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Three-Phase Inclusions

of Arbitrary Shape With Internal
Uniform Hydrostatic Stresses
in Finite Elasticity

We study the internal stress field of a three-phase two-dimensional inclusion of arbitrary
shape bonded to an unbounded matrix through an intermediate interphase layer when the
matrix is subjected to remote uniform in-plane stresses. The elastic materials occupying
all three phases belong to a particular class of compressible hyperelastic harmonic mate-
rials. Our analysis indicates that the internal stress field can be uniform and hydrostatic
for some nonelliptical shapes of the inclusion, and all of the possible shapes of the inclu-
sion permitting internal uniform hydrostatic stresses are identified. Three conditions are
derived that ensure an internal uniform hydrostatic stress state. Our rigorous analysis
indicates that for the given material and geometrical parameters of the three-phase inclu-
sion of a nonelliptical shape, at most, eight different sets of remote uniform Piola stresses
can be found, leading to internal uniform hydrostatic stresses. Finally, the analytical
results are illustrated through an example. [DOI: 10.1115/1.4006240]
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1 Introduction

The problem of how a remote uniform loading is disturbed by
an elastic inclusion (or inhomogeneity) continues to receive inves-
tigators’ attention (see, for example, Refs. [1-7]). In particular
,the internal uniform stress field inside the inclusion is especially
preferred because an internal uniform stress field is optimal, in the
sense that it eliminates any stress peaks within the inclusion [4,6].
Moreover, an internal uniform hydrostatic stress state will remove
stress peaks on the interface because it achieves both uniform nor-
mal stress and vanishing tangential stress [5].

Most recently, within the framework of linear plane and anti-
plane elasticity, Wang and Gao [7] obtained the following seem-
ingly impossible, while intriguing result, that the internal stress
state within a three-phase nonelliptical inclusion can still be uni-
form, provided that the shape of the inclusion, the elastic proper-
ties of each phase, and the thickness of the interphase layer are
appropriately designed. Thus, it is the objective of this work to
extend our previous results to finite plane elasticity.

In this work, we use the complex variable formulation devel-
oped in Ref. [8] for plane strain deformations of a particular set of
compressible hyperelastic materials of the harmonic type to study
the finite plane deformations of a nonelliptical elastic inclusion
bonded to an infinite matrix through an intermediate interphase
layer. We first identify any possible nonelliptical shape of the
inclusion permitting internal uniform hydrostatic stresses. Then,
in each case, three conditions are found that ensure that the inter-
nal stress state is, indeed, uniform and hydrostatic.
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2 Formulation

Let the complex variable z = x| + ix, represent the initial coor-
dinates of a material particle in the undeformed configuration
and w(z) = y1(z) +iy2(z) represents the corresponding spatial
coordinates in the deformed configuration. Define the Cartesian
components of the deformation gradient tensor F as

Oy
F,'j:—y

,j=1,2,3 1
6)(/'7 L] < ()

For a particular class of harmonic materials, the strain energy
density W, defined with respect to the undeformed unit area, can
be expressed by [8]

1
W =2ulF(1) ~J], F()=7 [1 N/ 161/3] 2)
Here,  and J are the scalar invariants of FF given by

1= /11 + /12 = F,'jF,'j + 2.], J = 2]22 = det [F,'/'] (3)
where we sum over repeated indices, 4 and 7, are the principal
stretches, p is the shear modulus and 1/2 < o < 1, > 0 are two
material constants [8]. (We note that the function F(I) is a material
function of I and is not to be confused with the components of the
deformation gradient tensor F). This special class of harmonic
materials has attracted considerable attention recently [9-11]. For
example, the preceding model has been used in Ref. [12] to inves-
tigate large deformations of a rubber sheet containing a single
inhomogeneity and, more recently, in Refs. [9,13] to study the
finite deformations of an annular membrane induced by the rota-
tion of a rigid hub and the finite deformations of a crack, respec-
tively. We adopt the same model in our own investigations.
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Fig.1 Three-phase composite with a nonelliptical inclusion

According to the formulation developed by Ru [8], the defor-
mation w(z) can be written in terms of two analytic functions ¢(z)
and /(z) as

iw(z) = ap(z) + i (z) + ﬁ 4)
¢'(2)
and the complex Piola stress function y(z) is then given by
7(z) = 2ip| (o — 1)w(z>+iW+ﬁ )
?'(2)

In addition, the Piola stress components can be written in terms

of the Piola stress function y as
— oy oy =y, On—idn =y, (6)

We consider a three-phase inclusion of arbitrary shape, as
shown in Fig. 1. The elastic materials occupying the inclusion, the
intermediate interphase layer, and the unbounded matrix belong to
the class of harmonic materials characterized by Eq. (2) with
the associated elastic constants (u;, 01, ), (t,02,p,), and
(u3, a3, f3), respectively. Let Sy, S,, and S3 denote the inclusion,
the interphase layer, and the matrix, respectively, all of which are
perfectly bonded through two sharp interfaces L; and L,.
Throughout the remainder of this paper, the subscripts 1, 2, and 3
[or the superscripts (1), (2), and (3)] are used to identify the asso-
ciated quantities in Sy, S, and S;.

The following conformal mapping is introduced [14]

N
z_w(g)_R(5+ Z—) )

=1

where R is a real scaling constant and p, (n=1,2,...,N) are com-
plex constants. In this study, we will focus on inclusions of nonel-
liptical shape by assuming that N >2 in Eq. (7). The preceding
mapping function can conformally map L; and L, onto two
coaxial circles with the radii 1 and p*' 2 0<p<1), in the &-
plane (Fig. 2). Here, p can be considered as a parameter meas-
uring the relative thickness of the interphase layer. Thus, the
regions S, and S; are mapped onto 1< |& < p "> and
|é] > p~!/2, respectively. In order to make the mapping function
“one-to-one” or conformal, we must have «’(¢) # 0 for || > 1.
In the following analysis, for simplicity, we will adopt the nota-
tion that ¢; (&) = ¢;((¢)), ¥;(¢) = ¥i(w(&)),i =1,2,3.
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Fig.2 The mapped é-plane

In the ¢-plane, the boundary value problem for the three-phase
inclusion of arbitrary shape now takes the following form

?5(¢)
= (&) + iy, (&) +

(&) + iy () +

(o2 = D)o (&) + i (&) +

=T | (o — Doy (&) +iy, (&) +

w30a(8) + (@) + 22O

= (&) + iy (&) +

(o3 = 1) 3 (&) + 15 (E) +

IO P
T ¢2(C)+r3‘//2(§)+ T30, (0

(C)]

|¢] — o0
(10)
where 'y = /1, and I's = p3/u, are two stiffness ratios, A and B

are complex constants determined by the remote uniform Piola
stresses (a7y, 055, 675, 657) such that

By _ofi + 0% +i(05 — o73)

@3(€) ZIARC+O(1),  ¥5(&) =BRC+O(1),  as

1-o03)A—122
(1 —e)d =7 an 7
o _ g0 il 1 g an
32611_622_1(612_‘_0—21)
4us

3 The Internal Uniform Hydrostatic Stress State

In order to achieve an internal uniform hydrostatic stress state
within the inclusion of arbitrary shape, ¢(¢) and /(&) must take
the following forms

N
1 (6) =iX<£+Z‘ZZ>, ¥ (&) =0 (12)
n=1
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where X is a real constant to be determined. Thus, by enforcing
the interface conditions on || =1, we arrive at the following
expressions for ¢,(&) and (&)

(Pz(é):i([fxl+r1(1—u1)]X+(1_rXﬂ) <é+ Zz)
n=1

R*Bi[Tiop + (1 — %))
X

—Flocz(l —OCl)}X—F

R2p.X
[OCl +1; (1 — ocl)]Xz +

[061(1 — 062)
Wo(8) =

(1-T)R*,

1 - = zn v —
x (ﬁZmé) (1<lél<p'?)
n=1

13)

Similarly, by enforcing the interface conditions on |£] = p~1/2,

we can finally obtain the following expressions for ¢;(¢) and

W38

m@a—m—%u—m(m+na—mm+

Tay5(¢) =
3 + T3(1 — o) |R*B,X
o + T (1 — 0)]X2 + (1 — T )R2,

[061(1 — 062) —

—+ [063 + F3(1 — O(g)}
R2B,X

F[O{z(l — CZ])}X'F

I;
I';—1

?3(¢)

w ([“1 —|—F1(1 _“1)]X+

(1-T)R*B
=)

R?B,X
[org + Ty (1 —o)]X% +

(5

[Cll 1 7062

+

+(1=T1)R?*p,

RZﬁl [Flaz + (1 — Otz)]

rlflz(l — OC])}X%*

X
R*B.X
[0(1 + r| 1-— OC[)]Xz (1 — 1"1)R2/3,
) <pé nfn> (1€l > p7'7%) (14

(1-T)R*B
)

1 & ~  ngn
Rzﬁl[l"locg + (1 — 062)]

X 1 N
s+ D "
<é n:l ! >

o+ T (1 =o)X+

N
R2T2p, (ié - me"f") (5 -
P n=1

(1 -T1)R?B,

N npy (15)
> én)

(58

{[rﬂz + (=) ([al (1 =o)X + = I;(I)R ﬂl) + o + Fl(l(faa;)];()f—kﬁ(zf— T1)R2/31}
(1 = 22) — Tron(1 — o )x 4 Pl1a + (1~ )]

X N o,
[+ £%)

R2,X

B [OCI =+ F1(1 — dl)}Xz + (1 — FI)R2ﬂ1

At this point, only the remote boundary conditions (10) remain to
be satisfied. A careful inspection of Eq. (15) reveals that the con-
formal mapping function (7) can take only one of the following
three forms

(a) When N =2

(16)

(b) When N=3

Journal of Applied Mechanics

2= () = @+§ ?) (17)

(c) When N >4

z:MQ:RG+%) N> 4 (18)

For each possible value of the integer N (>2), three conditions
should be met in order to satisfy the remote uniform loading con-
ditions (10). The first and second conditions for any value of N
(>2) can be written as
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X*{[o + T3 (1 — a3)][orr (1 — o) —

Flcxz(l — OC[)} +pN[{X1 + 1"1(1 — OC])HF3CX2(1 — 063) — 063(1 — 062)}}

+R2[31{[F1a2 + (1 —o)][os + T3(1 —o3)] + pN(l —T')[F30(l —o3) —as(l — ocz)]}

X2R2B,(1 — pV)[oz + T'3(1 — o13))]

B [OC] + Fl(l — Cll)]Xz + (1 - Fl)Rzﬁl
X?T2R*Byp" B 19)
X*{[or + Ti (1 — o) [T30 + (1 — 02)] + p(T3 = 1)[err (1 — o2) — Tyoa (1 — 0]} B
) _ _
+ R2B{(1 = T1)[T3e + (1 — a)] + p[Tro2 + (1 = )] (T3 — 1)} + o _Hi(([i on(Cll)]Xz )_£F(31 - 11")|)R2/31
(N>2)
1"1;3:41 - {[“1 S O}'})Hf;“z o) +plon (1 — o) — Tyonp(1 — “1)]}%{
) ; (20)
(1 = T)[Fao + (1 — a3)] RB (1= p)RB,X
+ [ : F3i1 - +P[r1az+(1—az)]] 1+[a1+F1(1—0€1)]X2 +2(1—F1)R2[31

It is observed from condition (20) that the loading parameter A must be a real number, which implies that the remote uniform Piola

stresses should be symmetric, i.e., 675 = 05].

The expressions of the third condition are quite different for different values of N (=2, 3,

be written as

r(z)

>4). When N = 2, the third condition can

1— -T 1-—
OC;+F; 170!3 l: 062 1“2( OC)

ploa + (1 —o)][T300(1 —o3) —o5(1 — “2)]} X
R

{Flaz + (1 —am)+

When N = 3, the third condition becomes

B plos + T3(1 — a3)|RBX _ pIsps
pr (o +T(1 =o)X + (1 - T1)R2B, A

+ plsoa(1 = o) = (1 = )] [l + 1 = )]+

+ (063 + Fg( ) P1A2

It is of interest to note that when p; =0, Eq. (22) reduces to
Eq. (21). When N> 4, the third condition is B = 0, which implies
that now the remote uniform stresses must be hydrostatic, i.e.,
o = 05,07 =05 =0.

For given material parameters I'j, I'5, o;, f; (i=1,2,3) and the
given thickness parameter p, we can first determine the real con-
stant X/R by solving Eq. (19), which is, in fact, a quartic equation
in (X/R)>. Then the two loading parameters A and B can be
obtained by using either: (i) Egs. (20) and (21) when N=2
(with p; as a variable), or (ii) Egs. (20) and (22) when N = 3 (with
p1 and p5 as variables), or (iii) Eq. (20) and B=0 when N > 4 for
a given shape of the inclusion (i.e., the mapping function w(¢) is
given). Finally, the remote uniform Piola stresses o], 055,
075 = 057 can be further determined by using Eq. (11). Appa-
rently, at most, eight different sets of the remote uniform Piola
stresses can be found, leading to internal uniform hydrostatic

O(3+F3(1 —063)

Bipipsp*(1— p*)(1 — r3)) [ (1= ) —

o3+ T'3(1 —o3) 1)
p(1 —T)[Tsep(1 — a3) — as(1 —“2)]}13_31_ (I —p)RBX
X [0(1—‘-1—‘1(1—0(1)})(2—}—(1 —Fl)Rzﬁl
(1- FI)RTﬁI]
- ' (22)
(1 focl)]iﬂwl[ 1“2;( — )]
B Rp.X
[OC[ + F](l — 3!1)]X2 + (1 — Fl)Rzﬁ,
|
E—pi&—2,#0, for [¢>1 (23)
F(P)E =pipf(p e =2p2p™f(p77) #£0, for [¢]>1 (24)
where
4ﬂm:XCm+DU_?EEW+“_””+Mmu—@>
2
Tl 7a1)1> +Rxﬁl
X ((1 — F')[?m T ) +p[Ciop + (1 - ocz)])
i
(1 - p)R*BX

stresses. In addition, the parameters appearing in the mapping
functions (16)—(18) should satisfy the two restrictions that
(&) #0,(|¢] > 1) and @4(&) # 0, (|€] > p~'/?). The argument
for the second restriction can be found in [8]. More specifically,
when N =2, the two parameters p; and p, should satisfy the fol-
lowing two inequalities

041012-4 / Vol. 79, JULY 2012

(25)

+ [0(1 —+ F1(1 — OC[)]XZ + (1 — Fl)Rzﬂl

When N =3, the two parameters p; and p3 should satisfy the
two inequalities
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<2

‘Pli\/P% +12p3

and pjmf(p*)rﬁ%wwnz 12t (o) ()| < 200
(26)

Finally, when N >4, the parameter py should satisfy the two
inequalities

_NEL
P 1f (o)l

27
NF (o] @7

1
|PN|SN and |py| <

In particular, if we choose oy = o, = o3 = 1/2 for the situation
in which F'(I) /I approaches unity as / tends to infinity [8,15], and
assume that f/; = 5, = f;, the roots of Eq. (19) can be explicitly
given by

ky

2
Xy i\/lkl_— Vi kol

(28)

+\/1_k1+\/kfkok2
k

2

where

ko= [(1+T1)2(1+T3) = p(1 = T})(1 - T3)
< [(1=TH+T3) = pY (1 1)1 - Ty)]
ki = 2[(1 —T2)(1 4 T3)(Ty 4275 + T4 T3) — 29"y (1 4+ T)?
X (1=T%) = " (1 =T} (1 = T3)(~T) 425 + [1T3)|
ko = 8[1"3(1 —T2)(1+T3) —2p"T2(1 - I2)

— M (1 =T (1 - T3) (29)
The roots X/R = *./2f, will lead to the trivial loading

o7 = 055 = 075 = 03] = 0 and so can be ignored. In the follow-
ing, we will illustrate the preceding results through an example.

Remark. Once X/R is known, the internal uniform hydrostatic
stress field can be determined by alll> = 0’212 =24, [(1 —oy)X/R
—BiR/X], ‘7(112) = ‘7211> =0.

4 Example

Letting I''=T15=10, oy = =a3=1/2, f,=0,=p;
= 0.6, and p =0.8, we can identify the following remote uniform
Piola stresses leading to internal uniform hydrostatic stresses
within the inclusion.

* When N =2, the remote Piola stresses can be determined as

)
-+ 400
% = 2.4757 + 0.6506Re{p; },
3
=95 _ 94757 — 0.6506Re{p1 } 30
poo . " -
+ 00 —+ g
=98 _ =% _ 0,6506Im{p; }
H3 Hs

WhiClh will llead to the internal uniform hydrostatic stresses
+o\) = +6ll) =0.5859p,.

Journal of Applied Mechanics

Fig. 3 The permissible real values of p; and p, appearing in
Egs. (30) and (31)

(ii)

+ ;00

—911 — 2.9567 + 0.9223Re{p, ],
H3

=99 _ 59567 — 0.9223Re{py} 31
m = 2. . Py ( )

+ 400 + ;00

=91 _ =% _ 0.9223Im{p,}
H3 H3

which will lead to the internal uniform hydrostatic stresses
+o\) = +6l) =0.2778y,.

The parameters p; and p, should satisfy the inequalities (23)
and (24). When these two parameters are real, their permissible
values are shown in Fig. 3. The pair (p;, p2) should lie within the
region enclosed by the curve for each case.

* When N = 3, the remote Piola stresses can be determined as

®

+ 00

‘:“ = 4.2078 + 1.7199Re{p; } + 9.6226Re{p,ps}
3

+ 00

% = 42078 — 1.7199Re{p; } — 9.6226Re{pps}  (32)
3

+ ;00 + ;00
=01 _ =03

= 1.7199Im{p; } + 9.6226Im{p,p3}
3 2%

0.05

0.04

0.031

0.02

0.01F

of

Ps

-0.01F

-0.02 Case (ii)

-0.03-

-0.04F Case (i)

_0'0»%.5 04 -03 02 -01 0 0.1 02 03 04 0.5

P

Fig. 4 The permissible real values of p; and p; appearing in
Egs. (32) and (33)
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Table 1
for different values of N >4

The values of the remote hydrostatic stresses, the induced internal uniform hydrostatic stresses, and the range of |py|

N=4 N=5 N=6 N=1 N=38 N=9 N=10 N=15
o)/ U = £035 /13 6.2665 8.7822 11.8930 15.7598 20.5786 26.5918 34.1008 111.0442
8.4504 12.1423 16.7304 22.4498 29.5889 38.5059 49.6472 163.8871
i“g?/ﬂl _ io'(212)/ﬂl 0.9057 0.9762 1.0238 1.0575 1.0819 1.1002 1.1140 1.1480
0.2553 0.2530 0.2517 0.2509 0.2503 0.2499 0.2496 0.2489
lpn| < 0.0174 0.0079 0.0040 0.0022 0.0012 0.0007 0.0004 4768 x 107°
0.0087 0.0038 0.0019 0.0010 0.0006 0.0003 0.0002 2.170x 107°

which will lead to the internal uniform hydrostatic stresses
+o\) = +6l) =0.7932y,.

(i)
-+ o0)
—Il _ 54557 + 2.6169Re{p; } + 23.4742Re{p,ps }
3

-+ 50

% = 5.4557 — 2.6169Re{p,} — 23.4742Re{pyps}  (33)
3

*o5 oy

M—‘Z = ﬂ—ﬂ =2.6169Im{p; } + 23.4742Im{p,p;}
3 3

which will lead to the internal uniform hydrostatic stresses
+o\) = +6l) = 0.2603y,.

The parameters p; and p3 appearing in Egs. (32) and (33)
should satisfy the two inequalities in Eq. (26). When these two pa-
rameters are real, their permissible values are shown in Fig. 4. It
is observed from Fig. 4 that the pair (py,p3) should lie within the
triangle for each case.

* When N >4, the values of the remote hydrostatic stresses,
the induced internal uniform hydrostatic stresses, and the

range of |py| are listed in Table 1. Interestingly ‘agll)‘ = ‘0(212)‘

~ {1, or u, /4 for any value of N> 4.

5 Conclusions

We have found that the internal Piola stress state inside a three-
phase nonelliptical inclusion of particular compressible hyper-
elastic harmonic materials can be uniform and hydrostatic. Three
conditions leading to internal uniform hydrostatic stresses were
derived. The first two conditions were given by Egs. (19) and
(20), while the third one was given by either (i) Eq. (21) for
N=2, or (ii) Eq. (22) for N=3, or (iii) B=0 for N>4. The
results illustrate that, at most, eight different sets of the remote
uniform Piola stresses can be found, leading to internal uniform
hydrostatic stresses for the given geometrical and material param-
eters of the three-phase composite. It is expected that if we
increase the number of interphase layers, more unexpected results
can be obtained. Our preliminary analysis indicates that, at most,

041012-6 / Vol. 79, JULY 2012

2V different sets of the remote uniform Piola stresses can be
found, leading to internal uniform hydrostatic stresses within an
N-phase inclusion of arbitrary shape. In addition, the case of
N =2 (in the absence of the interphase layer) has been discussed
by Ru et al. [10].
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