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A State Space Formulation
for Moving Loads Identification
A new moving load identification method formulated in state space with regularization on
the solution is presented. The bridge deck is modeled as an orthotropic rectangular plate,
and the loads are modeled as a group of loads moving on top of the bridge deck at a fixed
distance and at a constant speed. The Hamilton principle and the modal superposition
principle are included in the formulation. Numerical simulations and experimental tests
are employed for the verification and illustration on the effectiveness of the proposed
method. The effects of different sensor location, different load path eccentricity, different
types of measured information, and measurement noise have been investigated, and the
effect of the aspect ratio of the bridge deck is also studied. It is concluded that nine
sensors collecting information from nine vibration modes would give reasonably accurate
identified results over the practical range of aspect ratio of a modern bridge deck.
Acceleration responses are preferred over the velocity and strain responses in this study,
and the same type of response should be collected for the same supporting beam in the
longitudinal direction. �DOI: 10.1115/1.2202149�

Keywords: moving load, orthotropic plate, bridge deck, state space, dynamics, force
identification, inverse problem, ill-conditioned, regularization
Introduction
It is important to obtain the information of vehicular load on a

ighway not only for the bridge design but also for the manage-
ent of highway pavement. However, calculation or direct mea-

urement of the interaction force between the vehicle and the
ridge/road is usually subject to bias. Methods of weigh-in motion
sing static strain measurement �1� and moving loads identifica-
ion using dynamic response measurement �2–8� have been devel-
ped to meet this need.

A technique on moving load identification from bridge re-
ponses has been developed very rapidly in the last few years. The
dentification problem can be solved in either the time domain
2,7� or the frequency domain �3�. The theoretical basis of the
echniques can also be categorized into two kinds, i.e., the exact
olution method �ESM� �8� and the finite element method �FEM�
7�. The bridge is generally modeled as a Bernoulli-Euler beam or
imoshenko beam �2,4� or an orthotropic rectangular plate �5,7,8�.
he beam model may be a simply supported beam �2,3� or a
ontinuous beam �4�. In practice, the orthotropic rectangular plate
odel would best represent the real bridge deck. The vehicle is
odeled as a suspended system of mass with damping and rigidity

r in terms of two axle loads moving at a fixed spacing. The
ptimal regularization technique �9,15� has been widely used to
rovide bounds to the ill-conditioned inverse problem in the load
dentification.

The measured bending moment, strain, displacement, velocity,
cceleration of the bridge, or their combination is employed to
dentify the moving load �2–8,10�. Each type of measured re-
ponse when used in the identification has its own advantage and
isadvantage, and they may be used according to the practical
onditions and environments.

The moving load identification problem is formulated in the
tate space in this paper. This approach is better than other ap-
roaches developed by the authors �2–4,7� due to its computa-
ional efficiency and the ease of using combination measurements
n the identification, in which the measured strain, velocity, and
cceleration responses can be used separately or in a combination
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as input to the identification algorithm. The bridge deck is mod-
eled as an orthotropic rectangular plate, and loads from vehicle
are modeled as a group of loads moving on top of the bridge deck
at a fixed spacing and at a constant speed. The Hamilton principle
and the mode superposition principle are included in the formula-
tion. Computation simulations and laboratory tests are used to
illustrate the effectiveness and the validity of the proposed
method. The effects of different sensor location, different load
path eccentricity, different types of measured information, mea-
surement noise, and the aspect ratio of the bridge deck have been
investigated. It is concluded that nine sensors collecting informa-
tion from nine vibration modes would give reasonably accurate
identified results over the practical range of aspect ratio of a mod-
ern bridge deck. Acceleration responses are preferred over the
velocity and strain responses in the present study, and the same
type of response should be collected for the same supporting beam
in the longitudinal direction.

2 Equation of Motion

2.1 Continuous Time State-Space Equation. The bridge
deck is modeled as an orthotropic plate simply supported along
x=0 and x=a with the other two edges free, and the loads are
moving in a group at a constant speed as shown in Fig. 1. The
strain energy of the orthotropic plate is

U =
1

2 � �
s

�Dx� �2w

�x2 �2

+ �Dxvxy + Dyvyx�
�2w

�x2

�2w

�y2 + Dy� �2w

�y2 �2

+ 4Dk� �2w

�x�y
�2	ds �1�

where vxy is the Poisson ratio associated with a strain in the y
direction for a load in the x direction, and vyx is similarly defined.
Dx and Dy are the flexural rigidities of the orthotropic plate in the
x and y directions, respectively. Dk is the torsional rigidity of the
orthotropic plate.
The kinetic energy is expressed as
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T =
1

2�
0

a�
0

b

ẇ�x,y,t�2�hdxdy �2�

here w�x ,y , t� equals ��w�x ,y , t�� /�t. h is the equivalent thick-
ess and � is the density of the plate. a and b are the length and
idth of the plate.
The external work can be written as

W =�
0

a�
0

b



l=1

NP

pl�t���x − x̄l�t����y − ȳl�t��w�x,y,t�dxdy �3�

here �pl�t�, l=1,2 , . . . ,Np� are the moving loads on the bridge
eck. x̄l�t� and ȳl�t� define the position of moving load pl�t� at
ime t. ��x� and ��y� are the Dirac functions.

The work done due to damping in the plate is given by

Wc = −�
0

a�
0

b

w�x,y,t�cbẇ�x,y,t�dxdy �4�

here cb is the damping coefficient of the plate.
The displacement is then represented by a series of products of

eam function based on the modal superposition principle

w�x,y,t� = 

i,j

�ij�x,y�qij�t� = 

i,j

�i�x�� j�y�qij�t� �5�

here �i�x�, � j�y� �i=1,2 , . . . ,m; j=1,2 , . . . ,n� are the normal
odes of the plate with appropriate boundary conditions. qij�t� is

he corresponding amplitude.
Equation �5� can be written in matrix form as

w�x,y,t� = �Q �6�

here

� = ��1�x��1�y�,�1�x��2�y�, . . . ,�1�x��n�y�,

�2�x��1�y�, . . . ,�m�x��n�y��

Q = �q11�t�,q12�t�, . . . ,q1n�t�,q21�t�, . . . ,qmn�t��T

he strains in x direction in the plate at point �x ,y� and time t are
btained from Eq. �5� as

�x�x,y,t� = �Q

� = �zt�̈1�x��1�y�,zt�̈1�x��2�y�, . . . ,zt�̈1�x��n�y�,

zt�̈2�x��1�y�, . . . ,zt�̈m�x��n�y�� �7�

here zt is the distance from the neutral axis to the bottom tension

urface, and �̈i�x� is the second derivative of �i�x� with respect to
. The strains in the y direction can be similarly defined.

Substitute Eq. �5� into Eqs. �1�–�4�, and with the Hamilton prin-

Fig. 1 Orthotropic plate under a group of moving loads
iple
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��
t1

t2

�T − U�dt + ��
t1

t2

�W + We�dt = 0

The equation of motion can be obtained as

MQ̈ + CQ̇ + KQ = P �8�

where M�mn��mn�, C�mn��mn�, and K�mn��mn� are the mass, damping
and stiffness matrices. P is a �mn�1� normalized force vector. Q,

Q̇, and Q̈ are �mn�1� vectors.

M =�
0

a�
0

b

�h�T�dxdy

C =�
0

a�
0

b

�Tcb�dxdy

K =�
0

a�
0

b Dx� �2�

�x2 	T� �2�

�x2 	 + �Dxvxy + Dyvyx�� �2�

�x2 	T� �2�

�y2 	
+ Dy� �2�

�y2 	T� �2�

�y2 	 + 4Dk� �2�

�x�y
	T� �2�

�x�y
	�dxdy �9�

P is rewritten as

P = �pp �10�

where

�p = ���x̄1�t�, ȳ1�t��T ��x̄2�t�, ȳ2�t��T
¯ ��x̄Np

�t�, ȳNp
�t��T��mn�Np�

and

p = �p1�t� p2�t� ¯ pNp
�t��T

Equation �8� can be written in state space form as

Ż = K̄Z + Bc�pp �11�

where

Z = �Q

Q̇
	

�2mn�1�

; K̄ = � 0 I

− M−1K − M−1C
	

�2mn�2mn�
;

�12�

Bc = � 0

M−1 	
�2mn�mn�

The state matrix in Eq. �11� is nonsymmetric, but it does not pose
any numerical difficulty in the solution. If the response of the
orthotropic plate is represented by Ns output quantities in the out-
put vector v�t� from sensors such as accelerometers, velocity
transducers, displacement transducers, strain gages, etc., an output
equation can be expressed as

v = RaQ̈ + RvQ̇ + RdQ �13�

where Ra, Rv, and Rd are output influence matrices for accelera-
tion, velocity, and strain/displacement, measurements, respec-

tively. Solving for Q̈ from Eq. �8� and substituting into Eq. �13� to
yield

v = RZ + D�pp �14�

where

R = �Rd − RaM−1K Rv − RaM−1C�; D = RaM−1 �15�

2.2 Discrete Time State Space Model. Equations �11� and
�14� are converted into discrete equations using the exponential
matrix, and the final discrete model is
Z�j + 1� = AZ�j� + B�p�j�p�j�
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v�j� = RZ�j� + D�p�j�p�j� �j = 1,2, . . . ,N� �16�

here N is the total number of sampling points, 	 is the time step
etween the variable states Z�j+1� and Z�j�, and

A = exp�K̄	�; B = K̄�A − I�Bc

Solving for the output with zero initial conditions from Eq. �16�
n terms of the previous inputs �p�j� and p�i� �i=1,2 , . . . , j�
ields

v�j� = 

i=0

j

Hi�p�j − i�p�j − i� �17�

here

H0 = D; Hi = RA�i−1�B �18�
The constant matrices in the series are known as system Mar-

ov parameters. The Markov parameters are commonly used as
he basis for identifying mathematical models in linear dynamic
ystems. The Markov parameters represent the response of the
iscrete system to unit impulse, and they must be unique for the
ystem �9�.

Moving Load Identification
Rewrite Eq. �17� to give the matrix convolution equation as

H̄P = V �19�
here

H̄ = �
H0�p�0� 0 ¯ 0

H1�p�0� H0�p�1� ¯ 0

] ] ¯ 0

HN−1�p�0� HN−2�p�1� ¯ H0�p�N − 1�
�

P = �p�0�T,p�1�T, . . . ,p�N − 1�T�T

V = �v�0�T,v�1�T, . . . ,v�N − 1�T�T

This is an ill-posed problem due to the lack of continuous de-
endence of the solution on the data when the loads are on the
upports. A straightforward least-squares solution produces an un-
ounded result at these locations. Regularization is usually used to
ircumvent the problem of the lack of continuous dependence. A
egularization technique would provide an analysis on the ill-
osed problem. One approach to regularization proposed by
ikhonov �15� is to replace Eq. �19� with the associated equation

�H̄TH̄ + 
I�P = H̄TV �20�

For 
�0, the matrix operator �H̄TH̄+
I� is unique, and there-
ore, its inverse is continuous. Solving Eq. �20� is equivalent to
olving the following unique problem:

min J�P,
� = �H̄P − V�2 + 
�P�2 �21�

Table 1 Natural frequency of the orthotropic
modes; m and n denote longitudinal and tran

m 1 2 3

1 4.960a 6.310 10.015
2 19.842a 21.285 25.412
3 44.645a 46.067 50.325
4 79.369a 80.805 85.071
5 124.016a 124.024 125.424

178.583a 179.316 181.572
7 243.074a 243.576 243.720
ournal of Vibration and Acoustics
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It is clear from the second term that the non-negative regular-
ization parameter has the effect of forcing a bounded solution. If
the measured displacements, velocities, strains, and accelerations
�or their combinations� are used together to identify the moving
loads, each response component in the vector v�t� in Eq. �13�
should be scaled by their respective norms to have dimensionless
units.

4 Numerical Simulation
An orthotropic bridge deck simply supported along x=0 and

x=a, with the other two edges free, is studied. The structure con-
sists of five I-section steel beams and a concrete slab as shown in
Fig. 2. The natural frequencies and physical parameters of the
structure are listed in Tables 1 and 2, respectively. There are five
guide rails on the bridge deck for vehicle movement. Rails 1, 2, 3,
4, and 5 correspond to 1/8b, 3 /8b, 1 /2b, 5 /8b, and 7/8b, respec-
tively, measured from the left edge of the deck. The rigidities of
the equivalent orthotropic plate can be calculated �7� as Dx
=2.415�109 Nm, Dy =2.1813�107 Nm, and Dk=2.2195
�108 Nm. Sensors are located at the bottom of the I-beams.
White noise is added to the calculated responses to simulate the
polluted measurement as

v = vcalculated�1 + Ep Noise�

where v is the matrix of measured responses used in the identifi-
cation; EP is the noise level; Noise is a standard normal distribu-
tion vector with zero mean and unit standard deviation. vcalculated
is the set of calculated responses. The relative percentage error in
the identified results are calculated by Eq. �22�, where � · � is the
norm of matrix, Pidentified and Ptrue are the identified and the true
force time histories, respectively

RPE =
�Pidentified − Ptrue�

�Ptrue�
100% �22�

4.1 Validation of Proposed Method. A vehicle is modeled
with a two-axle model with 4.26 m axle spacing. The axle loads
are

idge deck „in Hertz… The a denotes bending
rse mode number, respectively.

n

4 5 6 7

6.074 24.814 33.650 45.264
2.171 41.508 45.910 59.720
7.329 67.059 68.449 81.124
2.171 102.059 101.604 113.232
25.443 125.463 145.215 146.056
85.484 191.117 191.165 191.454
43.768 243.784 243.801 243.833

Fig. 2 A typical single-span bridge deck
br
sve

1
3
5
9
1
1
2
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P1�t� = 6268�1.0 + 0.1 sin�10�t� + 0.05 sin�40�t�� kg

P2�t� = 12332�1.0 − 0.1 sin�10�t� + 0.05 sin�50�t�� kg

he sampling frequency is 200 Hz, and the vehicle moves at
0 m/s along rail 3 at zero eccentricity. Nine modes are used in
oth the identification and the response analysis �m=3, n=3�. Fig-
re 3 shows the identified results using nine accelerations, nine
elocities, and nine strains with 3% noise. The sensor patterns
orrespond to sensor arrangement SA9, 9-3, and 10, respectively,
s shown in Fig. 4, with the sensors placed at the middle and
uarter spans. Thirty-five sensor arrangements are listed in Fig. 4
nd 28 of them will be used for study in Sec. 4.2. The relative
ercentage errors of the identified results for different noise level
rom nine accelerations in SA9, from a combination of six accel-
rations and three strains �SA8�, and nine strains �SA10� are listed
n Table 3. The following observations are made from Table 3 and
ig. 3:

• The relative percentage errors increase with the noise level.
But the identified results from accelerations alone exhibit
smaller errors than those from strains alone at the beginning
and end of the time histories. This is because the accelera-
tion responses capture the higher-frequency responses of the
structure from the excitation of the force in the form of an
impulsive force at entry of the bridge deck, whereas the
strain responses retain only the lower-frequency responses,
and thus causing larger error at the beginning of the identi-
fied force time histories.

• The first half of the identified time histories from nine ac-
celerations match the true time histories very well, but they
deviate from the true curves afterward. This is due to com-
putation error in the solution process since the solution in a

Table 2 Physical pa

Concrete slab I-beam

Length a=24.325 m beam spacing b1=2
Width b=13.715 m web thickness wt=0
Height h=0.2 m web height wh=1.4
Ex=4.1682�1010 N/m2 flange width fw=0.
Ey =2.9733�1010 N/m2 flange thickness f t=
�=3000 kg/m3 �=7800 kg/m3

vxy =vyx=0.3

ig. 3 Identification of axle loads with 3% noise „— true force,

--- nine accelerations, - · - · - nine velocities, ¼¼ nine strains…

12 / Vol. 128, AUGUST 2006

 https://vibrationacoustics.asmedigitalcollection.asme.org on 06/30/2019 Terms o
latter time step is dependent on that in the previous time
step, and computation error would be accumulating over the
complete time history leading to large error at the last time
step.

• Error from the identification using accelerations comes from
mainly the large fluctuation at the end of the time histories.
Error from using velocities comes from mainly the fluctua-
tions at both the start and end of the time histories, whereas
error from using strains comes from these fluctuations as
well as large fluctuations at higher frequencies throughout
the duration of the time history. An inspection of the curves
shows that a large proportion of them is contributed from
the large fluctuations at both the start and end of the time
history.

• The nine accelerations give better results than that from nine
strains for a noise level up to 5%. There is a drastic increase
in the error when the noise level increases up to 10%.

• The combination of six accelerations and three strains gives
very good results for a noise level up to 5%.

4.2 Study on Effects of Sensor Type and Location. The
above vehicle model is again used for this study. The loads move
at a constant speed of 20 m/s along rails 3, 4, and 5 of the deck,
in turn. To study the effect of different sensor arrangement and

eters of bridge deck

Diaphragm

3 m Diaphragms spacing d=4.865 m
111 m cross-sectional area A=0.001548 m2

Iy =0.707�10−6 m4

m Iz=2�10−6 m4

18 m J=1.2�10−7 m7

�=7800 kg/m3

Fig. 4 Arrangements of strain gages and accelerometers for 9,
15, and 25 measured points „� — accelerometer, � — velocity
ram

.74
.01

90 m
405
0.0
sensor, � — strain gage…

Transactions of the ASME

f Use: http://www.asme.org/about-asme/terms-of-use



t
a
s
s
a
d
a

3

J

Downloaded From:
ype of measured information on the identified results, 28 sensor
rrangements �SA1 to 28� as illustrated in Fig. 4 are used in the
imulation. Only the strain and acceleration measurements are
tudied. The five beams are drawn as solid dark lines in Fig. 4,
nd Rails 1–5 are named in sequence from left to right of the
eck. There are three types of comparison on the effect of sensor
rrangements:

�a� different type of sensors on the beam �SA1 to 4� versus
same types of sensors on the beam �SA5 to 10�

�b� sensors on interior beams �SA5 to 10� versus sensors on
edge beams �SA11 to 18�

�c� three sensors on all the beams �SA19 to 23� versus five
sensors on all the beams �SA24 to 28�

The accelerometers and strain gages are placed at a /4, a /2, or
/4a along the beams in SA1 to 23 and are evenly distributed

Table 3 The relative percentage error „%

Noise level
�%�

From nine acceleratins
�SA9�

Fro
and

Axle 1 Axle 2 Ax

0 0.969 1.383 1.4
1 1.653 1.768 1.4
3 8.955 5.127 4.9
5 14.826 11.019 7.4

10 27.318 23.532 18.

Table 4 Relative percentage error „%… of ident
eccentricities

Number of
measured points

Sensor
arrangement

0 �Rail 3

Axle 1 A

9 �1� 14.325 1
�2� 6.354
�3� 6.890
�4� 13.695 1
�5� 2.610
�6� 1.102
�7� 1.484
�8� 1.429
�9� 0.969

�9–1� 0.934
�9–2� 0.932
�9–3� 15.372 1
�10� 16.674 1
�11� 0.662
�12� 1.002
�13� 1.966
�14� 0.550
�15� 0.542
�16� 1.954
�17� 0.480

�17-1� 14.904 1
�18� 16.180 1

15 �19� 1.320
�20� 0.805
�21� 0.742
�22� 1.022
�23� 0.543

�23–1� 14.011 1

25 �24� 0.647
�25� 0.673
�26� 0.976
�27� 0.760
�28� 0.626
ournal of Vibration and Acoustics
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along the beams in SA24 to 28. The number of modes for the
identification and response analysis are nine �m=3, n=3� for nine
sensors, fifteen �m=3, n=5� for fifteen sensors, and twenty-five
�m=5, n=5� for twenty-five sensors. No noise is included in the
analysis. The other conditions are the same as for Sec. 4.1. Table
4 shows the relative percentage errors of the identified results for
the sensor arrangements and eccentricities of 0, b /8, and 3/8b.
The identified results from SA17 with zero and 3/8b eccentricities
are plotted in Fig. 5.

The following observations are made from Table 4 and Fig. 5:

• The results identified from accelerations alone are better
than those from strains alone, as well as many cases of
combination of strain and acceleration. This observation is
very prominent when the loads are moving at a large eccen-

f identification with different noise level

ix accelerations
ee strains �SA8� From nine strains �SA10�

Axle 2 Axle 1 Axle 2

1.110 16.674 17.752
2.376 17.826 18.363
4.534 20.667 22.523
8.834 22.634 24.377
15.240 26.902 27.714

ation from different sensor arrangements and

Eccentricity �rail number�

b /8 �Rail 4� 3/8b �Rail 5�

2 Axle 1 Axle 2 Axle 1 Axle 2

55 14.867 14.016 16.354 15.966
5 6.890 6.372 9.087 8.653
4 7.660 6.816 9.568 9.001
43 14.358 13.654 15.001 14.760
7 2.960 2.786 6.358 4.987
6 1.246 1.405 2.726 2.502
7 1.809 1.782 4.251 3.940
0 1.954 1.552 2.814 2.324
3 1.090 1.473 1.330 1.852
4 2.045 2.385 18.631 19.055
5 2.475 2.318 1.049 1.475
10 15.916 17.058 16.754 18.890
52 18.034 20.086 22.487 23.584
1 2.883 2.870 10.815 11.203
1 2.780 2.901 8.486 9.816
0 3.784 3.975 4.886 5.219
3 2.976 3.666 14.712 13.109
6 1.421 1.285 3.724 3.330
6 2.801 3.217 11.275 12.179
5 0.741 1.252 2.510 2.902

63 17.670 18.321 21.911 26.072
83 17.867 19.036 29.214 30.505

8 1.572 1.206 1.965 1.516
6 1.339 1.524 2.653 1.912
5 1.089 1.207 2.917 2.098
8 1.160 1.316 2.886 3.021
5 1.680 1.116 2.904 2.464

04 14.237 14.652 15.739 16.008

5 1.020 1.202 1.610 1.301
7 1.188 1.541 1.580 1.579
4 1.878 2.128 2.798 3.055
9 2.867 3.022 1.682 1.740
3 1.249 1.049 1.551 1.507
… o

m s
thr

le 1

29
87
96
68

664
ific

�

xle

3.6
5.98
6.32
3.2
2.46
1.20
1.37
1.11
1.38
1.31
1.31
6.4
7.7
0.78
1.32
2.11
0.86
0.79
2.07
0.56
5.2
6.7

0.93
0.68
0.62
1.11
0.82
5.0

0.55
0.58
1.02
0.64
0.52
AUGUST 2006, Vol. 128 / 513
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tricity. This leads to the suspicion that the measured strain is
not very sensitive to eccentric loads.

• Table 4 shows that when the same type of sensor is placed
on the beam, the identified results would be more accurate
compared to those having different sensors placed on the
beam. This indicates that information of the same type
should be obtained from all selected locations in the same
beam for identification.

• Table 4 also shows that sensors on the edge beams do not
give distinctly more accurate results compared to sensors on
the interior beams.

• When the number of sensors is equal to the number of vi-
bration modes for the identification, increasing the number
of sensors does not significantly improve the identified re-
sult, in general, except for the case with large load eccen-
tricity.

• This study demonstrates that optimal sensor type and loca-
tion can be selected for an optimal identified result.

4.3 Further Studies on Sensor Location Effect and Veloc-
ty Measurement. Three more studies are conducted based on
bservations in Sec. 4.2.

�d� The last study is based on equal number of vibration
modes in both the longitudinal and lateral directions and,
thus, limiting the responses from only a single pattern of
vibration modes for the identification. Sensor arrange-
ment SA23 is studied again with comparison to a new
arrangement SA23-2 as shown in Fig. 4. Both of them

ig. 5 Identification of axle loads from nine accelerations. „SA
7… „— true force, ---- with zero eccentricity, ¼¼ with 3/8b
ccentricity…

Table 5 Relative percentage error „%… of identification

Case m n

Total
number

of
modes

0 �Rail 3�

Axle 1 Axle 2

1 3 4 12 0.992/0.974 1.342/1.314
2 3 5 15 0.544/0.543 0.869/0.825
3 3 6 18 0.474/0.475 0.741/0.723
4 4 3 12 1.015/1.709 1.318/1.984
5 5 3 15 0.959/1.670 1.257/1.896
6 6 3 18 0.950/1.660 1.246/1.875
ote: •/• denotes results from sensor arrangement SA23-2 and SA23, respectively.
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have 15 sensors while the former has five sensors in the
lateral direction at a /4, a /2, or 3 /4a along the beams,
and the latter has five sensors evenly distributed on the
beams in the longitudinal direction. Both arrangements
have the sensors placed closed to the middle of the bridge
deck. The effect from different combinations of vibration
modes in the longitudinal and lateral directions of the
bridge deck is studied. The same two-axle vehicle model
and conditions for the previous studies are used, and the
vehicle runs along rail 3. The relative percentage errors
of identification for different load eccentricities are listed
in Table 5.

Results from Table 5 show that

• The number of sensors in the lateral direction should be
equal or greater than the number of lateral vibration
modes used for the identification �case 2�. The same con-
clusion is drawn for sensors in the longitudinal direction
�case 5�.

• When the load eccentricity is large, the torsional re-
sponse of the structure is larger. A reduction in the num-
ber of lateral vibration modes for the identification from
case 2 to case 1 would significantly affect the accuracy
of results from SA23-2 but with little effect on SA23.
Contrarily when the load eccentricity is small, the tor-
sional response of the structure is smaller. A reduction in
the number of longitudinal vibration mode from case 5 to
case 4 does not have any significant effect on the results
from the two sensor arrangements.

�e� Two other arrangements of sensors, SA9-1 and SA9-2,
are further studied for the effect of unsymmetrically
placed sensors on the identified results. All conditions are
the same as for Sec. 4.2. The relative percentage errors of
each identified axle load are shown in Table 4 and �m
=3, n=3� mode combination is used. These results, as
well as those from SA13 and 14, show that the identified
results would be more accurate when the sensors are
closer to the moving loads. They also confirm again that
acceleration is more useful than strain measurements for
the identification.

�f� Section 4.2 only studies the effectiveness of strain and
acceleration measurements. The effectiveness of velocity
measurement is therefore further studied here for com-
parison. SA9-3, 17-1, and 23-1 are studied, and they are
compared with those from using strain and acceleration
measurements. Errors in the identified loads in Table 4
clearly show that velocity is slightly better than strain
measurements with comparable errors. Results from Sec.
4.1 also support this conclusion.

4.4 Effect of Aspect Ratio of Bridge Deck. To study the
effect of the dimensions of the bridge deck on the identification,
the width of the deck is kept constant at 13.715 m and the length

m different mode combinations and load eccentricities

Eccentricity �rail�

b /8 �Rail 4� 3/8b �Rail 5�

Axle 1 Axle 2 Axle 1 Axle 2

1.537/1.384 1.866/1.614 6.043/1.664 8.290/2.316
1.241/1.080 1.181/1.116 3.171/2.904 3.352/1.106
2.750/2.407 2.988/3.233 3.054/3.560 3.642/3.543
2.038/2.820 1.426/2.524 2.262/4.108 2.272/4.282
1.894/2.671 1.191/2.354 2.237/3.568 2.270/3.954
1.766/2.774 1.084/2.391 2.222/3.825 2.245/3.963
fro
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akes up different values of 6.868 m, 13.715 m, 20.573 m,
7.430 m, 34.288 m, 68.58 m, and 137.15 m, in turn, correspond-
ng to an aspect ratio of 0.5, 1.0, 1.5, 2.0, 2.5, 5.0, and 10.0,
espectively. The two-axle vehicle used for previous studies
oves along rail 3. The number of modes used in identification is

aken the same as for the response analysis but with different
ode number in the longitudinal and lateral directions. Other con-

itions remain the same as for the last study. Table 6 shows the
elative percentage errors of the identified results for SA9. The
ollowing observations are made:

• The use of only one longitudinal vibration modes for the
identification does not give any meaning results for all the
cases studied since three sensors in the lateral direction
could not capture the nine lateral modes.

• Acceptable results can be obtained over a wide range of the
aspect ratio from 1.0 to 5.0 as long as the number of longi-
tudinal vibration modes is more than two.

• For the cases when the number of vibration modes is larger
than the number of sensors, the accuracy of the identified
result does not significantly improve.

• In practice, the vibration mode combination �m=3, n=3�
could be obtained with accuracy, and this corresponds to the
case with the least error in the study when the aspect ratio
varies between 1.0 and 2.5, which is a practical range for
ordinary bridge decks.

4.5 Further Study on Effect of Noise on Different Types of
easurements. Section 4.2 has included limited study on the

oise effect on the load identification. Further study is made in
his section to compare the effect of 10% noise on different types
f response measurements from different patterns of sensor ar-
angement, i.e., SA 5, 6, 6-1, 9, 9-3, and 10 as listed in Fig. 4, and
he relative percentage errors are listed in Table 7. This study

akes use of the same two-axle vehicle for previous studies, and
t moves along Rail 3. The �m=3, n=3� mode combination is used
oth in the identification and the response analysis, and other
onditions remain the same for Sec. 4.2. The following observa-
ions are made:

• The errors in the identified forces are large for all the cases
when only one type of measured information is used �SA9
and 10�.

• When a mixture of measured information is used, accelera-
tion performs better than velocity measurement.

• From the limited comparison in this study, the combination

Table 6 Relative percentage error „%… of identifi

m n

Total
no. of
modes

0.5 1.0 1.5

Axle 1 Axle 2 Axle 1 Axle 2 Axle 1 Axle 2

1 9 9 14.110 14.353 29.560 23.92 32.199 25.321
2 5 10 3.084 2.059 0.930 1.107 0.842 1.307
3 3 9 3.966 2.383 0.552 0.445 0.923 1.185
4 4 16 3.530 2.195 0.437 0.331 0.944 1.211

able 7 Relative percentage error „%… of identification with
0% noise for different types of measured information

SA-5 SA-6 SA-6-1 SA-9 SA-9-3 SA-10

xle 1 18.942 20.736 25.272 27.318 28.605 26.902
xle 2 15.015 19.581 27.110 23.532 30.251 27.714
ournal of Vibration and Acoustics
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with more strain than acceleration measurements, i.e., six
strains and three accelerations, give the smallest error in the
identified forces.

5 Experiment and Results

5.1 Experimental Setup. The model of a vehicle-bridge sys-
tem fabricated in the laboratory is shown in Fig. 6. The bridge
deck consists of a uniform steel plate �2.4384 m�1.2192 m
�6.35 mm� stiffened with five rectangular ribs �25.4 mm
�12.5 mm� welded underneath the plate and simply supported at
both ends on two steel I-beams, which, in turn, are fixed to the
ground by bolts. Three U-shape aluminum sections were glued on
the upper surface of the deck as a rail to guide the direction of the
moving model vehicle. Rails 1, 2, and 3 correspond to 3/8b, b /8,
and zero eccentricities, respectively. The model vehicle was
pulled along the rail by a string wound around the drive wheel of
an electric motor. Nine photoelectric sensors are mounted evenly
in a line on the deck at roughly equal intervals of 1 ft to check on
the uniformity of the speed. Twenty strain gages are located at the
bottom of the beams to measure the strain of the bridge deck as
shown in Fig. 6 and six accelerators are located on the bottom at
1 /4, 1 /2, and 3/4 spans of beams 4 and 5. The model vehicle has
four rubber wheels with fixed axle spacing of 0.457 m and wheel
spacing 0.2 m. The front and rear axles weigh 5.2 kg and 14.7 kg,
respectively. p1�t� and p3�t� are the left and right wheel loads at
the front looking in the direction of the traveling path, p2�t� and
p4�t� are the left and right wheel loads at the back following p1�t�
and p3�t�. A 16-channel data acquisition system and a KYOWA
data record model RPT800A are used to collect the data in the
experiments.

The rigidities of the equivalent orthotropic plate are Dx
=7.3677�104 Nm, Dy =4.2696�103 Nm, and Dk=8.6018
�103 Nm. The response is sampled at 1000 Hz, and the amount
of data in each record segment is 7680. The average speed of the
vehicle on the whole bridge deck is used for the identification of
the moving loads in this study.

The ptrue is not known in this practical case, and the relative
percentage error �RPE� of the estimated forces is defined as

RPE =
�f j+1

identify − f j
identify�

�f j
identify�

100% �23�

where f j
identify , f j+1

identify are the identified forces with 
 j and 
 j
+
. The value of 
 that corresponds to the smallest relative
percentage error is the optimal value �11–14�.

5.2 Axle Load and Wheel Load Identification. The mea-
sured strains are resampled to have a time interval of 0.004 s. The
model vehicle is moving at 1.11 m/s along rails 1, 2, and 3, in
turn. The sensor sets adopted in the identification are shown in

tion for different aspect ratio of the bridge deck

Aspect ratio

2.0 2.5 5.0 10.0

xle 1 Axle 2 Axle 1 Axle 2 Axle 1 Axle 2 Axle 1 Axle 2

6.079 25.955 44.415 44.773 41.900 25.800 44.835 25.212
.445 0.650 1.078 1.574 1.760 0.967 3.394 3.386
.500 0.143 0.934 0.849 3.268 0.919 3.303 3.342
.461 0.141 0.909 0.814 3.267 0.919 3.304 3.343
ca

A

3
0
0
0

Table 8, and the number of modes employed in the identification
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s equal to the number of sensors, i.e., nine modes �m=3, n=3� for
ine sensors, 12 modes �m=3, n=4� for 12 sensors, 15 modes �
=5, n=3� for 15 sensors, and 20 modes �m=4, n=5� for 20

ensors.
Figures 7 and 8 show the identified wheel loads, axle loads, and

he total vehicle load compared to the corresponding static loads
hen the model vehicle moves along rail 3 from sensor set 7. The

orrelation coefficients between the measured and the recon-
tructed strain responses at 3 /8a of each beam are tabulated in
able 9.
Table 9 and Figs. 7 and 8 exhibit the following observations:

• The combination of strains and accelerations give better re-
sults than the same number of strains alone, and the accu-
racy of identified axle loads is higher than that for the wheel
loads.

• When the number of sensors is equal to the number of vi-
bration modes in the identification, the use of more sensors
does not improve the accuracy of the results significantly.

Fig. 6 Layout of the b

Table 8 Sensor sets for movin

Sensor set
Total number

ofsensors
Sensor type
and number

1 9 6 strains
3 acceleration

2 9 9 strains
3 9 6 strains

3 acceleration
4 9 9 strains
5 12 6 strains

6 acceleration
6 12 12 strains
7 15 9 strains

6 acceleration
8 15 15 strains
9 20 20 strains
16 / Vol. 128, AUGUST 2006
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• When the vehicle moves along rail 1, the correlation coef-
ficients between the measured and the reconstructed strain
responses at 3 /8a of beam 1 is very poor, the others are all
above 0.88. This is due to the low signal-to-noise ratio in the
sensors further away from the moving loads giving less ac-
curate results.

6 Discussions

6.1 Comparison to Existing Methods. The authors have also
solved the moving load identification problem using the dynamic
programing method �16� making use of velocity and strain mea-
surements. But in the proposed approach, acceleration, velocity,
and strain measurements can be used as input, which is more
flexible for practical use. This study compares the effectiveness
and accuracy of load identification using this method to the dy-
namic programing method. The measured strains are resampled to
have a time interval of 0.005 s. The model vehicle is moving at
1.11 m/s along rail 3. Fifteen vibration modes are employed in

ge deck in experiment

ad identification in experiment

Sensor location

Transverse Longitudinal

Beams 2 and 3 1
4 , 1

2 , 3
4 spans

Beam 4 -ditto-
Beams 2, 3, and 4 1

4 , 1
2 , 3

4 spans
Beams 1 and 3 1

4 , 1
2 , 3

4 spans
Beam 5 -ditto-
Beams 1, 3, and 5 1

4 , 1
2 , 3

4 spans
Beams 1 and 2 1

4 , 1
2 , 3

4 spans
Beams 4 and 5 -ditto-
Beams 1, 2, 4, and 5 1

4 , 1
2 , 3

4 spans
Beams 1, 2, and 3 1

4 , 1
2 , 3

4 spans
Beams 4 and 5 -ditto-
Beams 1, 2, 3, 4, and 5 1

4 , 1
2 , 3

4 spans
Beams 1, 2, 3, 4, and 5 1

4 , 3
8 , 1

2 , 3
4 spans
g lo

s

s

s

s
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Fig. 8 Identification of axle and total loads from the measured responses „sensor set 7… „—
Fig. 7 Identification of wheel loads from the measured responses „sensor set 7… „— static
load, ---- identified load…
static load, ---- identified load…
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Table 9 Correlation coefficients of measured and reconstructed strains from different sensor
sets and load eccentricities

Eccentricity
�Rail no.� Sensor sets Beam 1 Beam 2 Beam 3 Beam 4 Beam 5

0
�Rail 3�

1 – 0.978 0.968 0.979 –
2 – 0.922 0.921 0.923 –
3 0.970 – 0.971 – 0.964
4 0.925 – 0.927 – 0.925
5 0.970 0.981 – 0.981 0.965
6 0.931 0.933 – 0.933 0.930
7 0.971 0.983 0.985 0.983 0.970
8 0.930 0.931 0.933 0.931 0.931
9 0.932 0.932 0.935 0.932 0.930

1/8 b
�Rail 2�

1 – 0.932 0.930 0.931 –
2 – 0.900 0.919 0.910 –
3 0.902 – 0.923 – 0.930
4 0.886 – 0.919 – 0.916
5 0.911 0.926 – 0.931 0.933
6 0.889 0.910 – 0.918 0.919
7 0.904 0.928 0.932 0.935 0.930
8 0.885 0.907 0.916 0.920 0.918
9 0.884 0.906 0.908 0.916 0.912

3/8 b
�Rail 1�

1 – 0.903 0.909 0.944 –
2 – 0.880 0.890 0.911 –
3 0.300 – 0.909 – 0.944
4 0.199 – 0.897 – 0.925
5 0.311 0.908 – 0.954 0.956
6 0.205 0.886 – 0.913 0.927
7 0.303 0.902 0.922 0.961 0.967
8 0.208 0.887 0.896 0.916 0.929
9 0.211 0.890 0.899 0.919 0.931

Note: – denotes case not studied.
Fig. 9 Identification of experimental wheel loads from the measured responses „sensor set 8…

„— static load, ---- proposed method, ¼¼ dynamic programing method…
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he identification �m=3, n=5�. The identified results calculated by
he proposed method from Eq. �23� and by the dynamic program-
ng method from sensor set 8 listed in Table 8 are plotted in Figs.

and 10. The identified results from the two methods are almost
he same throughout the time histories. The proposed method
akes 185 s to complete, whereas the dynamic programing method
akes 235 s to complete using MATLAB with a 2.4 GHz Pentium-4
C and 512 M RAM.
Another comparison has been made to another moving load

dentification method developed by the authors �8�, which is also
ased on an analytical approach in the solution as the present one.
he bridge deck shown in Fig. 2 is used in the comparison. The

ength of the bridge deck is 24.325 m. Other parameters are the
ame as those in the previous numerical study in Sec. 4. Accel-
ration obtained from the sensor arrangement SA9 in Fig. 4 is
sed in the simulation, and the moving loads are moving along
ail 2. The time interval between adjacent data point is 0.005 s.
able 10 shows the error of identification in the moving loads
sing the present method and that by Zhu and Law �8�. Nine �m
3, n=3� and fifteen �m=3, n=5� vibration modes are used in the

Fig. 10 Identification of experimental axle an
sor set 8… „— static load, ---- proposed metho

Table 10 Percentage errors in the identified result

Vibration
modes

Zhu and Law �8�

m=3, n=3 m=3, n=5

Axle 1 Axle 2
Time

�s� Axle 1 Axle 2

1 % noise 10.59 5.48 148 6.39 3.53
3 % noise 24.37 14.00 155 12.79 7.96
5 % noise 38.48 22.54 152 17.92 10.65
ournal of Vibration and Acoustics
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comparison study, and three types of noise levels are included.
Results show that the present method gives much better results
than Zhu and Law �8� with less computation time varying from
15% to 100%.

6.2 Discussion on the Effect of Modeling Error. It is always
difficult to have an exact finite element model of the structure in
practice, and the modeling error would affect the identification
results in terms of errors in the modal frequencies and the mode
shape functions in Eq. �5�. A previous study with an exact solution
to the problem �11� using a polluted set of mode shapes and modal
frequencies in the identification show that when only the first six
modes are available, a reasonably accurate set of identified mov-
ing loads can still be obtained.

7 Conclusions
A new moving load identification method formulated in state

space with regularization on the solution is presented. It is more
suitable for practical application than existing methods because of
the flexibility in the type of dynamic response input. The bridge

tal loads from the measured responses „sen-
¼ dynamic programing method…

y the present method and that by Zhu and Law †8‡

Present method

m=3, n=3 m=3, n=5

me
s� Axle 1 Axle 2

Time
�s� Axle 1 Axle 2

Time
�s�

90 2.11 1.82 122 1.62 1.41 179
01 5.92 4.99 99 2.84 2.15 172
34 10.38 8.42 76 4.17 3.16 176
d to
s b

Ti
�

2
3
2
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eck is modeled as an orthotropic rectangular plate, and the loads
re modeled as a group of loads moving on top of the bridge deck
t a fixed distance and at a constant speed. The Hamilton principle
nd the modal superposition principle are included in the formu-
ation. Numerical simulations and experimental tests are em-
loyed for the verification and illustration on the effectiveness of
he proposed method. The effects of sensor location, different load
ath eccentricity, different types of measured information, mea-
urement noise, and the aspect ratio of the bridge deck have been
tudied. The following conclusions are made.

• The proposed approach is effective to identify either axle
loads or individual wheel loads moving on top of the bridge
deck from measured responses, and acceptable results can
be obtained.

• For the present study, the acceleration response and the
combination of the acceleration and strain responses would
give better results than an equal number of strain or velocity
measurements, particularly for loads moving at a large ec-
centricity.

• When a mixture of measured information is used for the
identification, information of the same type should be ob-
tained from all sensor locations in the same beam to have
more accurate results.

• Sensors placed closer to the moving load would give more
accurate results than sensors further away from the moving
loads.

• Nine vibration modes �m=3, n=3� can usually be measured
accurately from most of the bridge decks, and when nine
sensors are used, the proposed identification method gives
good results over the practical range of aspect ratio of the
bridge deck.
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