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ON THE VARIATIONAL NONCOMMUTATIVE
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We outline the notions and concepts of the calculus of variational multivectors within the Pois-
son formalism over the spaces of infinite jets of mappings from commutative (non)graded smooth
manifolds to the factors of noncommutative associative algebras over the equivalence under cyclic
permutations of the letters in the associative words. We state the basic properties of the variational
Schouten bracket and derive an interesting criterion for (non)commutative differential operators to be
Hamiltonian (and thus determine the (non)commutative Poisson structures). We place the noncom-
mutative jet-bundle construction at hand in the context of the quantum string theory.

PACS: 02.10.-v

INTRODUCTION

In this brief communication we sum up, without giving any detailed proofs,
the main notions and facts about the calculus of noncommutative variational
multivectors in terms of the Schouten bracket, and we sketch the construction of
the odd (homological) evolutionary vector fields, on the infinite jet spaces for maps
of a smooth commutative manifold M™ to the factor-algebra of a noncommutative
associative algebra A by the relations of the cyclic invariance ajxas - az ~
a1 - asxag and aj Xag ~ asXap (see [1]), where X is the ordered concatenation
of the words a; written in the alphabet of 4 and - is the multiplication.

We formulate the basics of the theory over such noncommutative jet bun-
dles; this direction of research was pioneered in [2]. If, at the end of the day,
the target algebra A is proclaimed (graded-)commutative (and if it satisfies the
«smoothness» assumptions), we restore the standard, Gel’fand—Dorfman’s calcu-
lus of variational multivectors [3,4]. Alternatively, under the shrinking of the
source manifold M™, which may be our space-time, to a point (or by postulating
that the image of M™ in A is a given element whenever the map M" — A is
constant), we reproduce the noncommutative symplectic geometry of [1].
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This report is an immediate continuation of the review [5] and we follow the
notation and conventions thereof, with the only replacement of ¥ and q there
by M™ and a here, respectively. A proper substantiation and the discussion in
more detail, with the transcript of this theory as the h-linear slice of the scattering
equation (|1)-1]2))-|3) = |1)-(]2) - |3)) in the full quantum geometry [6], will be
the subject of the subsequent publication.

This paper is structured as follows. We first rephrase the notion of the
variational cotangent superbundle (see [4,5] and references therein) in the non-
commutative setup and formulate the definition of the noncommutative Schouten
bracket [, ] as the odd Poisson bracket. We relate the odd evolutionary vec-
tor fields Q¢ to the operations [€,-], where £ is a noncommutative variational
multivector. In these terms, we debate the Hamletian «presence» or «absence»
of the Leibniz rule for the Schouten bracket [, ]. We affirm the shifted-graded
skew-symmetry of [, ] and directly verify the Jacobi identity, which stems from
the usual Leibniz rule for the derivations Q€ acting on the bracket [n, w]. Later
on, we focus on the noncommutative variational Poisson bivectors 7 such that
[, 7] = 0 or, equivalently, (1/2)(Q™)? = 0. We derive an interesting crite-
rion for a (non)commutative linear operator A to be Hamiltonian (resp., for the
bivector w = (1/2)(b, A(b)) to satisfy [=,w] = 0).

1. NONCOMMUTATIVE JETS

Let M™ be a smooth oriented R-manifold and x € M" be a point. Let A
be a noncommutative associative algebra of dimension m; denote by a a ba-
sis in A. Consider the maps M"™ — A and construct the infinite jet space
JX(M™ — A) =: J®(m"C), see [5]. Denote by (a-) and (-a) the oper-
ators of left- and right-multiplication by a word a € A that is always read
from left to right. The total derivative w.rt. 2%, 1 < ¢ < n, on Joo(wnc)
is d/dx’ = 9/0x° + 3. ay41,0/0a,; the evolutionary derivation 0% =

lo|>0

S (dl°l /dx°)(p) - §/a, acts from the left by the Leibniz rule. Denote by
lo|>0
A" (7€) the C(J > (77€))-module of horizontal forms of the highest (nth) de-
gree and by H"(7"C) the respective cohomology w.r.t. the horizontal differential
d= > dz'-d/dz’; the Cartan differential on J°° (7€) is de¢ = dgr — d. Denote

i=1
by (, ) the A"(7"C)-valued coupling between the spaces of variational covec-
tors p and evolutionary vectors &an). By default, we pass to the cohomology
and, using the integration by parts, normalize the (non)commutative covectors as
m

follows, p(x, [a]) = Y (word) - dca’ - (word) - dx; one then can freely push dca

j=1
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left- or rightmost using the cyclic invariance. (Due to the structure of a<a>, the
value (p, ¢) is well-defined irrespective of the normalization in p.)

Let A: p — ¢ be a Noether noncommutative linear matrix operator in total
derivatives. The adjoint operator AT is defined from the equality (p1, A(p2)) =
(p2, AT(p1)), in which we first integrate by parts and then transport the even
covector po around the circle.

Lemma 1. For each a = ¢, the induced velocity p = L@ (P) equals

-
p= &(pa)(p) + (p)([fpa)T), where &(paﬁ is the adjoint to the linearization, which is

&(,,a)(a) = d/dz—:‘ezocp(x, [a+eal).

2. NONCOMMUTATIVE MULTIVECTORS

The covectors p(x,[a]) were even. We reverse their parity, II : p —
b(x, [a]), preserving the topology but endowing the space of differential func-
tions f that depend on b with a new ring structure: now, each f is polynomial in
finitely many derivatives of b. Next, we consider the noncommutative variational
cotangent superspace J > (II72€) = Jo°(TI7"C) x ppn J (72€), see [3,4] and [5].
In effect, we declare that b, by, bxx, - . ., b, are the extra, odd jet variables on top
of the old, even a,s. The total derivatives d/dz! obviously lift onto .Jo° (II72C)
as well as d that yields the cohomology H™(II72C) = A"(II72C)/(im d). The
two components of the evolutionary vector fields Q = 85;) + 85;) now begin
with a = 2(x, [a], [b]) and b = ¢P(x, [a], [b]), c.f. Lemma 1.

The definition of noncommutative variational k-vectors, their evaluation
on k covectors, the definition of the noncommutative variational antibracket,
and its inductive calculation are two pairs of distinct concepts. A noncommu-
tative k-vector &, k > 0, is a cohomology class in H"(II72C) whose density
is k-linear in the odd bs or their derivatives. Each £ can be normalized to
&= (b, A(b,...,b))/k!, where the noncommutative total differential operator A
depends on (k — 1) odd entry and may have a-dependent coefficients. Inte-
grating by parts and pushing the letters of the word £ along the circle, we infer
that (b, A(ba, ... 7bk>>|b,-::b = (by, /Q)(bg7 . bk”b1>>|bi::b; note that, each
time an odd variable b, reaches a marked point co on the circle, it counts the k—1
other odd variables whom it overtakes and reports the sign (—)*~! (in particu-
lar, Ag = AT = —A if k = 2). The value of the k-vector & on k arbitrary
covectors p; is f(pl, ces ,pk) = E (—)ls‘ <p5(1), A(ps(z), ces ,ps(k)»/k!; we

SES)
emphasize that we shuffle the arguments but never swap their slots, which are

built into the cyclic word &.
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3. NONCOMMUTATIVE SCHOUTEN BRACKET

The concatenation x of densities of two multivectors provides an ill-defined
product in H™(IT72C), where the genuine multiplication is the noncommutative
antibracket. We fix the Dirac ordering daAdb over each x in Jo° (II72¢) — M™;
note that da is a covector and &b is an odd vector so that their coupling equals
+1-dx. The noncommutative variational Schouten bracket of two multivectors &
and n is [€,m] = (?5 A ?m In coordinates, this yields [&,n] = [?f/éa'
(gn/éb - ?é/éb . (g’n/éa], where (1) all the derivatives are thrown off the
variations da and db via the integration by parts, then (2) the letters a,, b, da,
and 0b, which are thread on the two circles 6§ and dm, spin along these rosaries
so that the variations da and db match in all possible combinations, and finally,
(3) the variations da and db detach from the circles and couple, while the loose
ends of the two remaining open strings join and form the new circle.

The Schouten bracket is shifted-graded skew-symmetric: if £ is a k-vector
and ) an (-vector, then [¢,n] = —(—)F~DE=D ]y €].

4.1S [, ] A BI-DERIVATION?

In the notation of Sec.3, define the evolutionary vector field Qé on

T (II7°C) by the rule Q&(n) = [€,n], whence Q€ = —8;2)/% + 8;“2)/521'

The normalization & = (b, A(b, ..., b)/k! determines Qé = —(—)kt

k1)
(a) _ k—ll (b) . 1(b,A(b)) _ (a) _
Dao, py + (=) If!aﬂ:()iz ..... L e.g., Q2 = O
1/2 8(11) , see [4,5].
( / ) Z(A()g)(b)

Freeze the coordinates, fix the volume form on M™", and choose any repre-
sentatives £ and 7 of the cohomology classes in H™(II72¢). The derivation Q‘s

acts on the word 7 by the graded Leibniz rule, inserting cﬂ"‘/dx"(Q€ (q)) in-
stead of each letter q,, (here q is a or b). Next, promote the letter q to the zero-
or one-vector q - dx € A"(II72¢) and use the Leibniz rule again to expand the
entries [€, q = (€)Q9. The bracket [, | : A*(IT72C) x A*(IT#2C) — A (IT72C)
becomes a derivation in each argument. However, the calculation of [£,n] is ill-
defined if one permits the addition of d-exact terms (e.g., stemming from the inte-
gration by parts) to the entries [, q]. Besides, the normalization of the final result
is a must in order to let us compare any given multivectors; in fact, the usual com-
mutator of one-vectors is always transformed to (b, —(8&?)@02) - 8&;)(@1))} =
[{(b, 1), (b,¢2)], with no derivatives falling on b. At this point, the Leibniz
rule for [, ] is in general irreparably lost.
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The conceptual equality [Qé,Qn] — QIS with the graded commu-
tator in its 1.-h.s. and the noncommutative variational Schouten bracket in the
r.-h.s., proves that the Leibniz rule Q‘s([[n, w]) = [[Q£ (n), w] + (—)F=DE=D
x[n, Q¢ (w)], where w € H™(II72C), is the Jacobi identity [€,[n,w]] =
[[€,m],w] + (=)D [y, [€, w]] for the bracket [, ].

5. NONCOMMUTATIVE POISSON BRACKETS

Each skew-adjoint noncommutative linear total differential operator A : p —
a =  yields the bivector w = (1/2)(b, A(b)). Let H1, H2, Hs be zero-vectors,
i.e., H; = [hi(x,[a])dx]. By definition, put {Hi,Hj}A::ﬂ'(gHi/éa, gHj/cSa),
which equals (§H;/6a, A(5H;/sa)) = 352)571 sy (Mi) (mod imd). The bra-
cket {, }4 is bilinear and skew-symmetric (i)ut it does not restrict as a bi-
derivation to the cohomology w.r.t. d); it becomes Poisson if it satisfies the Jacobi

identity > {{H1,H2}4,Hs}a =0, which alsois (—)‘S|8(a)ﬂ ((1/2)x
O SES:} A(6’H;(3)/6a)

x(gHS(l)/éa,A(gHS(Q)/(?a)}) = 0. The tempting notation 5‘1(:()b)(w)(®3 X
x&H;/da) = 0 is illegal by Lemma 1 that forbids us to set p = 0 at will

so that 5‘1(:()[)) would be ill-defined on J>°(TI72€). Instead, we step farther and
reach the classical noncommutative master equation Q™ (7) = [m, 7] = 0 upon

the Poisson structures.

Criterion (see [5,7] on (1/2)(Q7")2:O). A skew-adjoint (non)commu-
tative linear matrix operator A : p — a = ¢ in total derivatives is Hamil-
tonian — i.e., the bivector  is Poisson — if and only if its image is involutive:
[im A, im A] C im A.

Remark. The construction of [, ] in Sec.3 is the standard string theory’s
pair of pants X - 3y = ;. flying over the Minkowski space-time M3 the
dimension reduction is not required. Neither the diameters of the circles ¥ ~ S!
that carry the words nor their stretching or oscillations on them, but it is the
information about the cyclic order that matters.

CONCLUSION

The linking of the words into circles is natural for string theory, so the
calculus of noncommutative variational multivectors may give new insights in it.
Yet, for the alphabet of A to fully depict the quantum world, we must quantize
both the algebra and the Poisson brackets {, } 4 to their i-deformations .A[%] and

{, }KLEE]. This will be discussed elsewhere.
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