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Moving Axle Load From
Multi-Span Continuous Bridge:
Laboratory Study
Laboratory study on the identification of moving vehicle axle loads on a multi-span
continuous bridge from the measured bending moment responses is presented. A bridge-
vehicle system model was fabricated in the laboratory. The bridge was modeled as a
three span continuous beam and the car was modeled as a vehicle model with two-axle
loads. A number of strain gauges were adhered to the bottom surface of the beam to
measure the bending moment responses. Using measured bending moment responses as
an input, the corresponding inverse problem was solved to identify moving loads. The
moving forces were identified when considering bending moment responses from all
spans of the beam. In order to avoid the lower identification accuracy around the inner
supports of continuous bridge and to improve the computation efficiency, the moving
force identification from the target (one selected) span of the continuous bridge was
studied. The rebuilt responses were reconstructed from the identified loads as a forward
problem. To study the accuracy of the method the relative percentage errors were calcu-
lated with respect to the measured and the rebuilt bending moment responses. The rebuilt
bending moment responses obtained from the identified forces are in good agreement with
the measured bending moment responses. This indirectly shows that the method is ca-
pable of identifying moving loads on continuous supported bridges.
�DOI: 10.1115/1.2202154�
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Introduction
Highway bridges are mainly designed for passage of running

rucks or heavy vehicles on top of them. Apart from other forces,
n normal environmental and traffic conditions vehicle loads are
he main loading component on bridge structures. In order to ac-
uire efficient design, better maintenance, and management plan-
ing on bridge structures it is crucial to understand the behavior of
ridge and dynamic axle load interactions.

In recent years methods have been developed to identify the
ynamic component of the axle loads from bridge responses
1–5�. The methods used the measured bridge responses together
ith the vehicle and bridge parameters as an input and solve the

nverse problem to approximate the dynamic forces induced by
he vehicle on bridges. The above methods were proved to be
ffective in identifying moving forces and the accuracy of the
ethods was tested and found acceptable. However, the methods
ere applied on simply supported bridges. Zhu and Law �6� stud-

ed the identification of moving loads on a multi-span bridge. To
alidate their method and their numerical simulation they carried
ut experimental study by modeling the bridge as a simply sup-
orted beam in laboratory. Numbers of methods were developed
o study the moving force identification problem on continuous
ridge based on simulation studies �7,8�.

In this paper a method is developed to identify moving forces
n continuous bridges and the laboratory study of identification of
ynamic loads on a multi-span continuous bridge is described.
he bridge is modeled as a three span continuous beam made

rom steel and the vehicle is modeled as two axle car running on
he top of the bridge. Moving forces induced by the two-axle car
re identified from measured bending moment responses.
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The accuracy of the identified time history of the bridge-
vehicular interaction forces from continuous bridges is lower than
that of the identified forces obtained from simple span bridges �9�.
One reason for this is the lower identification accuracy around the
supports of the continuous bridges. Apart from this, considering
all the spans of the continuous bridge responses in the moving
forces identification needs longer computation time. To improve
the accuracy and the efficiency of moving force identification
from continuous bridges, a method has been developed to identify
the time history of the axle loads of a vehicle moving across a
continuous bridge using the responses of a target span �one se-
lected span� from the continuous bridge.

2 Vehicle Dynamic Load Identification
As shown in Fig. 1, the bridge superstructure is modeled as a

multi-span continuous beam with a total span length L, constant
flexural stiffness EI, constant mass per unit length � and viscous
proportional damping C. The beam is assumed to be an Euler-
Bernoulli beam, in which the effects of shear deformation and
rotary inertia are not taken into account. The force on a bridge due
to a moving vehicle is modeled as a point load acting through the
axles of the car moving on the bridge from left to right at a
constant speed. The equation of motion for a beam subject to an
arbitrary external force is given by

�
�2v�x,t�

�t2 + C
�v�x,t�

�t
+ EI

�4v�x,t�
�x4 = f�x,t� �1�

The initial and boundary conditions of Eq. �1� are given as

v�x,0� = f�x� 0 � x � L

vt�x,0� = g�x� 0 � x � L

v�0,t� = v�lr,t� = v�L,t� = 0 t � 0
vx�lr,t� = vx�0,t�
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EIrvxx�lr,t� = EIr+1vxx�0,t� �2�
here the first two equations of Eq. �2� represent the initial con-
itions in which f�x� and g�x� are the displacement and velocity of
he system, respectively, and L is the total length of the beam. The
ast three equations express the boundary conditions in which the
isplacement at each support point of the beam is zero and the
lopes and bending moments at the common support of the two
djacent spans are equal, where lr is the x coordinate at the last
upport point of span r.

Based on the modal superposition principle, the solution of Eq.
1� is expressed as

v�x,t� = �
n=1

�

�n�x�qn�t� �3�

here v�x , t� is the displacement of the system, qn�t� is the nth
odal amplitude, and �n�x� is the nth mode shape function of the

eam. Once the two components on the right side of Eq. �3� are
etermined then the solution for the displacement is straightfor-
ard. The expression for �n�x� for continuous boundary condi-

ions of the beam at the support points is given in the Appendix .
ubstituting Eq. �3� into Eq. �1� and multiplying by �n integrating

he resultant equation with respect to x between 0 and L and then
pplying orthogonality conditions, the equation of motion in terms
f the modal displacement qn�t� is given as

d2qn

dt2 �t� + 2�n�n
dqn

dt
�t� + �n

2qn�t� =
1

Mn
�
k=1

Nt

�n�xk�t��f�x,t�

�n = 1,2, . . . , � � �4�

here �n, �n, and Mn are the modal frequency, damping ratio, and
he modal mass of the nth mode, respectively. Where f�x , t� is the
orcing function �10�. For Nt number of axles it can be described
n terms of the dynamic loads, Pk�t�

f�x,t� = �
k=1

Nt

��x − xk�t��Pk�t� �5�

here xk�t� is the position of the kth force, and ��t� the Dirac delta
unction. When x=xk�t� the forcing function is equal to the instan-
aneous value of the axle load Pk�t�. In all other locations where x
s different from xk�t�, the forcing function is zero.

Solving for qn�t� in a time domain method by convolution in-
egral

qn�t� =
1

Mn
�

0

t

hn�t − 	�P�	�d	 �6�

Fig. 1 Group of moving forces over the continuous beam
here hn�t−	� is the impulse response function and it is given by
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hn�t� = �1/�n��e
−�n�nt sin��n�t�, t 
 0, and �n� = �n

�1 − �n
2

�7�

The dynamic deflection of the beam at point x and time t can be
found as

v�x,t� = �
n

�
�n�x�

Mn
�

0

t

�1/�n��e
−�n�n�t−	� sin �n��t − 	�

��
k=1

Nt

Pk�t��n�xk�	��d	 �8�

where xk�	� is the location of the moving force Pk�t� at time t and
Nt is the number of axles of the vehicle.

The bending moment of the beam at point x and time t is

m�x,t� = EI
�2v�x,t�

�x2 �9�

By substituting Eq. �8� into Eq. �9� and assuming that force Pk�t�
is a step function in a small time interval, then Eq. �9� can be
written in discrete terms as

m�i� = − EI�
n

�
�n��x�

Mn
�
j=0

i

�1/�n��e
−�n�n�t�i−j� sin �n��t�i − j�

��
k=1

Nt

Pk�j��n�xk�j��

i = 0,1,2, . . . ,N

j = 0,1,2, . . . ,NL �10�

where N is the number of sample point, NL is the number of load
step, �t is sampling interval, m�i� is bending moment at sample
point i, �n is the nth natural frequency, �n� is the nth damped
natural frequency, �n is the nth damping ratio, and �n�x� is the nth
mode shape.

The bending moment responses from a target span r are given
by

mr�i� = − EIr�
n

�
�nr� �xr�

Mn
�
j=0

i

�1/�n��e
−�n�n�t�i−j� sin �n��t�i − j�

��
k=1

Nt

Pk�j��nr�xk�j��

i = 0,1,2, . . . ,N

j = 0,1,2, . . . ,NL �11�

where mr�i� is the bending moment of the span under consider-
ation, n is the mode number and �nr is the nth mode shape of the
span r.

Except the axle forces Pk�j� all the other terms in the right side
of Eqs. �10� and �11� are known and the bending moment on the
left side of the equation can be obtained from measurement.

Equations �10� and �11� can then be arranged in matrix form

b = Ax �12�

in which b represents the measured bending moment responses as
indicated on the left side of Eqs. �10� and �11�, x stands for the
time varying moving force P�t� to be identified, and A is a coef-
ficient matrix which is associated with the system of the bridge
deck and the vehicle as shown in the right side of Eqs. �10� and
�11�. The solution of Eq. �12� can be obtained by singular value
decomposition �SVD� of the coefficient matrix A. As shown by Yu

T
and Chan �11� if A is real, the SVD of A is USV , where U is an
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rthogonal k�k matrix, V is an orthogonal n�n matrix and S is
real diagonal k�n matrix in which the elements at the leading

iagonal of the matrix are called the singular values of A. The
east-squares solution vector x in Eq. �12� is given by

x = �VS−1UT�b �13�

here x is the force to be identified.

Laboratory Experiment

3.1 Laboratory Setup. A bridge-vehicle system model was
abricated in the laboratory. The bridge was modeled as a three
pan continuous supported beam and the car was modeled as a
ehicle model with two-axle loads on the beam. The beam was
hosen from a series of beam materials available in the market. It
s made from mild steel with a density of 7850 kg/m3 and a
exural stiffness EI=29.0 KN/m2. As shown in Fig. 2 the total

ength of the beam is 9 m, with 3 m for each span. The cross
ection of the beam is 100 mm by 25 mm. The leading and trail-
ng beams were attached at both ends of the main beam, in which
he leading beam was used for initiating the motion and the trail-
ng beam was used for decelerating the vehicle. A U-shaped alu-

inum section was glued to the upper surface of the beams as a
irection guide for the car. During the test the model car was
ulled along the guide by a string wound around the drive wheel
f an electric motor. Before deciding the weight and the axle
pacing of the model vehicle, a weight and length scale study was
arried out by comparing the weight and length ratios with real
ridge and vehicle. A real bridge was assumed to be an equally
paced three-span reinforced concrete continuous bridge with a

Fig. 2 Experimental setup
Fig. 3 Sensors arrangem

ournal of Vibration and Acoustics
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total length of 90 m and the corresponding real vehicle was as-
sumed to be a heavy truck with gross weight of 220 KN with an
axle spacing of 5 m. A model car having two axles which were
mounted on four rubber wheels was designed. Based on the length
ratio test the axle spacing was found to be 0.5 m. On the basis of
the weight ratio scale the mass of the model car and each axle
were estimated. The first fundamental frequency of the model
bridge found from measurement was 7 Hz. Before the actual test
it was found that the gross static mass of the car was 14.5 kg in
which the front axle and the rear axle weighed 5.2 and 9.3 kgs,
respectively.

3.2 Sensors Arrangement and Data Acquisition. Eleven
strain gauges were mounted at the bottom of the main beam to
measure the bending moment responses. From these five were on
the middle span of the beam and the rest were on the outer two
spans, three on each of the spans. Fourteen photoelectric sensors
were installed at every 0.75 m gap. These photoelectric sensors
had two main functions; the first was to measure the speed of the
running vehicle at the top of the beam and the second was to serve
as triggering point. The installations of these photoelectric sensors
were arranged in such a way as to show the origin points of every
span �i.e., out of 14 photoelectric sensors four were installed just
ahead of each of the four support points of the beam�. Therefore,
due to this arrangement of photoelectric sensors in the data analy-
sis stage, it was possible to get the required data for a specific
span. The arrangement of the sensors on the main beam is shown
in Fig. 3. To relate the voltage reading of the strain gauges with
bending moments, a system calibration was carried out before the
actual testing program by adding known quantity of masses at the
middle points of each of the three spans. The software LABVIEW

from National Instruments was used for data acquisition and
analysis. The data were recorded through 12 channels, in which
the first channel was for the data input from photoelectric sensors
and the other 11 were for data reading from strain gauges. Figure
4 shows the output of photoelectric sensors from channel 0 and
the measured strain in terms volt form channel 6 �midpoint of the
middle span�. The data were acquired in 1000 Hz sampling fre-
quency, which is higher than the practical demands. The data se-
quences were sampled again to form a new data sequence at lower
sampling frequency. Before using the data for force identification
study, from MATLAB tool box the Butterworth digital filter with
low pass characteristics of 40 Hz cutoff frequency was imple-
mented with a second-order system to carry out filtering.
ent on the main beam

AUGUST 2006, Vol. 128 / 523
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3.3 Moving Force Identification. Identifications of moving
orce have been carried out from the recorded measured bending
oment responses in a time gap between the first axle crossing

he first entry point of the first span and the second axle of the
ehicle crossing the last point of the third span. In addition to this,
he measured bending moment responses obtained from the

iddle span were used to validate the moving force identification
rom a target �one selected� span of a continuous beam model. For
oth cases the measured speed was found to be 2.25 m/s. In order
o study the accuracy of the method the rebuilt responses were
econstructed from the identified loads. Then the relative percent-
ge errors �RPE� were computed with respect to the measured
ending moment and the rebuilt bending moment responses using
q. �14�

RPE =

�
i=1

N

�Re smeasured�i� − Re srebuilt�i��

�
i=1

N

�Re smeasured�i��

�14�

here N is the number of sampling point, RPE is the relative
ercentage error, Re smeasured and Re srebuilt are the measured and

Fig. 4 Output of photoelectric sensors and strain gauge
Fig. 5 Identified axle loads for multi-span continuous case
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rebuilt responses, respectively.

3.3.1 Results for Multi-Span Continuous Beam Case. Due to
the limited memory capacity of the computer, only measured
bending moment responses obtained from seven measuring loca-
tions were used in the moving force identification for continuous
beam case in which two were from each of the outer spans and
three from the middle span. The sampling frequency was taken to
be 166 Hz. The identified moving forces for continuous beam
case are shown in Fig. 5. As it can be seen from Fig. 5, the
identified forces from the continuous beam model are affected at
the vicinity of the supports which is also in good agreement with
the theoretical results reported by Chan and Ashebo �8�. The ac-
curacy of identified forces is also affected at the moments of entry
of the front axle to the main beam and exit of the rear axle from
the main beam. For this reason the accuracy of the identified
forces is more affected at the outer spans than the middle span.
The relative percentage error �RPE� values between the measured
and the rebuilt bending moment responses are given in Table 1 for
each strain gauge and it can be noticed that the calculated value of
RPE of middle span is less than that of the two outer spans. This
indirectly shows that, the accuracy of the identified forces in

Fig. 6 The measured and rebuilt bending moment responses
for continuous beam case at midpoint of each span
middle span is better than that of the two outer spans. The mea-
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ured and the rebuilt bending moment responses for continuous
eam case at the midpoint of each span are given in Fig. 6.

3.3.2 Results for Target Span Case. For the case of moving
orce identification from the target span, the middle span is se-
ected as a target span to study the effectiveness of the method.

easured bending moment responses from five measuring loca-
ions in the middle span are used and the sampling frequency is
aken to be 333 Hz. The identified dynamic axle loads are shown
n Fig. 7. In addition, the average of the middle 80% of the iden-
ified dynamic axle loads are computed to approximate the static
oad of the axles which are very close to the corresponding mea-
ured static axle forces. As it can be noticed from Fig. 7, the
ccuracy of the identified forces is better than that of the continu-
us beam case. The measured and rebuilt bending moment re-
ponses at midpoint of the middle span for this case are given in
ig. 8. The relative percentage error �RPE� between the measured
nd the rebuilt bending moment responses are given in Table 2 for
ll of five strain gauges. As can be noticed from the table, the RPE
alues for identification from the target span �middle span� case
re less than that of the continuous beam case. This shows that,

able 2 The relative percentage error „RPE… values for middle
pan

hannel no. 4 5 6 7 8

PE �%� 7.68 4.83 4.27 6.10 11.89

able 1 The relative percentage error „RPE… values for con-
inuous beam

hannel no. 2 3 5 6 7 9 10

PE �%� 12.12 13.99 9.11 10.11 12.35 18.38 14.13

ig. 7 Identified and static forces for target „middle… span

ase
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apart from other advantages, using the responses of only one span
of continuous beam for moving force identification gives better
accuracy than using all spans of the continuous beam. The other
merits of using this method are �a� it needs less computation time
and �b� it needs sensors installation only at the span under con-
sideration. This can save a lot of time during sensors installation
especially in actual field tests.

4 Conclusions
The method for moving force identification for continuous

bridges is developed and validated by laboratory study. The bend-
ing moment responses have been measured as an input for the
inverse problem for moving force identification. The results ob-
tained from the analysis of the laboratory study show that it is
possible to identify moving vehicle forces from measured bending
moment responses on a continuous bridge by the method devel-
oped. Identification of moving forces from both the continuous
beam and target span cases are carried out, and the relative per-
centage errors �RPE� between the measured and the rebuilt bend-
ing moment responses are computed in order to study the accu-
racy of the method indirectly. From the results obtained from
identified forces and the RPE study the method can identify mov-
ing forces in acceptable accuracy; however, the accuracy of the
method is affected at the vicinity of supports. In addition to this, it
is found that using all spans of the continuous bridge needs long
computation time and large computer memory. In order to mini-
mize this problem, the moving force identification from a target
span has been introduced in which better identification accuracy is
attained. Moreover, while carrying out the case study, it was found
that moving force identification from the target span of the con-
tinuous beam case needs less computation time than that of the
continuous beam case.
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Nomenclature
Ar  cross-sectional area of the beam at span r
C  viscous damping of beam

EI  flexural stiffness
EIr  flexural stiffness of the span r

I  second moment of area
L  total length of beam
lr  the x coordinate at the last support point of

span r
m  bending moment

mr  bending moment of span r
Mn  modal mass of nth mode

n  mode number

Fig. 8 The measured and rebuilt bending moment responses
at midpoint of target span „for middle span case…
N  number of sample data point

AUGUST 2006, Vol. 128 / 525

f Use: http://www.asme.org/about-asme/terms-of-use



A

b
z

S
i
t
d

F
s

w
i
a

w
r
b

d
o
j
i

t
t
a

�
f
c

5

Downloaded From:
NL  Number of load point
Nt  the number of axles of the vehicle

P�t�  time varying concentrated force
qn  nth modal amplitude
v  displacement of the beam
�  mass per unit length of beam

�n  nth modal frequency
�n�  damped nth modal frequency

xk�t�  position axle force at time t
�n  damping ratio of nth mode

�n  mode shape function of nth mode
x  force vector

m  bending moment vector

ppendix: Free Vibration of Continuous Beam
While dealing with the free vibration of an Euler-Bernoulli

eam, the right side of Eq. �1� of equation of motion transforms to
ero and is given by

�
�2v�x,t�

�t2 + C
�v�x,t�

�t
+ EI

�4v�x,t�
�x4 = 0 �A1�

ubstituting the modal expansion of Eq. �3� into Eq. �A1� and
gnoring the small damping term, then by separation of variable
he equation of motion transforms to the fourth-order ordinary
ifferential equation

d4�n

dx4 �x� − �n
4�n�x� = 0 �A2�

or the rth span of the general case of a continuous beam, the
olution of Eq. �A2� is given by

�nr�xr� = Anr sin��nrxr� + Bnr cos��nrxr� + Cnr sinh��nrxr�

+ Dnr cosh��nrxr� �A3�

here �nr�xr� is the nth modal shape function of the rth span, xr
s the distance from the first support of the span under consider-
tion, and �nr is the eigenvalue of the system to be obtained from

�nr =�4 �r�n
2

EIr
�A4�

here �r and EIr are mass per unit length and the stiffness of the
th span, respectively, and �n is the nth natural frequency of the
eam.

The arbitrary constants Anr, Bnr, Cnr, and Dnr in Eq. �A3� can be
etermined from substituting the boundary and initial conditions
f Eq. �2� into Eq. �A3�. The calculation of the eigenfunctions is
ust a matter of substituting the appropriate boundary conditions
n Eq. �A3�

Equation �A3� applies to spans with arbitrary boundary condi-
ions at the outer and inner supports. In this paper it is assumed
hat the outer two end support conditions are simply supported
nd the beam is continuous over the inner supports.

After substituting the boundary conditions of Eq. �2� into Eq.
A3�, the constants Anr, Bnr, Cnr, and Dnr can be obtained from the
ollowing expressions which are straightforward and easy for
omputer programming:

For the first span

An,1 = 1

Bn,1 = 0

C = − sin � L /sinh � L
n,1 n1 1 n1 1

26 / Vol. 128, AUGUST 2006
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Dn,1 = 0 �A5�
For the inner spans

Bn,r+1 = −
��n,r�2

��n,r+1�2 � �Ir/Ir+1���− An,r sin �n,rLr − Bn,r cos �n,rLr

+ Cn,r sinh �n,rLr + Dn,r cosh �n,rLr�/2

Dn,r+1 = − Bn,r+1

An,r+1 = − Bn,r+1�cos �n,r+1Lr+1 − cosh �n,r+1Lr+1� −
�n,r

�n,r+1

��An,r cos �n,rLr − Bn,r sin �n,rLr + Cn,r cosh �n,rLr

+ Dn,r sinh �n,rLr��
sinh �n,r+1Lr+1

sin �n,r+1Lr+1 − sinh �n,r+1Lr+1

Cn,r+1 =
�n,r

�n,r+1
� �An,r cos �n,rLr − Bn,r sin �n,rLr + Cn,r cosh �n,rLr

+ Dn,r sinh �n,rLr� − An,r+1

For the last span

Bn,r+1 = −
��n,r�2

��n,r+1�2 � �Ir/Ir+1���− An,r sin �n,rLr − Bn,r cos �n,rLr

+ Cn,r sinh �n,rLr + Dn,r cosh �n,rLr�/2

Dn,r+1 = − Bn,r+1

Cn,r+1 = Bn,r+1�cosh �n,r+1Lr+1/sinh �n,r+1Lr+1�

An,r+1 =
�n,r

�n,r+1
� �An,r cos �n,rLr − Bn,r sin �n,rLr + Cn,r cosh �n,rLr

+ Dn,r sinh �n,rLr� − Cn,r+1

where n=1,2 . . . , total number of mode

r = 1,2, . . . , total number of span

Ir is the second moment of area of the span r

Lr is length of span r
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