensitivity of fundamental to e is small. 
While the variable curvature model possesses great intuitive ap­
peal the natural frequency-transport velocity behavior is con­
trary to observation and possibly even contrary to expectation. 

A precise explanation of the observed nonplanar response in 
[7] cannot be given because the curved geometry of the specimen 
was not satisfactorily recorded. From the original test model in 
which TO = Ko = 0 and Ko' = 1/R, it is concluded that an un­
coupled planar response is possible for excitation either in- or 
out-of-plane of principal curvature. However, in [7] the excita­
tion was neither in nor out of that plane so a combined, orbital 
response was to be expected. This is thought to be the principal 
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Fig. 6 Out-of-plane and in-plane fundamental frequency-transport 
velocity relationship for an "a lmost" straight, simply supported cyl­
inder 
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cause of the observed motion. Variations in T0, K0, KO1 as well as 
nonlinear contributions at the resonance amplitudes increases 
coupling although a quantitative evaluation of those effects is 
not possible. 
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A P P E N D I X I 

The elements of the a, (5 and y operators are given here with 
the notation Dk = dk/dsk. All elements not included herein are 
zero. 

a n — an = aas = — (me + mf) (37) 
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au= - I (38) 

Pn = - ft, = m/CKo' (39) 

ft3 = - ft, = m/CKo (40) 

j3a = - ft2 = 2r»/CTo (41) 

&» = ft3 = - 2W/CC1 (42) 

7 „ = [EIlK<? + EhK^ + EA)D» + 2[Ehm<,,. + EI2KO'K<,,,W 

+ [m/c2(Ko2 + K„'2) - KoToKo.iWl + Eh) 

- KoKo'ToAEh - Eh) + Ko'T0Ko,,(Eh + Eh) 

- T<?W*Eh + KjEh) + -EIUMO,,, + EIiKi'Ko,,.") (43) 

7i , = EhKo'D* - KoT0{2Eh + EhW + [m,cW - 3EhK0ro., 

- Kf)'To(2EIi + Eh) - Ko'EA]Di + [~ m/C2Kor„ 

- EhKoTo,,, + EhKvTa3 - Ko'TtToAEh + 2EI%) 

- K0,,'EA] (44) 

yn = - EIlKt>D3 - KO'T„[B/I + 2Eh]D* + [ - W/C»K0 

- SJEJWTO, . + KvToHEh + 2Eh) + K„EA]Di 

+ [— W/C'VTO — EhKo'ro,,, + EIIKO'TJ* + KoTor0,,(2Si"i 

+ Eh) + Ko..EA] (45) 

7,1 = KoKoWi - Eh\Di + [KO'KV,,(EII - Eh) 

+ To(£/lKo'2 + EhK,?)} (46) 

72 , = - EhKv'D* - [r0/Co(2£7, + Eh) + 3EhKo.,W 

+ ( - m/cV - 'SEhKo.,,' - 2ToKo.,(2Eh + Eh) 

- woJEh + 2Eh) + KjW(2Eh + Eh) + Ko'EAW 

+ [- m/cHKo,,' + Koro) + -E/,TO(2KO'8,TO + 3KOYO,,) 

~ Ko.,T0,,CE/i + 2Eh) - TOKO,„.(2JEZI + Eh) + Eh(Kor<? 

+ To2Ko,,' - W o . , , - K*,„,')] (47) 

ya = - EhD* + [ - TO/C2 + 2TJ(2Eh + Eh) + CJK<?]D* 

+ 2{2T0TS,,(2Eh + Eh) + O/KoKo.JD1 

+ [TO/C2TO2 - Elm* + T„J(Eh + 2Eh) 

+ 2TOTO,„5(#/I + Eh) + GJ(- K„'2TO2 

+ KoKoVu,, + WoKo,,' + ToKo,,) - Ko'2EA] (48) 

72, = 2T0[EI1 + EhW + [roAEh + 5Eh) + GJKOKO'ID2 

+ [2m/cVo + lEhn,,, - 2 T O 3 ( ^ I + Eh) 

+ GJ(KaKa,,' + Ko'Ko,, - Ko'2ro - KoVolD1 

+ [mf<?T*., + EhT0.„. - T<?n,,(5Eh + Eh) 

+ GJ(KoKoW - Ka2To,, - 2K0TOKO,3) + KeKoEA] (49) 

7M = KolEh + GJ\D* + [ - Ko'To(2Eh + GJ) 

+ Ko,,(2Eh + GJ)W 

+ [ - Eh(2nKo,,' + KoVo,,) 

+ Ehfjto... - Koro2)] (50) 

73I = EhKoD* + [- K,\*(Eh + 2Eh) + 3EhKo,,W 

+ [w/cVo + SEhKo,,. - 2roK0,a '(S/, + 2Eh) 

- K„,To.,(2Eh + Eh) - KenHEh + 2Eh) 

- KoEA]Dl + [m/c 2 ( - KoVo + Ko,») 

- nK0,J(Eh + 2Eh) - K,,t'n,.(2Eh + Eh) 
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+ EI(Ko,„. ~ «» ' r»." - K«^ + KoW) 

- S7jr0(2roKo,. + 3itoTo..)] (5!) 

yu = 2u[Eh + BIt]D> + i- T . . . (5B/I + Eh) + GJK„K,']7>2 

+ [ - 2m/cVo - iEhn,,. + 2 T „ W I + Eh) 

+ GJ(Kti'Ko,, + KoKo.t' + Ko'2To + KoVolD1 

+ [ - m/cVo,, - EliTo.,., + T<?TO,,(EII + 5Eh) 

+ 0J(2KOVOKO,. ' + KoVo.. + KoKoVo2) + KoKo'-BA] (52) 

7,3 = - EIiD* + [- m,& + 2 T 0
2 ( £ 7 1 + 2Eh) + GJKO'2W 

+ 2[2T0TO,,{EII + 2Eh) + GJK0'KO,,'W + [w/cVo2 

- Elm* + r0J(2Eh + Eh) + 2r„n,„(EIl + Eh) 

- GJWnKo,, + KoToKo.,' + KoKoVo,, + KoVo2) - EAKJ 

(53) 

734 = 

7« 

742 = 

7<3 = 

744 = 

K o W i + G7]7)2 + [K,.,',(2Eh + GJ) + K0r0(2Eh 

+ GJ)]Dt + [Eh{Ko,J - KO'TO2) + Eh(2roK<,,, + Km.,)] 

(54) 

- KoKoWi - Eh]Dl + [To(EIlKa'
2 + EhK<?) 

+ Ehiwo,,' - KoV.)] (55) 

Ko[Eh + GJW + Wu(2Eh + GJ) + GJK0.,W 

+ [K„VO,,(£7I + GJ) - EhK<,r<? + GJKo,.'n] (56) 

Ko'lEh + GJW + [- K«ro(2Eh + GJ) + GJK0,,'W 

- [KoTo,,(Eh + GJ) + EhKo'Tt? + GJK<,,,To) 

GJD* ~ [Elite,'* + EhK^\ 

Clamped 

dw = 0 

Su = 0 

8u„ = 0 

to = 0 

Sv., = 0 

Pinned 

8w = 0 

5M = 0 

- S 7 S [ M , „ - TO2M - 2TOV,, 
+ Ko'lV,, + (Wo + Ko,,')w • 

8v = 0 

— Ml[2roM,» + To,,M + ».„ 
— KoW,, + (KoVo — Ko,j)tt> — 

- T<s.,V 
- K<,9] = 0 

— To2» 
Ko'0 = 0 

Table 1 Boundary conditions 

Free 

AM,, + Aim — EIIKQ'U,,, + 2EhK0nu,, + A3u + EIiK0v,„ 
+ ZEItKo'rev,, + AiV + Aid — m/cw,t = m/c2 

EhKo'w,,s + Biw., + Bim + m/cu,i + EI%u,„, + B3u,, + Bm + B^v,, 
+ Bio + Ba9,, + B<id — mfc[u,t + c(u,, — nv + K0'W)] = 0 

— Eh[u,„ — Tohi — 2TOV,, — n,,v + KoV* + (Wo + Ko,,')u> — K$\ = 

— EIiKow,,, + Ciw,, + C2w + C3M,,, + CiU,, + Cs,u + mjcv.t + EI\v,, 
+ Cit) + Csd,, + CtO — m,fc[v,t + c(v,, + nu — KQW)] = 0 

— EIi[2roU,, + To,,U + V,„ — To2W — K0W,, + (KOWO — Ko,,)ll) — Ko'6] = 

,. + B6v,, 

-- 0 

„ + C,v,. 

-- 0 

86 - 0 50 = 0 -GJ[K0U,, + K0V0M + Ko'v,, — K0T0V + 8,,] = 0 

Ai = - i'/iKo2 - EhK^ - EA 

Ai = KoKoTo(EIi - Eli) - EI1K0K0., - EliKt'Ko,,' 

As = EI1K0T0,, + EltKoW + Ko'EA 

Ai = - EI1K0T02 + EIIKJTQ,, - KvEA 

As = - KoKo'(Eh - Eh) 

Bj = 2 EhK0,,' + KuTo(2Eh + Eh) 

B2 = m/c2(Co' + TnKo.^Eh + Eh) - 2 EhKoW 

+ EIlKo,,,' + EhKoTo,, 

B3 = TO/C2 - To2(4S7i + Eh) - GJK? 

Bt = - 2 nn,,(Eh + Eh) ~ ft/woVc 

B 5 = - 2 ToCEJ, + JS/j) 

B 6 = - 3 S/iTo,. - G/KOKO' 

B , = - OT/CVO + 2^ / 1 ro 3 - ^ / 2 r o . „ + GJKfr, 

J B 8 = - K0(SL + G/) 

S , = 2EhK<,'n - EhKv,, 

and 

Ci = - 2&TiKo,. + KO'TO(J57I + 2^7,) 

Cj = — TO/C2Ko + Eh(Ko'To,, — Ko,„) 

+ ToKo,,'(£7i + 2#7 2 ) + 2£72Koro2 

C3 = 2Vo(7J7i + S7 2 ) 

<?4 = 3 ^ 7 i T 0 l . - GJKOKO' 

d = TO/CVO + EhT0,„ - 2 7J72T,,3 - GJKt'n 

C6 = OT/C2 - T O W I + 4S72) - GJKO'2 

Cn = - 2 nn,,(Eh + Eh) + GJKOKOVO 

ft = - K O W I + GJ) 

ft = - 757^0,.' - 2EI2K0T0 
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