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We study the problem of isometric extension on a sphere of the space s, (H). We give an affirmative answer to Tingley’s problem in

the space s, (H).

1. Introduction

Let E and F be metric linear spaces. A mapping V: E — F
is called an isometry if dp(Vx,Vy) = dg(x, y) forall x, y €
E. The classical Mazur-Ulam theorem in [1] describes the
relation between isometry and linearity and states that every
onto isometry V between two normed spaces with V(0) = 0
is linear. In 1987, Tingley [2] posed the problem of extending
an isometry between unit spheres as follows.

Let E and F be two real Banach spaces. Suppose that V
is a surjective isometry between the two unit spheres S(E)
and S(F). Is V;, necessarily a restriction of a linear or affine
transformation to S(E)?

It is very difficult to answer this question, even in two-
dimensional cases. In the same paper, Tingley proved that if E
and F are finite-dimensional Banach spaces and V;, : S(E) —
S(F) is a surjective isometry, then V(x) = -V, (-x) for all
x € S(E). In [3], Ding gave an affirmative answer to Tingley’s
problem, when E and F are Hilbert spaces. Kadets and Martin
in [4] proved that any surjective isometry between unit
spheres of finite-dimensional polyhedral Banach spaces has
a linear isometric extension on the whole space. In the case
when E and F are some metric vector spaces, the correspond-
ing extension problem was investigated in [5, 6]. See also [7-
14] for some related results.

We introduce a new space s(H) which consists of all H-
valued sequences, where H is a Hilbert space, and, for each
element x = {x(k)}, the F-norm of x is defined by |x| =
Z,é“;l(l/Zk)(||x(k)||/(1 + [lx(k)|)). Let s,,(H) denote the set of
all elements of the form x = (x(1),...,x(n)) with ||x|| =

Yo (1729 (Ux(R) /(1 + x(K)1)), where x(i) (i = 1,...,n) is
an element in the Hilbert space H.

In this paper, we study the problem of isometric extension
on a sphere S,O(sn(H )) with radius r, and center 0 in s, (H).
We prove that if V; is an isometric mapping from S, (s,(H))
onto itself, then it can be extended to an isometry on the
whole space s, (H).

Here is a notation used throughout this paper:

ex(k) = (0,,X(k),,o) € Sn (H),
kth place

@

where ||x(k)| = 1. Particularly, when [|x(k)| = 0, we define
exoixol = (055 0).

2. Main Results and Proofs

In this section, we give our main results. For this purpose, we
need some lemmas that will be used in the proofs of our main
results. We begin with the following result.

Lemmal. Ifx, y € s(H), then

||x - y|| = ||x|| + ||y|| & suppxNsupp y =0, (2)

where supp x = {n : x(n) # 0, n € N}.

Proof. The sufficiency is trivial. In the following, we prove the
necessity.



Suppose that x = {x(n)} and y =
s(H) and that [|x — y|| =

{y(n)} are elements in
<[l + I yll. Then

1 Jxm) -y
12" 1+ ||x (n) - y(n)"
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In view of (3), it is sufficient to show that

|x () = y ()] lIlx ()
L+[xm) —ym| ~ 1+ Ixm)]

Iy )]
L+ |y )
and the equality holds if and only if [|x(n) ||| y ()|l = 0.

Indeed, since x/(1+x) is strictly increasing on [0, co), this
lemma is proven. O

(4)

Lemma 2. LetS, (s(H )) be a sphere with radius r, and center
0in s(H). Suppose thatV, : S 0(s(H)) ) O(S(H)) is a sur-
jective isometry; then (supp x) N (supp y) = 0 if and only if
(supp Vpx) N (supp Vo y) = 0

Proof. Necessity. Take any two disjoint elements x and y in
S, (s(H)). Let Vo(x) = {x'(m)} and Vy(y) = {y'(m)}.
Since Vj is an isometry, we have by Lemma 1 and (4) that

2ro = lxll + |y = < - ]
= [Vox = Voy|
i 1 o=y o]
=2 L | () =y ()] (5)
Lol s o]
Zon 1+ ||x" () 2”1+||y )|
= 2r,.
Thus,
[Vox = Voy|l = [Vox| + Vo] (6)
According to Lemma 1 again, we obtain
(supp Vox) N (supp Voy) = 0. 7)

The proof of sufficiency is similar to that of neces-
sity because V' is also an isometry from S,,(s(H)) onto
itself. =

Remark 3. The space s(H) in Lemmas 1 and 2 can be replaced
by the space s,(H).

Lemma 4. Let S, (s,(H)) be a sphere with radius r, in the
space s,(H), where ry < 1/2". Suppose that V : S, (s,(H)) —
Sro(sn(H)) is an isometry, A, = 2kro/(1 - Zkro) (keN, 1<
k < n), and e,y € s,(H)(|x(k)ll = 1). Then there exists
x'(k) € H(|x' (k)| = 1) such that Vo(Akery) = Arey gy and
Vo(=Arex) = —Axex ).
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Proof. We prove first that, for any k (1 < k < n), there
exist | (1 <1 < n)and x'(I) (|x' ()|l = 1) such that Vy(A,
€xk)) = Ay (notice that the assumption of A, implies A,
ek € Sy, (s,(H))). To this end, suppose on the contrary that
Vo(Ak,€xtey) = Y ket Mkex' k) and Mk, # 0,1, # 0. In view of
Lemma 2, we have

[SUPP Vo (Ako k) )] N [supp Vy (Axerr))] = 0,

Vk # k.

Hence, by the “pigeon nest principle” there must existk; (1 <
k;, < n) such that V;,(A k, ex(kio)) = 0, which leads to a contra-
diction.

Next, we prove that if Vokerwy) = Mewqy Vol(=Ak
€x(k)) = Apeyr(p), thenl =

Indeed if lp # p, we have

Vo (Aeexy) = Vo (—/\kex(k))“

9)
Vo (Arerry) = Vo (ki)

= v = Apewrp| = 2100

and this contradiction implies [ = p.

Finally, we assert that, for any k (1 < k < n), there exists
x' (k) such that Vo(Akex)) = Akeyr (k) and that Vo(=Ae, ) =
—Akexl(k).

Indeed, if Vy(Are, k) = Aey(y> by the result in the last
step, we have V(—Age k) = Aje,n); thus

121,

Vo (Akexiw) = Vo (=Aeexp)ll = *1121,

122 kel =

||Vo (Akex(k)) -V (—/\kex(k))"

1 A O-x")
A1+ N[ O -x" O

= Ve = Aewngll =

Therefore,
! "
12y 1 MEo-S"o] 1o a
2 1+21 21+ A () -x" (D] T 2P 1+2)
It follows that
21, - 2r, 1)

1+2kr, 1427
and so k > I. Applying the “pigeon nest principle” again, we
have k = 1. Thus ||x" (1) - x" ()| = 2. Since x'(I) and x"' (1) are
elements in Hilbert space H, we have () = -x"(I). O

Lemma 5. Suppose that x, and y, are elements in the Hilbert
space H, A and y are some nonzero real numbers, and |Ax; +
il = 1Axy £ wy,ll, il = llx,ll, and Iyl = lly,ll. Then
"x1 4 | = "xz -
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Proof. Itis easy to prove this lemma by the parallelogram law.

Now we are in a position to state the main result and proof
in this paper.

Theorem 6. Let S, (s,(H)) be a sphere with radius r, in the
space s, (H), where ry < 1/2". Suppose that V, : S, (s,(H)) —
S,, (s4(F)) is a surjective isometry. Then V;, can be extended to
an isometry on the whole space s, (H).

Proof. Let x = {x(i)}._, € S, (s,(H)). Foriand j are points in
supp x such that i # j, it follows from Lemma 2 that

supp Vo (Liewoiaon) [ ]59PP Vo (Ajexiixin) = 00 (13)

Since Vj, is surjective, there is an element z = {z(i)}}_, € Sro(sn
(H)) such that

Vo(2) =) ||x)fl)|| Vo (Aiexyixan) - (14)
i=1

If x| = 0, then Vo(hiewiin) = 0 and e,y = 0
In the following, we explain why the right-hand side of (14)
isnorm ry.

By Lemma 4, we can see that, for any i (1 < i < n), there
exists x’ (i) such that |x(@)| = |x' ()| and

Vo (Mieiiyixin) = A€ iy ol (15)

So

- llx ()l
by

1

Vo (Aiex(i)/llx(i)ll)H

fl2 @)l
Z A€y Gl

(16)

x' (i)

SO
LA ] "

Since V; is an isometry, we have

Iz = Aieiy el
”Vo (z) - Vo (/1

iexa)/ux(i)n)“

- llx @)l
= Z Vo (iexiyixan) = Vo (Aiexqiyixn)

lx )l
=125 (Aexiian)
N

(L0l
+ <A— - 1) Vo (/‘iex(i)/ux(i)n)”

3
||x
Z A JEX (X G
i
llx @)l
+ </\—, - 1> Ai€yr iyl )l ||
B O U W Y P30T
O 214w )] 21+ A - x @)
B S 5201 N S 5l 20
O 2014+ x@) 201+ A, - [lx ()]
(17)
On the other hand
Iz = Aieiy e |
R0
2 1+[z(j)]
7 (18)
+[lllz Ol i)z = Aiexarenll
1@l 1 Al
S0 214 zG) 2144 - lzG)

Given (17) and (18) and the fact that f(x) = —(x/(1 + x)) +
(A; = x)/(1 + A; — x) is decreasing on [0, +00), we have

lx @I < llz DI - (19)
By (14) and Lemma 4, we get

1 2@
521+ 1z (D)

= llzll = [Voz|

S E20]
=125 Yo (exomiaan)
i=1

1

H (20)

c 1 =@ llx @)
21+ [x @)l
Combining (19) and (20) implies
llx @I = llz@I . (21
It follows from (17), (18), and (21) that
iz DN ez e = Aexixonl

1 Ai-lz@) (22)
S 2+ A -z

and consequently
x (i) =z (). (23)
That is,

< llx ()
:Z 1 Vo (Aiexgyixn) - (24)
i=1

i



4
We now define a mapping on the space s,(H) as follows:
V ({x (Y = z"; llx/\(?)ll Vo (Miexyixan) — (25)
gor all {x(l)} € s,(H). If | x(i)]l = 0, then V(A ex(z)/Hx(z)”)

Suppose that {x(i)};:;’ and {y (z)} are elements in s,(H).
By Lemma 4, (24), and (25), we can assume

V() = o)

A 3 (26)
V(o) = o)
where [ x(i)|l = [Ix" ()]l and [yl = Iy @)I-
To prove
|V (x 1Y) - v (fy DY) = |t o1y - y(z),ln

we proceed as follows.
Since Vj, is an isometry, it follows from Lemma 4 that

Vo iexymxan) = Vo (Mieympan) |

= Mexomsan = Aeyonyo] (28)
1 Alx@ /@Iy @) /|y Ol
21+ M @)/ x Dl £y @) /]y O
On the other hand
Vo iexmean) = Vo (Mieyompan )|

|')hex’(z)/||x o1 E Aiey @y o " (29)

1 Ao o=y o)y ol
RSN IOV (i)|| +y' () /]y O

If x(i)] = 0, then x()/lx() < 0 and x'G)/Ix' G < 0. Tt

follows from (28) and (29) that

x (i i x' (i "
ot Dol e s ror
Notice that [x(i)| = [lx'()]l and [y@)] = Ily'()I and
notice (30); it follows from Lemma 5 that
lx @) -y @) =[x G) - ¥ G)]- (31)
Since
[V (@) - v (@1
1 o=y
- 201+ |x () -y () ’ (32)

_yl x@-y@l
52 1+ x (@) -y )]
Equations (31) and (32) assure that (27) holds. That is, we have

obtained an isometry on the space s,(H) and it is the exten-
sion of V4. O

[ 32 - {y @}y
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